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39. Perturbation of Domains and Green Kernels
of Heat Equations. II
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Department of Mathematics, University of Tokyo

(Communicated by Kosaku YoSIpA, M. J. A., May 12, 1979)

§. Introduction. In our previous paper [2], the author gave
Hadamard’s variational formula of the Green kernels of heat equations
with the Dirichlet boundary condition and gave the variational formula
of the trace T,(f) of them. See also [3]. In this paper, in §1, we
study Hadamard’s variational formula of the Green kernels of heat
equations with the Neumann and the third boundary condition. In
Theorem 2, we shall also give the variational formula of the trace
T.(t) associated with them. In relation to Theorems 2 and 3, we
study the dependence on domains of the eigenvalue of the Laplacian
with the Neumann and the third boundary condition. In §2, we give
a rough sketch of the proof of Theorem 1. Details of the proof of
Theorems 1 and 2 will be given elsewhere.

§ 1. Hadamard’s variational formulas. Let £ be a bounded
domain in R® with C~ boundary y. Let p(x) be a smooth function
on r and v, be the exterior unit normal vector at xey. For suffi-
ciently small ¢>0, let 2, be the bounded domain whose boundary 7,
is defined by

re={x+ep(@)v,; e}

Let U,(x, v, t) be the Green kernel of heat equation with the third

boundary condition, that is, U,(x, v, t) has the following properties:
(%—AZ)U,(x, U H=0, @yef, t>0
1.1, im Uz, 9, )=d(~y), @yel,

(aa +k>U‘(x,y,t)=0, xer, yeL,t>0,
Ve

where k is a fixed non-negative constant and —;T denotes the derivative

&z

along the exterior normal direction at z e y,. Weabbreviate U (2, v, t)
as U(z,y,t). We give a notation. We fix z¢y and take an ortho-
normal basis (z,, - - -, 2,_,) on the tangent hyperplane at z. Then, we
put

0@, 7@y =3 9% (2 ()
7=1 0z, 0%,
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for a(z), b(z) € C=(y).
Put
5U(9§, Y, t)=lil'§l e_l(Uc(x’ Y, t)'_ U(xy Y, t))’

for x,y € 2, t>0, then we have the following

Theorem 1.
Uz, 9, )= — f 0 de f U, 2, t—2), 7,U, 2, 2)>e(2)do,

a [
r Io dz J; Uz, 2, t—2)U(y, 2, 1)p(2)da,

+j de f U@, 2, t— U, 2, )k — (n—DEH,(2))p(2)do.,

for any fixed x, ye R, t>0. Here H(z) denotes the first mean
curvature of r at z, and do, denotes the surface element of 7.

Let T,(¢; ¢) denote the trace of U,(x, v,t) on 2, which is defined
by

T(t; )= f U@, .

Then, we have the following
Theorem 2. Fo'f_ any fixed t>0,

5T, (t) = j U@, @, da+ f U, 2, p(2)das,

where
oT,.()=lim e (T,(t;e)—T.(t; 0)).

=0

Here _
f U, z, H)da
denotes the distribution on (8, oo) which is defined by the mapping
C5(0, 00) (D(t)»f da r D)V, 7, O)dt.
Let0>2,>2,>4,>--- be thegeigenovalues of the following problem:
Au(x) = 2u(x) in Q
(( aa —Hc)u(x):O, xer.

Ve
Here £>0. Let {¢,(®)};., be a complete orthonormal basis of L*({2)
consisting of eigenfunctions of (1.2),. We assume that ¢,(x) belongs
to the eigenspace associated with 2,.
It is well known that

Ule, v, =3, ¢*¢,(@)o,@).
“=
Therefore, by Theorems 1 and 2, we have the following
Theorem 3.

1.2),

ST ()=t ,21 ot j Q,(2)p(2)do.,
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where
Q,(2)= —IV 0@ P+ (K — (n— DEH,(2)— 2),(2)".
Here
|V7¢j(z) 12=<Vr§01(z)’ Vr%(z»

The following theorem is well known.

Theorem 4 (Courant-Hilbert [1]). Let 2 be a bounded domain in
R* and 25(2) denotes the j-th eigenvalue of —A4 with the Dirichlet
boundary condition, then

(D) <2F(w)
for any subdomain .

Theorem 4 states that the eigenvalues of the Laplacian with the
Dirichlet boundary condition are monotonously dependent on domains.
In Uchiyama [4], he showed that the eigenvalues of the Laplacian are
not monotonously dependent on domains in the case of the Neumann
boundary condition. It should be remarked that Q,(z) may change its
sign in the case of the Neumann boundary condition. It must be a
reason why such a non-monotonous dependence on domains of eigen-
values occurrs. Recently the present author was noticed by Prof.
J. Watanabe and Mr. S. Kaizu that they obtained the variational
formulas of the eigenvalues of the Laplacian with the Neumann and
the third boundary condition and that they studied the dependence of
eigenvalues on domains. They do not use the fundamental solution
of the heat equation for their studies. Our formula in Theorem 3
leads to their formula when the eigenvalues of (1.2), are all simple
eigenvalues.

§2. Sketch of the proof of Theorem 1. We shall give a rough
sketch of the proof of Theorem 1. For fixed z ¢ 2, let U(x, v, t), v € R,
t>0, be Whitney’s extension of U(x, ¥, t) with the following properties;

lim Uz, y, t)=0 for y ¢ 2.

t—+0
Then, for fixed z, ¥ € £ and >0, we have
Ulz,y,)-Uz, 9, )

- —j” ok(i U, 2, t—0) U, 2, T)dz)
0 aT ¢

=r dr I (O, 2, AU, 2, t—1)
0 Q¢

—4,0(, 2, 9U (@, 2, t—1))dz+0(&).
Here we have used the following inequality; For z in a sufficiently
small fixed neighbourhood of 7,
(2 —4)0wz0/<cdistr,

where C is a constant independent of ¢t. Then, by Green’s identity
and by the boundary condition in (1.1),, we have
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Us(x’ Y, t)" U(%, Y, t)

_ I _ (90 ~ .
@.1) - Ldff,, Ulx, 2t r)( . (y,z,r)+kU(y,z,r))da,
+0(e»,

where do; denotes the surface element of y,. For any ze€r,, there is
the unique point w € y such that z=w+ep(w)y,,. By simple geometrical
observation, we have

ou (?/, z, 7)+k[7(ya 2,7) lz=w+zp<w)vw

&
2

=( SU (y, w, 1)+ kU(y, w, t))

”w
+e( 2 @, w0, 0+ 2,0, )otw)
oV, 0v,

—e(V,0(w), V,U(y, w, 7))+ 0().
Such a formula is given in [3]. By using a priort estimates of
Schauder, we can examine the e-dependence of the fundamental
solution U, (x, ¥,t). Together with (2.1) and (2.2), we obtain
oU(x, v, )= —r dz'j Ulx,z,t—1) aazU
0 r

v

2.2)

¥, 2, Dp(2)do,

@.3) ,
R L de j U, 2, t—) Uy, 2, 2)p(2)d,

14
4 J 0 dff 0@, 7, Uy, 2, 9)yda,.
T
On the other hand, for z ¢ y, we have
@.9) (2, +m+a-DE@ -~ 2 )u@, 2 00,
ov? ov, Ot

where /2 denotes the Laplacian on the submanifold y of R" with the
induced metric from R”. By (2.3) and (2.4), we get Theorem 1.
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Erratum. In Theorem 7 in [2, p. 325], the term (n!)~'C, A**"*

should be read F<2+.725_)_1Cn21+<n/2>.
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