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A Theorem of Helson and Sarason
in Uniform Algebras

By Yoshiki OHN0*) and K6z6 YABUTA**)

(Communicated by K.6saku Y0SID), M. Z. )., April 12, 1979)

1. In this note we shall give an extension of a theorem of Helson
and Sarason in their paper "Past and Future" to the case of uniform
algebra with a unique representing measure. Let X be a compact
Hausdorff space and A be a uni2orm algebra on X, that is a uniformly
closed, point separating algebra of continuous, complex valued func-
tions on X containing the constants. Assume, always from now on,
that m is a complex homomorphism of A such that m has a unique
representing measure dm on X. Define Hp as. the closure of A in Lp

(dm) (norm closure for lgpoo weak*-closure or p= oo). We put

Ao= {fe AI;fdm=O} and H= {fe HPl;fdm=O}(l=p_oo). We de-

note by A (resp. (H)n) the ideal generated by products of n elements
in A0 (resp. H). H is said to be simply invariant if [AoH].H,
where [B]. denotes, the weak*-closure of B. Let G(m) be the Gleason
part of m, that is., G(m) is the set of all complex homomorphisms a of
A such that the operator norm of a-m is strictly smaller than 2. In
our situation the iollowing conditions are equivalent’

( ) H is simply invariant.
(ii) There exists an inner unction Z such that H=ZH (this

function is determined uniquely up to multiplication of constants of
modulus 1 and is called "Wermer’s embedding unction").

(iii) G(m)=/= {m}.
Now let , be a positive finite Baire measure on X. We denote Pn(’)

by

Pn(,)=sup ff fgd,
where f and g range over the elements of A and A, respectively, sub-
ject to the restriction

;,f,-d<:l and lg,2dl.
Clearly 1 pl(,) = p.(,)" 0.

Our result is. the following
Theorem. (A) In the case G(m)={m}, limn pn(,)=0 if and only
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if d,=cdm for some constant c.
(B) In the case G(m)= {m}, lim pn(,)=0 if and only if d, is of

the form
d, P(Z) exp (u(Z) + 9(Z))dm,

where Z is the Wermer’s embedding function, P is an analytic poly-
nomial, u and v are real valued continuous functions on the unit circle
T and is the usual conjugate function of v.

We note first that using Forelli’s lemma ([2], Lemma 7.3) one can
easily show that if Pn(’) 1, d, is absolutely continuous with resp’ect to
din, i.e., d,=wdm for some Ogw Ll(dm). Furthermore, by Proposi-
tion 2 in Ohno [5], we have log w e L(dm) and so w0 m-a.e. Hence,
to prove Theorem we may assume that d, has. the above form.

Proof of (A). "If" part is clear. Next assume limn pn(,)=0.
Since w>0, it is easily shown that H [AX]. and Hc[A], n= !,
2, ..., where [E] denotes the L(wdm)-closure of E. Suppose w is
not a constant. Then, since A +A0 is weak*-dense in L(dm), there

exists an f e A0 with .I fwdmO. However f e A0c [A]a. Hence

we have

P() If lfwdml/( wdm lf, fwdm)l’2O,
which is a contradiction.

Proof of (B). By virtue of the following Lemmas 1, 2 and 3 one
can prove (B) by translating the proofs, of Theorems 3, 4, 5 in Helson-
Sarason [3] and Theorem A in Sarason [7] word for word to our case,
replacing the function z=e and the space C(T) of all continuous
functions on the unit circle T by our Wermer’s embedding function
Z and C(Z)={f(Z)lf e C(T)}, respectively.

Lemma 1. For every Lebesgue measurable set E on the unit circle
T we have L(E)=m{x;Z(x)e E}, where L is the normalized Lebesgue
measure on T ([10], Corollary 1).

Lemma 2. Let k be a positive integer. If Zs e H1/ and
then S has the form

S=lP(Z)l,
where P is an analytic polynomial on T of degree k.

Proof. Put g--S+l. Then Zg e H1/2 and

c > log IZg, dm-- log lgl dm>= log ldm c.

By Theorem 2 in Gamelin [1], it ollows that there exist an inner
unction q in H and an outer unction P in H such that Zg--qP.
By the same argument as in the proof of Theorem 6 in [5] we see that
P has the form

P1-- bo- biZ- -bZ.
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Put
R(eiO=]bo+b, + +be 1

Since, R(Z)--IP,[-I>=O m-a.e., we have by Lemma 1 R(e)>-O a.e.
on T. Since R(e) is a non-negative trigonometric polynomial of de-
gree k, it has. a representation R(e)-lP(e)[ with an analytic poly-
nomial P of degree k. It follows, that

S g 1 IP112-1 R(Z) IP(Z)12.
Remark. This is an extension of abstract Neuwirth and

Newmann’s theorem in Yabuta [9].
Lemma 3. H+C(Z) is closed in L(dm).
One can prove this in a quite similar way to the proof o Theorems

1, 2 in Rudin [6].
2. Related results. By similar arguments, one obtains, the o1-

lowing propositions.
Proposition 1. Let G(m):/={m}. Then p(v)=0 if and only if d,

has the form
d P(Z) [2 din,

where P is an analytic polynomial on T of degree less than n.
Proposition 2. Let G(m)={m}. Then p(,)l if and only if dv

has the form
d, exp (r+ )dm,

where r is a real valued bounded function and is the conjugate func-
tion of a real valued function s with bound strictly smaller than /2.

Remark. Proposition 2 or the case G(m)={m} is treated in
Ohno [5].
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