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1. The points of intersection of tangents drawn from the imaginary circular
points at infinity to an algebraic curve of the x-th class are called the Foci of
the algebraic curves. As is known there are n? foci. Now we determine the
locus of foci of algebraic curves in the pencil of algebraic curves of the »-th

class, and make the extention of it in space.
2. Let us prove the dual theorem.

Theorem 1. Supposing the points P, Q to be intersections of variable alge-
braic curve in the pencil of algebraic curves of the n-th order with the two given
straight lines g, h, the straight. line FQ e elops an algebraic curve of the

(2n—1)-th class, which has the straight lines g, h as (n—1)-ple tangents.

Proof. In proving the above theorem, let us assume the equation of the

pencil of algebraic curves of the »n-th order to be
2: 44(;kx{yfz”==0,

U+ J+k=n
A =aipt+Nbijn
and the straight lines g, 2
& z=0,
ks y=0,
then the coordinates of the point P (x,, ¥,, 0) are given by
= A J0xty? =0,

+)=n
and the coordinates of the point @ (x/, 0, z,’) are given by
X Appxizt=0.

ttk=n
Let us use line coordinates u, v, w of the line FQ, then we have
ux, +vy, =0,
ux,!+wz'=0.
lHence
X Aij(—1) vl =20,

brj=n

= A —1)owtst =0,

Eth=n

Eilminating A, from both equations, we get
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Z  ap(—1) v E; . bep(—1)v'n!

o (A)
2 ajo(—=1)wut 2 bin(~1)Ywub
tk=n itk=n

In this expression, the coefficient of the term #* is

ayo(—1)"" buoo(—1)mo"
anoo(—=1)"w"  boo(—1)'w"

hence the expression in the left hand side of (A) is divisible by . That is, (A)
is an equation of an algebraic curve of the (2r—1)-th class.

Furthermore (A) is of the n-th degree with respect to v, so that the line
u=0, w=0 or y=0 is the n—1-ple tangent of (A). And the same is true for
w, so (A) has also z=0 as (#~1)-ple tangent.

3. Now we examine the locus of R, which is the intersection of two lines
P, P)Q; taken two positions of the line PQ.

Theorem 2. The locus C of the point R is the algebraic curve of the
(nt=1)-th order which has the intersection of two straight lines g, k as a
(n—1)*-ple foint.

Proof. In proving the above theorem, let us count the intersections of C
and g, that is, we count the cases where the point R comes on g.

In case the point R comes on the line g, there are but two conditions as
below,

(i) Qs are on g,
(ii) two P are coincident.
(i) In case @ are on g, the coordinates of € must be (1, 0, 0), so

Aun=0,

A TS — .__.al‘_‘.u._,.’.
00

Accordingly, the coordinates of P, is (1, 0, 0), too. That is, (m—1)* inter-
sections of each m~1 straight lines come to the intersection of &, A. C has
the intersection of g, A, as (#—1)*-ple point.

(ii) For the coincidence of two Py,

2 Agpxtyt=0

(+j=n

must have a double root, and its discriminant is
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nAww B—1Ans-1,10 Aun-1,0 .o craeee 0
0 nA,.oo ............ Ah n-1,0 0
...... ﬂAm)o cennes Al: n-150 =0.
An_x, 150 esecee nAo'.o ...... 0
...... Anci, 1,0 “nAcmo

This is of the 2(»—1)-th degree with respect to A, that is, with respect to A,
and so there are 2(n—1) case of coincidence of two P¢. Accordingly the number
of the intersections of C and g is found to be

(n—1)*+2(n—1)=n*-1,
and C is of the (#*—1)-th order.
4. Dualizing the above theorem, we get the following

Theorem 3. Draw tangents from the two points G, H to variable algebraic
curve in the pencil of algedraic curves of the n-th class, thex the locus of the
inlersection of these tangenls is the algedraic curve of the 2n—1)'th order which
has G, H as n—1-ple points. And the envelofe of the siraight line joining the
two points of intersection is an algedraic curve of the (n*—=1)-th class which has
the straight line GH as a (n—1)*-ple tangent.

Taking G, H as the imaginary circular points at infinity, we get

Theorem 4. The locus of the foci of the algebraic curves in the tencil of
algedra’c curves of the n-th class is an (n—1)-ply circular algeiraic curve of the
2n—1-th order, and the envelope of tke siraight line joinining the two foci is a
(n—1)*-ply parabolic algedraic curve of the n*—1-th class.

Taking G, H as general points at infinity, we get:

Theorem 5. Draw tangents parallel to two fixed directions to the algedraic
curve in the tencil of algewaic curves of the n-th class, then the locis of its
poinls of intersection is an algcbraic curve of the (2n—1)-th order, and it has
2n—1) asymptoles, of which, the n—1 asymplotes are parallel to onz of two
divections the remaining asympioles being parallel to anothex. The enve'ope of
lines joining the two points of intersetion is a (n—1)-ply parabolic curve of the
1ni—1-th cluss.
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5. In case n=2%, we put the pencil of algebraic curves
Azoot+ Aozov*+ Avostw? + 2 A 0vw+ 2A 10w+ 2A 1wy =0,
then the locus of the foci is

) | Qo Qooz ao @ooz
(x-‘+y‘)‘ x - }
U | bout ooz biot ooz
) ain an a@no dooz f| @200 @oo2 @020 Qooz
+x% <2 - i xy -
biot bou biio booz \| b200 Doz bozo booz
. a1 Qo | | | @110 @ooz ano @t | @on @ozo o @00
+y {2 + i } +x{2 - i
bior bous buio boos | buo bio bout bozo | | bour bawo |
@110 Qo11 aol Qozo a0 @z00
+y {—2 -
buo bon bior bozo | |bior Daoo
| @0 @ozo| @110 @00 -0
- =V
buwo boze | | D110 bavo

and the envelope of the axis is

(46— v ano0—uv(@200—aoz0) +uwaon—vwain G+ aonmv+aow |

(22— v2)b110—uv(b200—boz0) + uwbon—vwbior  browte+tborv-+boosw e

6. In space, we can treat the same problem in a similar manner.

Theorem 6. Supposing the points P, Q to be the points of intersection of
an algebraic surface of the pencil of algebraic surfaces of the n-th class and
the intersecting lines g, h, the straight line FQ envelops a plane algebraic curve
of the Cn—1)-th order which has the straight lines g, h as (n—1)-ple tangents.

Consider the section by the plane through g, A, this theorem is reduced
to Theorem 1.

Dualizing this we get

Theorem 7. Draw two tangent planes, which are perpendicular to one of
two fixed directions respectively, to an algebraic surface in the tencil of algebraic
surfaces of the n-th class, their lines of intersection generate an algebraic cone
of the 2n—1-th order, and it has 2(n—1) asymptot'c planes, of which, n—1
asymptlotic planes are perpendicular to one of the two directions and the remaining
asymptolic planes perpendicular to another.

* In Salmon, Conic Sections, p. 275, we find the theorem as follows.
Let the four tangents to a conic be «, B, r, § in trilinear coordinates, these must be
connected by an identical relation
an+bB+cr-+ds=0.
Then the locus of the foci is

« b c d
T Tttt =0
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7. ‘Theorem 8. Supposing the points P, @, R are the intersections of an
algebraic surface in the net of algebraic surfaces of the n-th order, and the three
straight lines g, h, | meeting in the same point, the plane PQR envelops an
algebraic surface of the 3n—2-th class which has the straight lines g, h, | as
(n—1)-ple lines.

Proof. Let us put the equation of the net of algebraic surfaces of the n-th
order as

Agurty'zw'=0,

takﬂ-n
A= auat Ao+ e,
and the straight lines g, A, !
g 2=0, w=0,
h; y=0, w=0,
I y=0, 2=0,
then the points P (%1, ¥1, 0, 0), @ (x/, 0, 2., 0), R (.'’, 0, 0, w,"") are given by
= Agjooxty! =0,

+)=n

b Aqroxtzt=0,

itk=n

2 Avoxwt=0.

{+l=n
If we denote plane coordinates of the plane PR, by #, v, s, ¢t then we have
ux, +on =0,
ux +sz’ =0,
ux;"-l-tuh" _—_0.
Hence
z . Agjoo(—1)ivin! =0,

iy

2 Awo(—1)stur=0,
I+k=n
2 Apou(—1) st =0,

§t+lmn

Eliminating A and u, from these equations, we get

2 ago(—1)yv'u! 2 beyoo(—1)vte’ 2 cuoo(—1ivtu?
i+j=n +j=n i+gmn

2 atolco( - 1) istygk z b‘o;go( - 1)‘8‘“" = L'(oyco(—— 1)’8‘1&" =0. (B)
L+imn ke, t+e=n

2 anu(—1)tiw 2 buoo(—1) 2 con(—1)tut

{+i=n i+l=n t+l=n

In this expression, the coefficient of the term #° is
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aon(—1)"0" brono(— 1) Canno(—L)npn

@nooo(—1)"s™ buono(—1)"s™ Cuooo(—1)ns"

oo —1)™¢n buooo( —1)nen Cnooo(—1)m»
And the coefficient of the term » is
@n-1, 150, o —1)* 1" 1 Brggo(—1)"0"  Crooo(—1)"0"
-1, 05 1, o(—1)P716%L  Brooo(—1)"s"  Cnooe(—1)"s"™
@a-1,0, 0, 1(—1)*TE%1 Dooo(—1)7"  cpooo(—1)mEn
an00o(—1)""  bu_1, 15 0, o —1)710% 1 Cuogo(—1)"0"
+ | @nooo(—1)"8"  ba1, 0, 1, 0(—1)771871  gye00(—1)ns™
@ —15%"  Da-1, 0,0, 1(—1)71% L cunoo(—1)74"
@uooo(—1)"0" Do —1)"0" -1y 1, 0, o(—1)7 1071
+ | @noo(—1)""  Buooo(—1)"s"  Cu-1, 0, 1, o —1)n 1771
anoo{—1)*"  Daooo(—1)"" a1, 0, 0, 1(—1)n"1gn1

Hence the expression in the left hand side of (B) is divisible by #*. That
is, (B) is an equation of an algebraic surface of the 3x—2-th class.

Furthermore (B) is of the »-th degree with respect to each v, s, £, so the
surface has g, %, ! as n—1-ple lines.

Dualizing we get the following :

Theorem 9. Draw three tangential planes, terfendicular to one of three
fixed directions respectively, to an algebraic surface in the net of algebraic
surfaces of the n th class, the locus of their infersection is an algebraic surface
of the 3n—2-th order, and it has 3(n—1) asymptotic planes, of which, each n—1
asymplotic planes are terpendicular to one of three-divections.

8. In the m-dimensional space, we can prove similar theorems.

Theorem 10, In the m-dimensional space, supposing the points Fi, Pa, ...... ,
P, to be the intersections of an algebraic hypersurface in the o™ system of
algebraic hytersurfaces of the n-th order and m straight line g\, g, ...... y &m
which meet at one point, the hyperplane P, P, ......, Pun envelops an algebraic
hypersurface of the mn (m—1)-th class which has the straight lines g1, 82, .....o»
g as n—1-ple lines.

Theorem 11. In the m-dimensional space, draw m tangential hyperplanes,
which are perpendicular to one of m fixed directions respectively to an algebraic
hypersurfaces in the o™ system of dlgebraic hypersurfaces of the n-th class,
then the locus of the points of intersection is an algebraic hypersurface of the
[mn—(m—1)]-th order, and it has m(n 1) asymptotic hyperplanes, of which,
each n—1 asymptotic hyperplanes are perpendicular to one of m directions.
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