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27. Theorems on the Conwexity of Bounded Functions.

By Yasuharu SASAKI
Faculty of Engineering, Fukui College.
(Comm. by K. KUNUGI, M.J.A., March 12, 1951.)

§ 1. Introduction.

We denote by R, the family of functions {F(,} which are
regular in |[2]|<1 and have the properties

|FR) | <M (M=1), F(0) =0, F'(0) =1,

and by S, the family of functions {F(2)} which belong to K, and
schlicht in |z|<1.

Dieudonne” has proved that any funetion F(z) of the class
R, is schlicht in |¢/<<M—v'M?—1 and this circle is transformed
into a starshaped region in w-plane by w = F(z) and the number
M—v ' M?*—1 cannot be replaced by any greater one, and R. Nevan-
linna? has proved that, for any function F(2) which is regular,
schlicht in |z|<1 and has the properties F (o) =0, F'(o) =1, the
¢ Rundungsschranke ”’ is 2—13.

In this paper, we will find the greatest circle in which any
function F'(z) of the class R, is convex, and the ‘Rundungs-
schranke”” of the class S, For this purpose we will show some
lemmas in §2 and will treat the problems cited above in § 3 and 4.

§2. Lemmas.
Let F'(2) be any function of the class R,, then
Lemma 1

1—-M|z| 1+ Mz|
Mlzl————M_lz[ S IFR)| <Mz Milz|’ |z |<1.

Lemma 2 (Simonart)?

M+ FO)(FOI~MeP) < vy < U= F@D ( PG|+ M]2P)
Meli-lzp) = ST ey

Lemma 39
Let F(2) =£1‘,c,.z“ be regular and | F(z)| <M in |z|<1, then

M—J—?—'E_Z o) o
=l

For the function F\(z) which belongs to the class S, the function
of C.
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REE)-re

¢(C)=Ml ’ |z|<1~
M.;_F—(’z“)F( Is+z>

—7s
is regular and schlicht in |s| <1 and has the properties

and we have

. M —|F@) W —CHey  1—|af
$C) = —M (= Vs
o —CF2\F \ 1-2¢ / 1-7)
[M I«(z)F(———l_EC ] ¢
Therefore
— e A=12P) F () - _ M~ |F@)
#O = = e war ¥ T T e

Differentiating ¢'({) and putting ¢ = O, we get

MQA—[zP)F'([ F'x) _ 22 4 2F(R)F'(2) ]

¢O =3 For L Fe 1o M| F@P

As

_ M3¢(0) =1
O = o =@ el =1,

is regular and schlicht in |¢] <1 and

M3*F(z)
@ (0)[M+eF@)}’

’\P(O) =0, ‘\If(Z) ==

, L Mie©)  #O
=M ,
YO =M OF $0)

we have

M—cF()  4'6)
[M+eF@Y " #0)

YO =1, V@ =M

Hence we have

V@) _  M—eF@) _ M—|F@F
¥(2) M+eF(z) M1—|z|)F()

As ¥(2) (y(0) =0, ¥'(0) = 1) is regular and schlicht in [¢] <1, we
have
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1-[¢| SS‘PI(C”< 1+/¢] 14P<!

1+1¢] =M@= 1=]¢l”
and
I4 1] '
— ¢ ——eee 1.
(1+‘Cl)._sw(>ls A=y 1<
Putting ¢ = 2z in these two inequalities and taking ¢ = _l?_’((z;))L
or ¢ = ——I—%, as &(|¢| = 1) is arbitrary, we can obtain the fol-
lowing lemmas.
Lemma 4
|[F@IY__ =] F 1-1F@IY_ |z 4
(1+ M ) (1+|zl)2gl (z)lg( M ) a—|z)2’ 21 <L
Lemma 5

M+|FR)| . 1—-|z] g’zF(z)JSM—lF(z)l‘ 1+]2]|
- z

, 1.
M—[Fo)| 152l = F@ = M+ Fa| 1oz <

From Lemma 4 and 5 we have the ‘‘ Verzerungssiitze’’, i e.
Lemma 6

M1+|zl-—1/(1+|z\)=—4M-1 2
1+|z|+V A +|z|)f—4M |2

<ZI|F@)|

V(A-=|z|)+4M 2] —(1—|z])
’S_Ml/(l—— z)F+AM 7 z) +(1—|2|)’

lz| <1.

Lemma 7

[I+M\F@) P, 1-]z] B A-MNFE)\F . 1+|z| 1
M FE) @rey = O Sy el A A

§3. Convexity of the functions of Ry.
Let F(z) be any function of the class R, then ¢({) defined in
§2 is regular in |{| <1 and

16| <M, () =0.
Therefore ¢({) can be expanded in power series,
$Q) =el+el+. . . . ... , 1¢1<1,
where

M:A—|2[)F'@)

o= = T Fer
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o= #0) _ M(QA—|2V)F@Q[F"@)__ 25 2F(2)F'(2) ]

2 2M—|F@)P) LFR) 1—|zF M—|F@)

Hence, by lemma 3, we have

U Q=12 FQP & M(1—|2)|F()
M- F@I = 200—] FGP

«|F'e) 2 | 2F@F
F'z) 1—|z)F M—=|FQ@ |’

whence we have, for |z| < p, = M-V M*—1

F'(z) 2|z 2(1zF' )| _ 2|z|(M*—=| F()])
LB e |2 Mt e FT T MG P

for by the theorem due to Dieudonné given in §1, F(z) is schlicht
in |z| <p, and then F'(z)==0 there.
The right side in this inequality is not less than

2lef oo |F@I=MIzl g, M—| F ()

1 ,
TIleF T Ma= 2 =] 2P)( F@l =M 2P

by lemma 2, and this is not less than

2rQA—=Mr) _ 2r(M—2r+Mr) _ M—(4M*—1)r+3Mr—r
A=Y M-r) A—r) Q—2Mr+1r) M—-r)1-2Mr+1r>)

by lemma 1, where r| = z| <_p,= M—v M*—1. Therefore, we have,
for |z| = r <p,

F''(2) M—{4M?*~1)r+3Mr*—r
1+R[z F'{z) ]’2 (M—rA=2Mr+r)

The equation
) =M—-4M*-1r+3Mr*—r* =0

has only one such real root p, that o < p, < p, < 1, where equality
sign holds only when M =1, and f(») is decreasing function of r
for o < r<1. So that

f(r) >0 for o < r < p.
Thus we have, for o < r <p,,

F'(2)
1+ R[2- ]>o.
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That is to say, the circle |z| <p, is transformed into a convex
region by w = F(z). And we have, for the function

1—-Mz N
F(z) = M-————=- *)
@) M-z (

which belongs to R,

. F''(z) _ M—(A4M*—1)2+3Mz—2°

1+
F'(2) (M—2z)(1—2Mz+2%)

and

1+ B o] = 0

Therefore | 2| < p, is the greatest circle for convexity of any fune-
tion of the class R,. If we denote by d the distance from the
origin to a boundary point of the mapped region of |z| < p. by
w = F(z), then, by lemma 1,

1— Mp, 1+ Mp.
Mp——"Pe < g < Mp, =1 Le
P <d< Mp Mtp.

c

and eqality sign holds for the funection

1-Mz

F() = Mz T

of the class R,. Hence we have the following
Theorem 1.
Let F(2) be any regular function in |z| <1 such that
| F@)| <M, F(o) =0, Fl(o)=1,

then the circle |z| <p. is mapped to a convex region in w-plane by
w = F(z), where p, is the positive root of the equation

M—(AM>—1)e+8Mz'—z" = 0,

which is not greater than 1, and this value cannot be replaced by any
greater one.

Further the distance d from the origin to a boundary point of
the mapped region, satisfies the relation

1—Mp. 1+ Mp,
Mp, L=MP- < g < ypp, 1EMp.
b=y, ==,

and the equality is attained by the function (*).
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§ 4. The ‘““Rundungsschranke’’ of S,.

Let F(z) be any function of the class Sy, then we have already
shown that, the regular function ¢(¢), satisfies
[ <M, ¢(o) =0, ¢(z)=—F(z),
and (2) is schlicht in |¢]| <1 and ¥{(0) = 0, ¥/(0) = 1.
We get, by simple calculations,

My — (1t F'®) _ 22 2FRF'(2) 4eMF'()
(0)=—(1 Izl)[ e L ]|

Being | ¥"(0)] £ 4, we have,

Fl'(z) _ 21z* [ 22F(2) F'(z) , 4eMzF'(2) 4z}
’z Fo)  1-l2F = FRF  Mim| FQP = 1=2["

Putting ¢ = _‘_ZPF%L and taking the real part of the left side,
we have
&l 2 F’l’(z) 1 > 2|z|2—-40|zl " 2ﬂ’l\zF’(z){ + 2| zF'(2)| .
| F'(2) 1—|z|? M*—|F|* M+|F@®)

Applying lemma 4, 5 and 6, we have

" F'"(2) T 1
1+R =
P Fe 1= =

575 M=)V D=2(M~1r(L+ 7).

where

r=|z|, and D= 1+r)>—4M'r.
As the equation

MA—r»vV'D =2(M—Dr{l+7) =0
can be reduced to

t3_2(1+_121?>t2~4(2-—1%+“}[}7)t—71§ﬁ =0, t= ,H_%_

When we denote the left side by f(t), then we know, that f(t)
has one real root ¢, lying in (2, 4), and

S <0 for 2Lt <ty, f&) >0 for t > ¢,.
Putting 'r+% =t, then

r= —;~(to-—1/t§-—4)spo @—v3 < p,<1)

and
r<p, for t >4, r>p, for t<t, r=p, for t=4¢,.
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Hence we conclude that f(r) > 0 for r <p,, i.e.
M(l—-r)r"’l/z}-~2(M— Drd+r) >0,

and therefore, for r<p,,

1+R| Fl((?] >0.

So that the circle |z| <p, is transformed into a convex region
by w = F(2). On the other hand, for the function defined by

Fle) = z+1-—1 (z+ 1) -—4M:‘z
2+1+vV @+ 1P —4M 2

of the class S,

F'@ _ 1
Fle)  MQI1—2v D

[MQA— 2 D—2(M—1)(1+72)]

where D = (1+z)-9~—74w~z, and therefore

1+R[p0§,((£)')] =0.

Hence p, is the greatest number for convexity. Consequently we
have the

Theorem 2.

Denoting by s the class of functions {F(2)} such as F(z) is
regular and schlicht, having the properties

[FRI|I<MM=1), Flo)=0, F()=1,
then number p, is the *‘ Rundungsschranke’’ of S, where

p0=—2—( V/t0—4)’

and t, 18 & root which is not less than 2 of the equation

( +——-—)t 6 +——)t——AA =o0.

In conclusion I wish to express my sincere thanks to Prof. Akira
Kobori of the Kyoto University for his kind guidance throughout
this work.
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