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3. Application to a topological group. We shall first prove
Bochner’s Theorem for a separable locally compact group by applying
the Theorem 1 and its Remark 1, next prove the decomposition into
irreducible factors for arbitray two sided unitary representation of
a separable unimodular locally compact group, which has been called
double unitary representation by R. Godement [8].

Theorem 3. Let G be a separable locally compact group, and
@(s) be a continuous positive define function on G. Then

an #(5) = | x(6, Dol

where o(d) s o suttable weight function which is an N-function of von
Neumann [1], and X(s, ) are elementary continuous positive definite
Sunctions for almost all A in R. When @(s) ts a central continuous
p.d. (positive definite) function, these X(s, A) are also central elementary
continuous p.d. functions.

Proof. Let U be L'-algebra on G, then 2 is a complete normed*-
algebra with an approximate identity. We put

#lo) = [ alodpls)s (@ e )

the integration being by Haar measure ds on G, then clearly @(x)
is a state on A. Therefore, by the Theorem 1 and its Remark 1
there exists a system of pure states X(x, 2), A€ No(4)-null set, such
that

P(z) = Lx(x, Ddo(d).

By Riesz-Markoff-Kakutani’s Theorem, there are elementary con-
tinuous p.d. functions X(s, 2), 1€ N, such that

X(z, 7) = Lx(s)x(s, 2)ds.

For these X(s, 2), we shall prove the relation (11). Let {V.} be an
enumerable neighbourhoods system of the unite of G. For any te G

tim [x(s, DCur (6)s/| Val = X(t, ) ace. o(2)
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where C,y (s) be a caracteristic function of the set ¢V. and | V| be
the volume for the Haar measure of G. Hence X(f, ) are o(4)-
measurable for all te G. Let K be a subset of G and a, b € R (real
number), we denote M., , being a set of all 2€ R—N such that
a<X(s,)<b for all s in K. Two topologies -, and r, on R are
defined by the families of the subsets in R{M.,,, .|a, b€ R, s€ G} and
{M.,:|a, be R, K being runing over on the family of all compact
set in G}, respectively. Since G is separable, every Borel set in
R., is also a Borel set in R., and the o(2)-measureable. Moreover
X(s, 4) is continuous on the product topological space G x R.,, hence
X(s, &) is measurable for the product measure of G and R. By
Fubini’s Theorem, for all €

(@) = Ljﬁw(s)x(s, ds do(d)

(12)
- j jx(s)x(s, 2do(i) ds.
GJ R
Therefore we obtain the relation (11). On the case of central con-
tinuous p.d. function, we may prove in another paper with the
decomposition of trace in C*-algebra.

Remark 2. As far as we know, the Bochner’s Theorem for
non-separable locally compact group has never been shown. R.
Godement has given at a weak form (cf. [7]). Let G be a such
group, I" be a set of all elementary continuous p.d. functions and
their weak limits. For any continuous p.d. function ¢(s), there
exists a positive Radom measure u(:) such that

[ s@p@dsip@ = | | atoredsipe™ duxds

for all xe L'. The weak topology and compact open topology are
coincide in I'" (cf. H. Yoshizawa [11]). Then, we have

9(0) = | x&)du00.

But, on this case it is essential weak. For, as Godement has seen
that I” contains a p.d. function different from the elementary p.d.
function. In his central group (cf. [10]), however, it may be held.

The uniform closure R(G) of the collection of the operators of
the form L, (with fe LY(G)) is a C*-algebra (L, = f*g, g € L*(@) and
its * being the convolution). We do not know that the complete
relation between of the representations of B(G) and . But we know
in L'-algebra that there is a one-to-one correspondence between a
continuous representation of L'(G)(= 2 say) and a continuous
unitary representation of G, that is, {U., $} be a continuous re-
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presentation of %, then there exists a continuous unitary represen-
tation {U,, 9} of G such that

(13) Uk = jax(s) Ukds, £e$

where the integration is Banach space valued integral, and the
converse correspondence be held by the same relation (13). Since
the Theorem 2 can be applied for L'-algebra®, we have

Theorem 4. Let G be a separable unimodular locally compact
group. A normal two-sided continuous unitary representation of G is a
directed integral of a system of irreducible such represzntations of G.»

Proof. Give representation be {U,, V., 7, $}. For any xe A
and any §€ 9, we put

(14) Ug= Sw(s)U.,e‘;‘ds, Ve = sx(s“‘)V,Eds

where the integration being same way in (18). Then {U., V., j, 9}
is a two-sided continuous representation of %. For, the conjugate
linear transformation j is commute with the strong integration,
that s, (iU.36 M= (", U.30)= [26)0, U.elds = [s)GU.6¢, n)ds
=55@)(V, , Nds=(V £, 1), hence jU,j="V» and the other conditions
are followed by U,V,= V,U,and V,, = V,V,. In order to decompose
{U., V., 4, } into irreducible factors, first we shall prove that
{U., V,|z,ye A} = {U,, V,|s,teG}. 1f BU,=UB and BV,
=V,B, then since bounded linear operators are commute with the
strong integration,

BUL = BLx(s) Utds = jox(s)BU,eds = Lx(s) U.Beds

hence BU, = U.B and by the same way BV,= V,.B. The converse
be possible to prove by the continuity of the representation {U,, V,,
j, 9} and similar way above one. Thus, when we consider the
decomposition of the Theorem 2 for L'-algebra %A, {U., V., J, $} is
a directed integral of a system of the irreducible two-sided re-
presentations {U.(d), V.(3), j(2), .}, 1€ No(2)-null set. Since {U.(2),
V.3, j(2), 9.} are continuous representations, there exist two-sided
continuous unitary representations {U,(?), V:(d), i), $}? of G for

1) p(s) is the measure factor of the Haar measure of G.

2) It is obvious by the same reason with the statement of Remark 1. The
two-sided representation will be possible to define in an abstract * algebra, we
shall discuss in another paper.

3) This theorem also holds for any such representation (being not always
normal) onto a separable Hilbert space.

4) It can be proved by the same way with (14).
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4€ N such that

U086 = | 2@U0ds, V.06 = [ 267) Vieds
for all xe and &, € H,. Then it remains to prove that the re-
presentation {U,, V,, j, } is a directed integral of the system of

irreducible two-sided unitary representations {U,(?), V.1, 7(3), $}-.
We have

(15) (UL, n) = Lx(s)(U,E, n)ds,

the left hand of (15)

I

| wwa, ndew
= [ ] 20 08, myas ot

Now, we can apply the proof of theoren 3 for these functions
(U (A&, M) instesd of X(s, A) (cf. (12)) and hence can use Fubini’s
Theorem, so (15) is equal to

jGSRw(S)( U:(X)El ’ ”A)da'(/l) dS.

As we have used sometimes (e.g. the equation (12))

| 26)U.6 9 dsdo) = | | 20U, &) ds

for any z(s) in . Thus,
U& & = | (U, &) datd)

for any s€ (. Since £¢€ 9 is arbitrary, it completes the proof.

Add in proofs. From the equation (5) in the first paper I,P.
330, we have stated without proof that almost all {U.Q2), H.} are
representations of 4. Now we may prove this. Since U is separable,
there exists an enumerable dense self-adjoint subset W,={X.}
of % such that U, ~ U, () and | U @WLIU, I, U, 0=
U, AU, @), UX@) = U, ()* for 1€ N,u(o()-null set). Put N= wN,,.
For any x € %, there exists a sequence {z;,} T 4, such that , >« in .
Since || Ug~U.llI<llzi—ell >0 and || UL0-Us@ Il S| U~
U, ||| for A€ N, we can find a bounded operator A() on $,(2& N)
which is an uniform limit of Uy(2). Hence A1) = U.(2) for i€ N,
and it may be proved {U.(2), $*} (1€ N) being representation.

Next, we have concluded from (8) that j» is our j-involution
a.e. o(4), there we had omitted the precise proof of the term of
a.e. o(d).
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Throughout these papers I and II, we have described only sum-
mary notes. Their details will be descussed in more general from
with other statements, it will appear elsewhere.
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