No. 10.] 689

150. Probability-theoretic Investigations on Inheritance.
V.. Brethren Combinations.

By Yiisaku KomATU.

Department of Mathematics, Tokyo Institute of Technology and
Department of Legal Medicine, Tokyo University.

(Comm. by T. FURUHATA, M.J.A., Dec. 12, 1951.)

1. Brethren combination.

In order to discuss the problem presented at the end of the
preceding chapter,” we go back, in principle, more further and
congider a combination of two children having a mother in com-
mon. We shall namely attempt to eliminate the dependence on
mother’s type from the probabilities, treated in §5 of IV, depend-
ing on a type of mother. After elimination, the combination pro-
babilities of her two children will be obtained under the assump-
tion that they have generally a mother in common. According to
§8 and §5 of IV, we distinguish two cases where a father is and
is not common, respectively.

We begin with the problem in which a father is also common.
We denote, in general, by

(1.1) albk, fg)
the probability of combination consisting of brethren with types A

and A,, the order being taken into account, who belong to the same
family. From definition, we get immediately the relation

(1.2) alhk, f9) = EW(@' ; hk, £9).
The symmetry relation (3.8) of IV yields the corresponding one

stating that

1.3 o(hk, f9) = o(fg, hk).
By means of the results in §8 of IV, we can calculate the proba-
bilities of brethren combinations, based on (1.2). Although, if we
made use of 7'’s contained in (8.24) of IV instead of #’s, we could
calculate those for mixed case which would be denoted by

(1.4) 0"(hk’ fg)7

we shall now, for the sake of brevity, restrict ourselves to the
pure case (1.1).

1) Y. Komatu, Probability-theoretic investigations on inheritance, I. Distri-
bution of genes; II. Cross-breeding phenomena; III. Further discussions on
cross-breeding; IV. Mother-child combinations. Proc. Japan Acad., 27 (1951), 371-
377; 878-383, 884-387; 459-465, 466-471, 472-4717, 478-483 ; 587-692, 593-597, 598-603,
605-610, 611-614, 615-620. These papers will be referred to as I; II; III; IV,
respectively.
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We first consider a first child of a homozygote A,. Then, its
mother must have the gene A; at least one, and hence

olii, i) = m(ii ; i, i) + Sl 5 4, )
=i

- = /(L +p)+ 2301 +p) = 401 +p)’
olit, 1) = m(ii; 4, ) +m(ig; i, i) + 33 m(ih; i, 1)
(1.6) = #0/p+ 3P+ Pt p) + 305D
= gpp(1+ D) (=),
1.7) o(it, jj) = =(ij ; i1, §j) = ¥pipi (7=1),
L.8) olit, jh) = m(i ; %, jh)+m(ih ; ii, jh)

= 10D+ EDEDD; = 50iP0n (9, haki; j=h).
The cases where the second child is of a homozygote can im-
mediately be obtained in view of the symmetry relation (1.8).
There remain merely cases where the brethren are both of
heterozygotes. If the types of brethren are identical, A (i==j) say,
then their mother must have at least one of the genes A; and A4;.
Hence, we get
a(ig, 1) = m(15; i, 1) +=(j; 1, ) + (i 1, Y)
+k:/;'j(vr(ik s 4, 1)+ 7k 5 19, 1) = 3pip(L+ D))
(1.9) + 305" 0:(1 + Do) + 10:p; (ps+ 0;) (14 Di+5)
+k§j( £0:0:0;(1 + ;) + 20i0:0(1 + D2))
= §P:p;(1 +pi+ p;+2p.p;) (i==9),
and similarly
o(ig, th) = m(it; ig, th) +=(i ; 27, 1h) +w(ch ; 7, th)
(1.10) +m(ghs 1, ih)+ 30 m(ik; i, ©h) = §piPiPa
+ 0004 (D: + D5) + £0:0s05(Ds + D1)
+ 30;0:0:(1 + D:) 4;#2! 1p0upsDr = D001+ 2p)
U, h==i; 3Fh);
and for any quadruple ¢, 7, &, k different each other we obtain
a(ig, hk) = w(ih; ij, hk) +m(k ; 77, hk) +=(5h; 17, hk)
(1.11) + (i ; i, hk) = 3DprD10x+ EDDKD; D1+ 301D D2
+ IDiDADPr = DiPiPDse-

All the possible cases have thus been worked out. Summing
up, we can construct the following table; the suffices 4,7, s, k are
supposed to be different each other.
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(1dudg+-rd+ 1
N (td4-1)1ded § (4dg+1)?dudid & | (¢dg+1)rdedsd & 1d¢dridrd 1drd fd § 4dydrd § Wy
vd+1yrded )
(vd+1)2d¥d § 4a+1)0d % (4d+41);4dfd § (4d+1)4d*d § JLdfdrd ¢ Hdfd} Hdrd wy
(vdfdg+-1d+
(tdg+1)1dedid § | (4d4-1)udd § W (vdg+1)edidrd § | (fdg+T1)vdidrd § (fd+1)edfd g udfd2rd § Uy
fd - )udtd §
(vdrdg+-1d-+
(dgty)ididid § | (Yd+r)rdd g | (dgtr)ididid § “ (dg+)rdidid § vdfdrd g cd+p)vdrd g oy
*d+1)eded §
(fdrdg+fd+y
2duedrdrd JAdfdrd ¢ (fdg+1)edidrd & | (*dz+T1)4dided § 4“ (fd+71)fdd g (td+1)idrd g 1374
- pfded §
tdud fd § s (Fa4- )4 fd § “d fdsd § Fd4)fdds | (d+1)fd Fdzd ¢ fry
tdudpd § RLEES udid3d § Cd+1edgdg | Cd+Didrdl ddgd LA+ T %
PIIYo 38T
Wy tlid 4y Lt g fy 1374 1y

P[IYo_pug
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The following identities are obvious:

(1.12) Se(ji, k) = Ay and o (i, hk) = An.
<k it

The passage to the results on phenotypes can be done by a
usual procedure. But, in each concrete case, they may be derived
rather simply by means of the corresponding mother-children com-
bination.

2. Brethren combination with different fathers.

We next turn our attention to the problem in which two
children have a mother alone in common. Although we could,
corresponding to (5.6) of IV, discuss also the mixed case, we shall
here restrict ourselves to the case of (5.9) of IV. We now denote by

2.1) ao(hk, f9)
the probability of combination consisting of brethren with types

A, and A, the order being taken into account, whose fathers are
not in common. We then get, corresponding to (1.2), the relation

2.2) ao(hk, f9) =¢>;‘j7ro(?3j: kk, f9).
The symmetry relation corresponding to (1.3) is immediate, namely
(2.3) oukk, f9) = oi(fg, RK).

The value of each oy(kk, fg) can be calculated in quite a similar
manner as that of o(hk, fg). We have only to make use of m’s
instead of #’s in the latter case. We obtain the following results:

ao(12, 1) = mo(ie ; @2, %) +jE (g 5 9%, 91)
=1

(2.4)
= p +3§_1: %ptgp:i = 1pli(1+py),
ol(t1, ) = pip;+E0Pi(i+ 15) + > 30 0ip;
(2-5) h#i, g
= 3pip;(1+2p,) (5=1),
(2.6) o3, j5) = 3PS (j=k9),
(2.7) o1ty Gh) = 3DSD;x+ EDSDaD; = DEDIDs (9, k=1, 3=Fh);
ol(g, %) = PP+ pivs +Eppi(it 0;)
(2.8 +,§j(%p¢mpf + 30;0:0)
= Lp0;(p:+ p;+ 4pp;) @@=k,
(%, "h) = DP;ipr+ 1p:0:0:(p:+ p;) + 10000+ Dr)
2.9) + $p;ipé J;#Zh 1D:0xD5D
VY
= 3ppps(1+4p)) (g, hk=i; j=Fh),

(2.10) ol(t], hk) = 3D0uDiDr+ D101+ ZDDIDDE
+ 30001 = 2DDiDiDk
in the last relation it being supposed that the suffices 4,7, h,k are
different each other. Under the same supposition, the following
table can be constructed.
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(¥dudy+ v (tdg+1)tded § | (dp+pyrdedid§ | (dp+)rdedid § adudrdrdg 1dud fd adudd Wy
ad+udyrdud §
(vdg+1)1d1d § (vd+1)4d § (vdg+1)rdfd § | (vdg+7);vdd § gldfdsd A fd § svdtd § wy
(vdfdp+ )} . . . o
uq: dd4dld ud udtfd S (4dyp+ U.&m&_& % (Fdp+1)udidrd & (Fdz+1)d fd % ud! &u«& 3%
(¥dy+1) §| (vdz+7)rdidd w4 Eydsd §)
ud: Y drd udg4-1).4d*d Q&w+d.§.€i k4 Qew.&w+ d, Q&w+d§w&§ k4 a&«.n%& Q&N+ da&%& 3 wy
(“dy+1) § | (vdgtr)rdrdd v srdyiard 3
£ £ d udfdsd tadp+ fdg+1)fd*d § (dg+1)drd § oy
1dudidrdg gLdfdd (Fdyp+ipdided§ | (dyt+yididd ¢ dprdyd § (fdg+1)s 7
vdud fd LA fd % (fdg+1)Hdfd § ud fdrd (dg+1)fd*d § (fd+1)d % LA % ry
rded2d 4drd § udidrd (dg+1)drd § (dg+ C.a drd§ Jagd§ (d+1)2d § ny
PIIYo 35T
Wy LLs o4 vy Yy .s..va 1274 L%

PIYd _pug

—To be continued—



