970 Proc. Japan Acad., 47 (1971) [Vol. 47,

216. A Remark on Semi-groups of Local Lipschitzians
in Banach Space

By Yoshio KONISHI
Department of Mathematics, University of Tokyo

(Comm. by Kunihiko KODAIRA, M. J. A., Sept. 13, 1971)

1. Introduction. Let X be a Banach space with the norm de-
noted by | -|| and let C be a subset of X. A one-parameter family
{T;; 0<t< + oo} of (nonlinear) operators of C into itself is called a semi-
group on C if it satisfies the following conditions:

(i) T,=I|; (the identity mapping restricted to C) and T,,,=T,T,
for t, s>0;

(ii) For each fixed x ¢ C, T,z is strongly continuous in £>0.

A (possibly) multiple-valued” operator A (with the domain D(4)
and the range R(4)) in X is said to be a D-operator (in the terminology
of Chambers and Oharu [1]) if it satisfies the following condition:

(D) There exists a non-negative function w=w(r) on (0, + o)
such that A|z,—w(r)] is dissipative for each r>0; where B,={x ¢ X;
)<}

The purpose of this paper is to give a sufficient condition in order
that a D-operator A in X generate a semi-group on D(4) and show some
examples. The condition is a modified version of that in [1].

The author wishes to express his hearty thanks to Professor S.
Oharu for his stimulating suggestion.

2. Generation of semi-groups. Our theorem reads:

Theorem 1. We assume that A is a D-operator in X and that
there exists a positive function p=p(r, T) on (0, + 00) X (0, 4 o) satis-
fying the following condition (S,) for each sufficiently large integer
n>2Tw(o(r, T)):

(S.) The system of equations:

x®—2AxP s x, P —RAxPoxP, ..., x™—AAx 527V,
has a solution {x®, x®, - - -, x™}, where each x{ belongs to B, ,,r, N D(A),
for every x € B,ND(A) and A ¢ (0,T/nl.? Then
(2,1) exp (tA)-z=lim {I—(¢/A|s,, »} "¢, 0<t<T, xeB,NDA),

n—o

exists in X for each r, T >0, and {exp (t4); 0<t< + oo} is a semi-group

1) For the notion of “‘multiple-valued’ operator, we refer to Kato [5], §2.
2) Since 0<i<aw(o(r, T))"Y, one can write that «®=U—241p, )%, x®
=(I—24 B,y )20, + o+ e i™ =(I—24 |, py) 40
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on D(A). Moreover the convergence in (2,1) is uniform in te[0,T],
exp (tA) is a locally Lipschitz continuous operator for each fixed t>0:
lexp (tA)-z—exp (tA)-y|<exp [w(p(r, )t]-|z—y|, 0Lt<T,
z,y € B,ND(A), for each T, r>0,
and exp (tA) -z is a locally Lipschitz continuous function of t>0 for each
fixed x e D(A).

Sketch of the proof. We set T, r>0, n>m>2Tw(p(r,T)),
$re0,T/n]l,2e,T/m], p<A and xe B,ND(A). Then by the argu-
ment parallel to that used in the proof of Theorem I in Crandall-
Liggett [2], we obtain immediately the following estimate:

- ﬂAIBP(T'T))‘”x—(I—ﬁA |Bp(r,T))_mx“

<{l(np—2m)* +np(A— 1" exp Ro(o(r, T))(np+mi)]

+ [MAA— p) + (mA—np)*1"* - exp [4w(o(r, T)npl}-||Ax||;
where ||Az||=inf {|y||; y € Ax} (cf. (1.9) of [2]). This surely enables
us to prove Theorem 1.

3. Examples. Let S be a uniform space and (C(S),||-||..) be the
Banach lattice of all real-valued bounded uniformly continuous func-
tions on S normed with the supremum of the absolute value. We denote
by C(S)* the cone of all non-negative elements of C(S) and define the
norm ||-|| in the Banach space X =C(S) X C(S) by the relation:

e, P =llwlz+lvlk, @) eX.
Suppose we are given a generator 4 of a “sub-Markov semi-group”® (of
contractions) on C(S): 4 is a densely defined closed linear operator such
that R —24)=C(S) for any 2>0 and
3,1 o((f—0)*", 4)<0
holds for every f e D(A) and every non-negative constant function ¢ on
S where

l. ’ O, ZO?
3,2) o7, gy |1 SUD 9, J#0, S

0, f=0;
S(f,e)={seS;|f()|>||fll.—e} (see Sato [7]), in other words, 4 is
“completely dispersive” in Kunita’s terminology. We define two ope-
rators A, and A, in X by the relations:

DA)=DUNCEO))xCEO)' X, 1=1,2;
(3,3) A, (u, v)=(Au+uv, —uv), (u,v) e D(A)),
A,(u, v)=(Au—uv, uv), (u,v) e D(A,).

Lemma 2. Both A, and A, are D-operators in X=C(S)Xx C(S)
with o(r)=2r and satisfy the assumption in Theorem 1 with po(r,T)
=r exp (2rT).

Proof. For a “semi-scalar product”® [ , 1. in C(S), we define a
semi-scalar product [ , 1in C(S) X C(S) by the relation:

3) For this notion, we refer to Kunita [6].
4) For the definition, see, for example, Yosida [10].
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[(uu vl), (u29 ’1)2)] = [ul’ uz]oo + [’vly vZ]oo’ (ui7 vi) € X’ 1=1,2.
Then we have easily that

[A;(uy, v) — AUy, v,), (U, V) — (U, V)] 27 ||y, 0) — (s, V),
1=1, 2, for any (u,;, v;,) € B,ND(4,) (r>0), j=1,2. This implies that 4,
and A, are D-operators with w(r)=2r.

Next we shall prove (S,), n>2Tw(o(r, T)), for A=A, with po(r, T)
=7rexp (2rT). For each (u,v) € B,ND(A)) and A e (0, T/n], there exist
solutions u{® e DA NCS)*, v € C(S)* of the equations: u® —AAuP
—AvuP A+ 2uP) =u, v =v(1 + AuP)"!, since (I —14)" is non-negative
and the operator F® of C(S)* into itself defined by F O f=vf(A+411)7},
feC(S)*, is a Lipschitz continuous operator with the Lipschitz
constant <||v|l.<r. Moreover we have the estimates: [u{]|.
<A-2|v[)"u, |vP).<||?|l.. Accordingly the equation: (u,v{)
—2A,(u{, v{P)=(u, v), has a solution (u®,v{") € Bexperm ND(A). By
the same argument the system of equations: (u®,v®)—214,(u?, v?)
=, v®), - - -, W™, v{™) — A, (™, v{) = (u* "V, v{*~Y), has a solution
@®, vP), -+, (U™, V) € B,oxparry N D(A,), which satisfies the estimate:
3,4 4]l <A=2 (2]l ([l 28 | <[[V]|eo-

Finally we shall prove (S,), n>2Tw(o(r,T)), for A=A, with
or,T)=rexp (2rT). For each (u,v)eB,ND(A,) and 4¢(0,T/n],
there exists a solution u{® ¢ D(A) N C(S)* of the equation: u® —AA4u®
+ Avu(1— 2 min (r, u{P))'=wu, since the operator G on C(S)* defined
by GO f=—vf(Q—Amin (r, f))* is dissipative® and locally Lipschitz
continuous and, accordingly, one can use Theorem 1.2.2 in Da Prato
[3]. In view of (3,1) and (3,2) we have (see Sato [7])

@ — [ ull)t e =0 —|ull)*, uP —|ull.)=0(uP—|ul.)",

u+ A4ul — 2vu’(1— 2 min (v, u®)) ' —||ull..) <o (ud —lull)*, u—lull.)

+A0((u’ — %)), —vuP(1—2 min (r, u®°) ) <|[(w—||u|l)* ||l.=0

(see also Sato [8]). Hence u®<|u|.<r. Accordingly (u®,v®),
P =v(1—AuP)!, satisfies @, v{P)—1A4,(ud, vP) = (u, v), WP, vP)
€ Brexperry ND(A,). By the same argument the system of equations:
@, vP)—2AA4,(uP, vP) =P, v), - - -, (U, VM) — AA (U™, Vi) = (u{" ",
v{"~Y), has a solution (u®,vP), ---, W™, v{™) € B,oxperry N D(A,), which
satisfies the estimate:
(3,5) lu <oy (0P <A=2 2D 0],  QE.D.

Applying Theorem 1 to the operators A, and A,, we have by the
above-mentioned Lemma 2 and in view of the estimates (3,4) and (3,5):

The operators A, and A, defined by (38,3) generate semi-groups
{exp (tA,); 0<t< 4 o0}, i=1, 2, respectively on the cone C(S)* X C(S)*

5) This follows from the fact: =(f—g, GPf—GPg)<0 whenever f, g e C(S)*;
where z(f, y)Elig)l (| f+eglle—IIF] Im)=1i£rglsselgr<>f(sgn F(sNg(s), if f#0,=(|g||w, if f=0

(cf. Hasegawa [4] and Sato [7].
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of X=C(S)XC(S) in the sense of Theorem 1. Moreover we have the
following estimates: Set (u,(t), v,(t))=exp (tA,)- (&, v) and (u,(t), v,(t))
=exp (tA,) - (u, v) for u, v € C(S)* and t>0, then

(Bl <exp (|| V) [ %]l (D]l <l vl 5

Nl <l%lle,  [[2D]< exp | %]e) ]| ?]-

Remark. The forms of operators 4, and A4, are suggested by the
forth and fifth examples of weakly coupled diffusion systems in Yama-
guti, Kametaka and Mimura [9]:

{au/8t=du—|—uv {au/at:du—uv
0v/0t= —uw, 0v/ot=uw.

References

[1] J. T. Chambers and S. Oharu: Semi-groups of local Lipschitzians in a
Banach space (to appear in Pacific J. Math.).

[2] M. G. Crandall and T. M. Liggett: Generation of semi-groups of nonlinear
transformations on general Banach spaces (to appear in Amer. J. Math.).

[31 G. Da Prato: Somme d’applications non linéaires dans de cones et
équations d’évolutions dans des espaces d’opérateurs. J. Math. pures
et appl.,, 49, 289-348 (1970).

[4] M. Hasegawa: On contraction semi-groups and (di)-operators. J. Math.
Soc. Japan, 18, 290-302 (1966).

[5]1 T. Kato: Accretive operators and nonlinear evolution equations in Banach
spaces, Part I. Proc. Symp. in Pure Math., 18, 138-161 (1970).

[6]1 H. Kunita: Sub-Markov semi-groups in Banach lattices. Proc. Int. Con-
ference on Functional Analysis and Related Topies, Tokyo, 332-343
(1969).

[71 K. Sato: On the generators of non-negative contraction semi-groups in
Banach lattices. J. Math. Soc. Japan, 20, 423-436 (1968).

A note on nonlinear dispersive operators (to appear in J. Faec. Sci.
Univ. Tokyo).

[9] M. Yamaguti, Y. Kametaka and M. Mimura: On weakly coupled diffusion
systems. Kokyiiroku, Research Institute for Mathematical Sciences, Kyoto
Univ., 106, 167-177 (1971) (in Japanese).

[10] K. Yosida: Functional Analysis. Springer, Berlin - Heidelberg - New York
(1965).

[8]



