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195. A Simple Proo[ of Littlewood’s Tauberian Theorem

By Shin-iehi IZUMI
(Comm. by Z. SUEWUNA, M.Z.A., Dec. 13, 1954)

(2)

then a-O.

Littlewood’s tauberian theorem reads as follows:

If Y, ax converges for Ix] < 1 and

lira , ax’= O,
t=O

[aI A/n (n-l, 2, ...),

Two simple proofs of this theorem were given by J. Karamata.z
We shall give another simple one.

Let
a(t) -a (n t < n + 1, n-- 1, 2, ...),

X(t)=f a(u)du,
then

Hence the conditions ( 1 ) and 2 become
3 ) a(t)! A/t, lim f(s)-O.

We shall further put

P(t)-- e-U, (ut)’

g(t)--1 (0 t < 1), g(t)--O (t > 1).
Then we have

Tfa(Tt)[g(t)-P(t)dt + Tfa(Tt)P(t)dt
&(T) +S(T),

say. By (3)

IS(T) IA lg(t) P(t) ldt

i-)-aT-.-Lie{1-eW00d -Pr0c: Lgndon Math. Soc., 9 (1918).
2) J. Karamata: Math. Zeits., 32 (1932); 56 (1952). Cf. K. Knopf: Theorie

der unendliehen Reihen, 2te Aufl. R. Wielandt has given a simple proof of the one
side theorem due to G. H. Hardy and J. E. Littlewood in Math. Zeits., 56 (1952).

3) This is the form used by A. Korevaar in his papers in Indak. Math. (1953-1954).
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say. We have

say, where a > 1. Since

u 1 ft_e_dt,m+l m!
1 t%_,dt <

(m+)!
we get

and also

au+l (au + 1)(au- 2)
+"

< A (au- 1)! 1 < A/(a- 1)u,
(au)! 1--1/a

S,, , 1 =< A log a __. A(a-1).
If we take a=l+ l/V’u, then S, A/1/u.

Similarly we have
1S,,-- V. (ut)-’e-u dt= 1

< < m

< m
say. Evidently S,, z and

S,,
(u- 1)

(1 +?ft-e-tdt < ((1 + e)e-?.

If we take --1/ u, then S,z=S,,+S,, A/.
Hence S(T) g A/-u.

On the other hand, since f(s)=o(1) and f<)(s)=O(s-) (re=l, 2,
-..) as s0, imply f()(s)=o(s-),’) we get

pS(T)-Tfa(n)P(t)dt f a(t) ,(t/T)dt

4) J. E. Littlewood" Loc. cit.
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u [’a(t) t" e_u/rdt<J T
u Vo( u -o()

where o may be taken 1/u for large T. Thus we have S(T)=o(1)
as T-->. The theorem is now completely proved.


