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88. On Dowker’s Problem

By Yoshiaki HAYASHI
(Comm. by K, KUNUGI, M.J.A., July 12, 1957)

In 1949, C. H. Dowker raised the question® ‘Is every normal
Hausdorff space R countably paracompact (i.e. does every countable
open covering of R have a locally finite open refinement)?’. In this
paper, we shall give a negative answer to this problem, i.e. we shall
show that there exists a normal Hausdorff space which is not countably
paracompact.

(1) Let

R,={0,1,2,8,---,w,+++, 2} where £ is the first ordinal number
in all 8rd-class ordinals,

R,=Ry=:--=R,=---={0,1,2,8,---, 0} where each n<c, o is
the first ordinal in all 2nd-class ordinals.

For each R, we define its topology by the limit of ordinals as
usual.?’

Let

S=R;XRy;XRgX +~+

Give the weak topology of the product space for S.

Since each R, is compact Hausdorff space, S is a compact Haus-
dorff space. And, therefore S is normal.

Now, (2, », ®, ®,*++) is a point of S. Let

R=8S—(2, w, @,@,"**).
(2) Since R is a subspace of S, R is a Hausdorff space. We shall
prove that R is normal.

Let A, B be disjoint two closed sets of R.

Let A be the closure in S of A4, and B be the closure in S of B.
(i) The case of A~B% (2, w, e, ")
A, B are disjoint two closed sets of S. Since S is normal, there

exist disjoint two open sets G, H, of S such that G,OA, H,DB.
G=R~G,, H=R~H, are disjoint two open sets of R such that
GDOA, HOB.
(ii) The case of A~B3(2,w, @, **).

This case never happen.

Assume A~B>(2, w, @, **).

1) See [1]. (Numbers in brackets refer to the references at the end of the
paper.)

2) We define neighbourhoods of p as follows; for each g<p, {p/|q<p’<p} is a
neighbourhood of p.
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For any y< ., there exists a point ac A such that a=(a, », w,- - *)
(y<a<®) by the following argument.
‘Define open sets U, (n=1,2,8,-:: <o) of S as follows:
Un= {pz(pI’ YOTR ') l Y<p:1 <8, n—1<p, <o, n_zgpsgwf ]
1<p, <0, 0<p,<0 (1=n+1, n42,...)},

U,~AFx¢> } (n=1,2,8,-+)
U,~B¢.
Let a,c U,~A, and let «, be the first coordinate of a,.
Consider the sequence aj, a, ay,- - - of ordinals. Then there exists
a subsequence {a, |j=1,2,3,--.<co} such that a, <a,,<a, <---
Let a=lim U then y<a<®.

J>oo

then

Let a=(a, w, ,* - +), then a is an accumulation point of {a,|n< oo}
and acR. As A is a closed set of R, acA’.
By a similar argument, there exists a point be B such that b=

(B’ @y @,* * ') ('Y<B<‘Q)'

Now, let aje A, ai=((, 1 @, @, ++), 0<{, ;<. There exists such

a] by the above argument. As v in the above argument is arbitrary,

there exists a point de B such that b/=(,p 0, @, ++), 1<, <2.

And then there exists a;e A such that a;=({, s w0, 0, ), 1<, < 9.

By similar arguments, we define a} af, af,---cA, b, b, b,,---cB one

after another.® Both the sequence {a;} and the sequence {b;} converge

to a same point p=({, w, », - -)((=lim{, ,=lim{, ,<2) eR. As both
7-»>00 7>00

A and B are closed sets of R, pcA and peB. This result is con-

tradictory to A~B=¢.

By (i), (ii), R is normal.

(8) Define closed sets F, (r=1,2,3,--- <o) of R as follows:
Flz{pz(pl’ Doy * ') I »=2, ngzsw ('&=2» 3,4,-- ')}—(,.Q, @y @,y * * ')7
F2={p=(p11 Daye - ') l =8, P.—=w, ngzgw (7:=3v 4, 5,-- ')}_('97 @,

@),
Fo={p=(01 02+ ) | 2:=82, Dy=y="++ =P, =0, 0<p,<0w (t=n+1,
n+2,n+38,- - )} —(2, 0, 0, ),

Then F\DF,DF,.-- is a decreasing sequence of closed sets of R

with vacuous intersection.

We shall prove that there exists no sequence {G,|n=1,2,8,. .. < oo}

of open sets of R satisfying the following conditions (A):

G,OF, n=1,2,8,--.),

o |

Fjl G,=¢ where G, is the closure in R of G,.

3) We denote the empty set by ¢.
4) We must use the mathematical induction in strictly.
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Assume that there exists a sequence {G,} of open sets of R
satisfying the conditions (A).
F', contains
Po={p=(py, 0o ) | =8, D=Dy="" =D, =0, Pri1=Pps="""=m,
m=1,2,3,-..<w}.
Therefore, for the open set G,DF, there exist ordinals §,,<g,
Coym, 2 <@y Com s <@,y Cpma<w; (M=1,2,8,-+.<w) such that

Qn,m= {pz(ply Dy * ') l En,m<plggi cn,m,2<p2gw’ cn,m,3<psgwr° )

o cn,m,n<pngw7 Prs1=Ppi2=""" =m},
U QnnC G
Let &,=sup{é, ,}, and let
T.={p=01 D3+ *) | 6. <0:, <2, Dy=p3=+ - =0},

then T,C G, by the following argument.
‘Let t,eT,. Then

ti=(rm 0, @, + +) (5, <7, < Q).
For each m<e there exists ¢,, such that

tn,mer/o,mz {p=(p1, Do - ) l Sn,m<p1£~9, De=D3="***=P,—w,
Prnit=Dps2=""" :‘m}’
the first coordinate of ¢, , is r,.

Consider the sequence
tn,l’ tn,2’ tn,S’ ‘e
This sequence converges to ¢,. For each m,
tam €@ nCQ, . CG,.
Therefore t,cG,. Hence we have T,CG,’.
Let §=s1‘1p {£.}, and let

T= {pz(pli D2y * ') l E<p1<.9, Po=Pg=+ ¢+ =(0},
then 7, DT for every integer n.

Therefore (] G, N T,DT.
n=1 n=1
As T is non-empty, ﬁ G, is non-empty. This result is contradic-
n=1

tory to the assumption ﬁ G,=¢.
n=1

Therefore, there exists no sequence {G,} of open sets of R satis-
fying the conditions (A).

(4) We shall prove that R is not countably paracompact.

From (2), R is a normal Hausdorff space. And, for the decreasing
sequence F,DF,DF;D---—>¢ of closed sets of R which is defined
in (3), from the argument in (3) there exists no decreasing sequence
G,DOGDGE;D- -+ of open sets of R such that
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"G,DF, (1=1,2,8,---),
Ql Ez =¢.

Therefore, by the result in F. Ishikawa’s paper [2], R is not countably
paracompact.

Thus we conclude that R is a normal Hausdorff space which is
not countably paracompact.

The author wishes to express his hearty thanks to Professor K.
Kunugi for his kind advices in this study.
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