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25. Note on Idempotent Semigroups. II

By Miyuki YAMADA™ and Naoki KIMURA**
(Comm. by K. SHODA, M.J.A., Feb. 12, 1958)

§1. This note is an abstract of the main part of the paper by
the authors [2], and also it is the continuation of the first paper
(Kimura [1]). Any terminology without definition should be referred
to [1].

The purpose of this note is to present the structure theorem of
normal idempotent semigroups (for the definition, see below) and some
relevant matters.

§2. An idempotent semigroup is called (1) left normal, (2) right
normal, (8) normal, respectively, if it satisfies the following correspond-
ing identities:

(1) abc=ach,

(2) bea=cha,

(3) abca=acba.

Now the following lemmas are apparent.

Lemma 1. If S s (left, right) normal, then S is (left, right)
regular.

Lemma 2. If S is normal and left (right) regular, then S is left
(right) normal.

§3. Theorem 1. An idempotent semigroup S~ {S,:yel'} s
left (right) mormal if and only if every S, is left (right) singular and
there exists a family of functions @={p%:a=p, a,Becl’} satisfying

(1) ¢5:S,—>8; for a=p,

(2) ¢ is the identity function,

(3) o¢ipi=¢; for a=B=y,
and (4) ab=¢%(a) (ab=¢i(d)) for acS,, beS,.

Proof. Let S~3>1{S,:veI'} be left normal. Then it is left reg-
ular by Lemma 1. Therefore every S, is left singular by Theorem
1 of [17].

Let a=p, acS,, x, yeS;. Then by left normality

AL =arY =aYyr=ay.
Therefore aS; is reduced to one element which is denoted by ¢§(a).
Then it is straightforward to prove all the above conditions. This
ends the proof of the first part of the theorem. The second part is
contained in the following

Theorem 2. Let I' be a semilattice. Let {S,:vyeI'} be a disjoint
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family of sets. Let &@={¢%:a=8,a,BcI'} be a family of functions
satisfying the conditions (1), (2) and (3) of Theorem 1. Let S=
U{S,:yel'}. Then under the multiplication defined by (4) of Theorem
1, S becomes a left (right) normal idempotent semigroup, whose struc-
ture decomposition is S~>{S.:yel'}. Further any left (right) idem-
potent semigroup can be obtained by this process up to isomorphism.

Theorem 3. A left (right) normal idempotent semigroup ts iso-
morphic to the direct product of a left (right) singular semigroup and
a semilattice if and only if each function of @ of Theorem 2 is one-
to-one onto.

84. Theorem 4. An idempotent semigroup is normal if and only
if it is the spined product of a left normal idempotent semigroup and
a right normal idempotent semigroup.

Proof. Let S be normal; then it is regular by Lemma 1. There-
fore by Theorem 2 of [1], S is the spined product of A and B with
respect to I', where I" is the structure semilattice of S and A(B) is
a left (right) regular semigroup with I" as its structure semilattice.

Since A(B) is normal and left (right) regular, it must be left
(right) normal by Lemma 2.

Sufficiency is obvious.

Theorem 5. An idempotent semigroup S~> {A,XB,:yel'} is
normal tf and only if there exist two families of functions @={¢pj:
a=B, a,Bel'}, P={V¥s:a=0, a, B} satisfying

(1) ¢5:A,—~> A ¥v§:B,—~> By, a=0,

(2) ¢% and ¥ are the identity functions,

(3) ¢loi=d?, VIVE=":, a=B=v,
and (4) (a,b)(a’, )= (¢is(a), V(b)) if (a,b)e AuX B, (¢, ') Ay X By.

Proof. Necessity follows from Theorems 1 and 4. Sufficiency is
contained in Theorem 7 below.

Theorem 6. An idempotent semigroup S~ > {S,:yel'} is normal
if and only if there exists a family of functions, O={0%:a>B, a,Bel’},
such that

(1) 63:S,—8; a=4,

(2) 6% is the identity function,

(3) 6%5=07 a=p=y,
and (4) ab=03(a)6%(b) if acS,, beS;.

Proof. Necessity follows from Theorem 5 above. Sufficiency is
contained in Theorem 8 below.

The following two theorems are to Theorem 2 as Theorems 5 and
6 are to Theorem 1. They are proved by direct calculations and we
omit the proofs here.

Theorem 7. Let I' be a semilattice. Let {A.:yeI'}, {B,:yeI'} be
two disjoint families of sets. Let @, ¥ be families of functions satis-
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Sying the conditions (1), (2) and (3) of Theorem 5. Then under the
multiplication defined by (4) of Theorem 5, S=J{A,XB,:yel'} be-
comes a normal idempotent semigroup, whose structure decomposition
18 S~S{A.XB,:yel'}.

Theorem 8. Let I' be a semilattice. Let {S.:yel'} be a disjoint
Sfamily of rectangular semigroups. Let @ be a family of functions
satisfying the conditions (1), (2) and (3) of Theorem 6. Then under
the multiplication defined by (4) of Theorem 6, S=J{S,:yeI'} becomes
a normal idempotent semigroup, whose structure decomposition 1is
S~ S, :yel'}

Theorem 9. A normal idempotent semigroup is isomorphic to the
direct product of a rectangular semigroup and a semilattice if and
only if each function of @ and ¥(O) of the Theorem 5(6) is one-to-one
onto.

§5. Consider the identity
(*) iz * O =0y Ay« * O,y
where (p,, D5, + +, D) is a non-trivial permutation of (1,2,---,n). Then
we have the following

Theorem 10. An idempotent semigroup satisfying (x) is

(1) mormal if =1, p,=n,

(2) left mormal if py=1, p,=n,

(8) right normal if p=1, p,=n,

(4) commutative <if p,=1, p,=n.
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