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1. Introduction. Let f(¢) be a real measurable function satis-
fying

(1.1) FE+1)=F(0), f F(t)dt=0 and f Ft)dE< + oo,

and {n,} be a lacunary sequence of positive integers, that is,
(1.2) Nyepa/ T, >q> 1.
Then the sequence of functions {f(n,t)}, although themselves not
independent, exibits the properties of independent random variables
(e.f. [8]). In [2] Professor S. Izumi proved that if f(¢) satisfies
certain smoothness conditions, then {f(2*f)} obeys the law of the
iterated logarithm. However if we put f(¢)=cos 2xt+cos 4zt and
=2F—1, then, by the theorem of Erdos and Gal [1], we have,
};—WWZI (nit)=2cosxt, a.e. in t.
This shows that {f(n,t)} does not necessarily obey the law of the
iterated logarithm even if f(¢) is a trigonometric polynomal.
In §§ 24 we shall prove the following
Theorem. Let f(t) and {n,} satisfy (1.1) and (1.2) respectively
and f(t) be afunction of Lip a,0<a<1. Then we have,
}quszf(nkt)<C a.e. in t,
where C is a positive constant depending on f(t) and g in (1.1).
2. Preliminary. From now on let f(¢) and {n,} satisfy the con-
ditions of the theorem. For simplicity of writing we may assume that

f (t)~g ¢, cos 2rkt.

The proof is the same in the general cases as we can see by writing
a, cos 2rkt+b, sin 2xkt=p, cos 2rk(t—&,).
In this paragraph let N be any fixed integer satisfying
(2.1) q¥ >3N*
where 8 is a positive constant such that «S=6.
Let us put, for m=0,1,-

NE N(m+1)
(2.2) g(t)———kf_,‘ ¢, cos 2zkt and U, (t)= > g(nt).
=1 I=Nm+1

Since f(¢t)eLipa and af=6, we have for some constant A4,
(2.3) | f(t)—9(t) | <AN~"*log NXAN °log N, for all ¢,
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and
2.3) ST < An
k=n
Further for simplicity of writing we may assume, by (2.3), that
(2.4) lg(t)]| <1,
Lemma 1. If 1 is a positive number satisfying
(2.5) 2AN*<1,
then we have, for any positive integer k,
1 k-1
2.5) 1, k)= f exp (2353 U, (8))dt < &%,
m=0
and 0
1 %
25") I, k)= f exp (23] Upn_o(B)}dt< &5,
m=1
0

where B s a positive constant depending only on f(t) and q.
Proof. If |z|<1/2, then it is easily seen that
e’ < (1+2z+23/2)e™",
By (2.2), (24) and (2.5), we have
[22U,,(t) |[<2AN< N7,
and
k-1 k—1
22| 2U,,,(H) P<2>) PN*< 2*Nk.
m=0 m=0
From the above relations and (2.5"), we obtain
1k—1
(2:6) 10, 1)< e [ T {1+ 20en(t)+ £UL(D) 2t
o m=0
0

On the other hand by (2 2), we have

9 N(im+1)—1 N(m+1)
Unt)= Z g (mt)+2 > JZ g(nt)g(n t)
and, for Nm<l<3gN(m+1),
N8

Fnt)— > 26

and
g(n,t)g(n t)— 1 > c.c co8 2n(ns—nr)t
2| 0<r,s|s<thv

njr—mls n m

are both sums of trigonometric functions whose frequencies lie

between ny,, and N*"(nj—l—'nl) Hence if we define W, (¢t) as follows:
N(m+1)—1 N(m+1)

@2m Uit)= Wm(t)—l———z a+ > > c¢.c,co8 2m(n,s—m )t
l=Nm+1 j=t+1[ug‘<_¢;;lssslgﬁlv
5 m
Then W, (t) is the sum of trigonometric functions whose frequencies
lie between #ny, and 2N*n.,,,,. If V,(t) denotes the last term of

the right hand side of (2.7), then we have, by (1.1) and (2.3),

N(@n+1)—1 N(m-+1) (m+l)—1
V.@l< > X le.c,|< 22 leel
I=Nm+1 j=i+1 0<r SN _Nm+1 J>uls— -, /m|<1
(28) N(m+1) lrgs— "|<"'Nm

<2 E{}_. A S <A S S g <NB,

I=Nm j>1 r=1 s>'nj/nl I=Nm j>1
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where B, is a positive constant depending only on f(¢) and gq.
Putting Bzz_éicz+31, it follows, from (2.7) and (2.8), that
k=1

UX(t) < NB,+ W, (t).
Hence we have, by (2.6),

29)  I(2 k)<em f ' ’ho {14 2ENByJ2+ AU, () + 2 W, (1)/2) 2.

If d,, cos 2ru,,t is any term of the trigonometric polynomial AU,,(t)
+2*W,,.(t)/2, then by (2.2) and the above discussions, we have n,y,,
< U <2N*n 9y .1,n. Therefore we have, by (1.1) and (2.1),

m—1

m—1 m—1
gy — > Uy = nsz_zNﬂkZ Nyear s> Noma(l —ZN’;];)‘ q e 1)) >0.
=0 =

=0

This implies that for any (k, ki, - -, k,) such that 0<k,<k,---k,<k
12
I1 cos 2ru,,tdt=0.
i=0

0
Hence we have

f ' 'ho {14 ENBy/24 AU, (1) 4 22 W, (£)/2)dt = (1-- 22 B,N/2)F < ¥,
iz

Putting B=1+B,/2, we can prove (2.5) by (2.9) and the above rela-
tion. In the same way we can prove (2.5").

3. Fundamental Inequality. Using Lemma 1 we prove

Lemma 2. There exist postitive constants B, and M, depending
only on f(t) and q such that of M and positive 2 satisfy the condi-
tions

3.1) M>M, and 42M"<1,
then we have
1 M
(3.2) J(2, M)= f exp [A51f (n,t)}dt < 2¢7*20x,
k=1
0

Proof. Let N be a positive integer such that N*<M<(N+1)°%
Then if M >M, for some M,, N satisfies (2.1). For this N construct
the functions ¢g(¢) and U, (t) by means of (2.2). Then from (2.3) and
(8.1) we obtain, if M >M, for some M,,

xil | F(nt)—g(nit)| < AAMN - log N < %log 2.
=

Next let k& be a positive integer such that N(2k+1)< M < N(2k+3).
Then we have, by (2.2), (2.4) and (3.1), for M> M,
M 2k M
A 0mt)— S U0 <2 S [gln)| <2AN< Elog 2,
=1 m=0 1=AFLN +1 2
Therefore if M > M,=max (M,, M,, M,), we have by the above rela-
tions and (3.1)

J(2, M)y<2 f exp {z%oUm(t)}dt,
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and, by the Schwarz inequality,
JQ, M)<2[ f exp {2zzU2m(t)}dt [ exp {212U2m l(t)}dtJ

Since 4IN*<4..M 1/3<1 we can apply Lemma 1 to the above terms
and obtain

J(], M) 3262“31”2"“)3 26“231”.
If we put 2B=B,, we can prove the lemma.

For any integers N >0 we consider the sequence {ny,.}, k&
=1,2, ..., which satisfies (1.1), instead of {n,}, k=1,2,--., then for
the same B, and M, as in Lemma 2 the following lemma holds.

Lemma 3. Let N>0 be any tnteger and positive 2 and M satisfy
(3.3) M>M, and 42M'*<1,
then we have

1 M+ N
f exp {2 >} f(nt)}dt <2,
I=N+1

0

In the following let us put, for M >0 and N >0,

(8.4) F(N, M, t)_ D j(nkt)
Lemma 4. Let M and posztwe «lf(M ) satisfy the conditions
(8.5) M>M, and 16 (M) < B,M*",

then we have
[{t; 0<t<1, F(N, M; t)>2/B,M\(M)}| <2 #20,
Proof. If we put A=y (M)/B,M, then (3.5) implies (3.3). Hence
we have
[{t; 0<t<1, F(N, M; t)> 2/ BMyr(M)}| < 2e?HoM~2VBIMIID L 9g=¥M)
4. Proof of the theorem. To prove the theorem it is sufficient
to show that

om

(4.1) _Ii T Tox 1 oy Zj(n,ct)<3 a.e. in ¢,
and
(4.2) lim max 1 Z f(n,t)<83, a.e. in t.

m—oo gm<p<gmt+1 v2’"B log m »=v741
By Lemma 4 and the boundedness of f(f) we can prove (4.1) and (4.2)
in the same way as that of Erddos and GAal (c.f. §4 of the second
paper of [I7]).
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