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Let w=f(2) be an analytic function in |z| <1. It is interesting
to consider the distribution of zero-points of f(2)—a=0. Suppose f(z)
is of bounded type. Let {a,} be the set of a-points of f(2). Then
it is well known that ;G(z, a,)< o, where G(z, a;) is the Green’s func-

tion of |2| <1. In the present paper we consider the distribution of
the set f~*(C(p, wy)) in |2| <1, where C(o, wo)=E[w: |w—w,| <p].
Let R be a Riemann surface with positive boundary and let
R,(n=0,1,2,--.) be its exhaustion with compact relative boundary
oR,. Let GCG' be domains in R, where G and G’ may consist of
at most enumerably infinite number of components. Let w,(2) be
the least positive superharmonic function in G’ such that w,(2)=1
on GN(R—R,). Put wBNG,z G)=limw,(2) and call it®* H.M. of

(GNB). If there exists a number 7, such that D(w,(2)) <M< oo for
n=n, where w,(2) is a harmonic function in G’ such that w,(2)=1
on GNR—R,), =0 on oG’ and has M.D.I. (minimal Dirichlet integral),
0,(2)=>® in mean to w(GNB,z2 G) called C.P. of (GNB). In case
G'=R, we write w(GNB,?) and if G'=R—R, we write w(GNB,?)
simply. Put S(G, r)=E[zeG: |z| =r].

Let G be a domain (of one component) in |2| <1. If there exists
no bounded harmonic function in G vanishing on 4G, i.e. w(GNB, z, G)
=0, we say that G is almost compact. Let C(o, w,) be a circle in
the w-plane. Then f*(C(p, w,)) is composed of at most enumerably
infinite number of components (connected pieces) g, 9., --. If a domain
G is a subset of {g;}, we call G a D.G. (domain generated) of
S YC(o,w,)). At first we shall prove by simple method the following

Theorem 1. Let w=f(z) be an analytic function in |z|<1 such
that | f(2)|< M.

a) Let G be a D.G. of f Y(C(o,w,) and let G' be a D.G. of
S YC(0" wy)) comtaining G:p<p’. Then w(GNB,2)>0 if and only if
there exists at least one component g’ of G' such that w(GNB,z,¢g")
>0 for any p’>o.

1) In the present paper we suppose the relative boundary of a domain consists of
analytic curves clustering nowhere in R.

2) Z. Kuramochi: Potentials on Riemann surfaces: Journ. Sci. Hokkaido Univ.
14 (1962).
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b) Let G be a domain in |z|<l. If lim mes (S(G,7))>0, then
w(GN B, 2)>0. ~

c) Let G be a D.G. of f Y C(o,w,)) such that every compomnent
of G s almost compact. Put G"'=GNf YC(o"”,wy)): 0" <p. Then
@mes (S(G”,r))=0 for any p" <p.

Proof. a) Put R=E[z |z2|<1] and BR=E[w: |w|<M]. Let
«eW(G B, 2) be the least positive superharmonic function in R larger
than w(GNB,z2) in CG'. Then ,w(GNB, 2)=¢w(GNB,z2) in g’ for
any component g’ of G’. Let w(C(o, w,), w) be H.M. of C(p, w,) (the
least positive superharmonic function in R, =1 on C(p, w,)). Then
since R is of positive boundary, w(C(p, w,), w)==1 and by the maximum
principle w(C(p, w,), w)=<N<1 on 3C(o’, w,) and =N in R—C(o, w,).
Since w(C(p, w,), w) can be considered in R, w(GN B, 2)=w(C(p, w,), w)
=N in B—fYC(p’, w,). It is known that w(GNB,?) is the least
positive harmonic function in any domain D among the functions with
the same value as w(GN B, z) on dD such that DG=0. Let ¢} be a
component of G’ and let g} be a component of f~*(C(o’, w))—G’. Then
since 0=(9;NG")D(§5NG) and since w(GN B, 2) <w(C(p, w,), w)=N on
af {(C(', wy)), w(GNB,2)<N in §). Next sup coW(GN B, 2) < max w(G
N B, z) on ag, gweglg;{wo)w(C(p, w,), W) =<N. Hence ,w(GNB,2)=w(G
NB,2)<N in R—G' and ow(GNB,2)<N in G'. Thus cew(GNB,?)
<N in R. By w(GNB,2)>0 we have supw(GNB,z)=1® and
w(GN B, 2)—cew(GN B, 2)>0. Hence there exists at least one point
2, such that w(GNB,z)—cew(GNB,z2)>0. Clearly w(GB,?)
=.ewW(GN B, 2) outside of G'. Hence such z,¢G". Let g’ be the com-
ponent of G’ containing z,, Then w(GNB,2)—qw(GNB,2)>0. On
the other hand, we have w(GN B, 2) — ¢, w(GN B, 2)=w(GNB, z,9)>0.*
Next suppose w(G B,z 9')>0. Then by ¢'CR and by the maximum
principle w(GN B, 2)>0. Thus we have a).

b) Let w(r,2) be the least positive superharmonic function in
R and =1 in E[2¢G: |z|>r]. Let w'(r,2) be the least positive
harmonic function in |z|<r and =1 on E[z¢G:|z|=r]. Then

w(r, z)=w'(r,2). Now w'(r,2)= mes S(G, r) at 2=0. Since w(BNG, 2)
or

=lin£1 w(r, z)gﬁlla w(r, 2)>0 at 2=0, we have w(G B, 2)>0.

c) Assume there exists a number o”’>p such that Ti_rllrlmes
S(G",r)>0:G” is a D.G. of f(C(0”,w,)). Then by b) w(G"'B,?)
>0. Next by a) there exists at least one component g of G such
that w(G'NB, 2 9)>0. On the other hand, such g is almost compact

8) See Theorem 2 of 2).
4) See p. 21 of 2).
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and w(GN B, z, g) must reduce to zero. This is a contradiction, whence
we have c¢).

Theorem 2. Let w=f(2) be an analytic function in |z|<1 such
that the spherical area of R:E[z:|2|<1] by f(z) is finite. Let G
be a D.G. of f*C(o, w,)) and let G’ be a D.G. of f UC(o', wy)): 0 >p
containing G. Then

a) o(GNB,2,R—R)>0 if and only if there exists at least one
component g of G, a D.G. of f X C(0, w,)) such that o(GNB,z,9)>0
for any o'>p.

b) Let G be a domain in R (not necessarily of one component).
IF Enlr—l log. Cap S(G, 7) : logarithmic capacity: >0, o(GN B, 2)>0.

c) Let G be a D.G. of f~(C(p, w,)) such that every component

of G is almost compact. Put G"=GNf HC(o”, wy): 0" <p. Then
lin{l log. Cap S(G”, r)=0 for any p”" <p.

Let R,(n=0,1,---) be an exhaustion of R with compact relative
boundary R, such that R,DR, and dist (dR,, B,)>0. Let ,(2) be
a harmonic function in R—((R—R,)NG)—R, such that o,(2)=1 on
(R—R,)NG, =0 on R, and has M.D.I. (£M), because dist (oR,, R,)
>0 for n=1. Then o,(?)->w(GNB,? BR—R,)=w(GNB,z) in mean
and also D(w(GNB,2)=<M. Let U(w) be a continuous function in
R=whole w-sphere such that U(w)=1 on C(p, w,), harmonic in C(p’, w,)

—C(p, wy) and=0 in BR—C(p’, w,). Then ‘Ql%")—lgN, lgﬂasﬂlgNz w

=u+iv. Put U(R)=U(f*(w)). Then U(z)=1in G and =0 on G’ and
D(U(z)) <N%xarea of G'. Put U(2)=min (U(z), »,(2)). Then Ux(2)
=1 on GN(R—R,)=0 on 98G’'+0oR, and D(UL(?))=<D(w,(?)+D(U(2))
<K<oo for n=1. On the other hand, by the Dirichlet principle
D(U.(2)) = D(w)(2)), where w)(z) is a harmonic function in (G'N(RE—ER,))
—(GN(R—R,)) such that of(2)=1 on GN(R—R,), =0 on aG'+aEk,
and has M.D.I. Also by (N (R—R,)C(R—R,) we have D(w,(?))=
D(w)(2)). Hence by D(w(GNB,2))>0 and by the fact that (2)—
o(GNB, 2, G'N(R—R,)) in mean we have D(w(GN B,z G'N(E—R,)))
>0. Next by (BR—R,)NG')CG we have by the maximum* principle®
o(GNB, 2 GF)=o(GNB, 2, GN(R—R,)>0. Let g¢j(i=1,2,---) be a
component of G'. Then by (I;?(w(GﬂB, 2,G))>0, there exists at least

one component g’ of G’ such that I?(w(GﬂB, 2,G"))>0. Clearly in

9
any component ¢’ o(GNB,? G)=w(GNB,?¢). Hence there exists
a component g’ of G’ such that w(GNB,z2,¢')>0. Next suppose o(G
NB,z ¢)>0. Then as above 0<D(w(GN B, 2,9")<D(w(GN B, 2, g'N
gl

(R—R,))) and by (R—R)Ng)(R—R,) we have o(GNB,2)>0.
b) Suppose Iim log. Cap (S(G,7))>0. Then there exist a const.
7—1
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>0 and a sequence 7y, 75, - -: lim ,=1 such that log.Cap (S(G, r,)) >4.

Hence there exists a const. ¢’ such that D(H(S(G, r,), ?)) = >0, where
H(A, z) is a harmonic function in the whole z-plane—D, such that
H(A,2)=1 on A, =0 on 0D, and has M.D.I.< o, where D, is a disc
such that D,C R, Let D;» be the mirror image of D, with respect
to |z2|=7,. Then by the Dirichlet principle D(I—:f(S(G, r,), 2) =0,
where ﬁ(A, ) is a harmonic function in the whole z-plane—D,—Dj»
such that ﬁ(A,z):l on E[zzeA, |z|=r,], =0 on dD,+4Dy and has
M.D.I. Cleary FI(A, 2) is symmetric with respect to |z|=r, and
H(A, z) has M.D.I. over R,—Dy R,=E[z |2]| <r,]. Hence D,_n(o(T

(G, 7)) Z Do @(S(G, ), )2 Divye 2o H(S(G, 7). 2) 2 % » Where (4, 2)

is a harmonic funection in R—R, such that «(4,2)=1 on 4 and =0
on 0R, and has M.D.I. over R—R, and T(G, r)=E[z¢G: |z| >r], where
R=E[z |z2|<1]. Now o(T(G,r)2)>w(GNB,2) in mean, as r—>1.
Hence o(GN B, 2)>0.

¢) Assume there exists a number o’ <p such that Ti_nillog. Cap.

S(G”,r)>0. Then by b) (G"NB,2)>0 and by G”"CG (by a)), there
exists at least one component g of G such that «(G"NB, 2, g)>0.
On the other hand, since g is almost compact, such function must
be zero. Hence we have c¢) as ¢) of Theorem 1.

Let f(z) be an analytic function in R=E[z |z|<1]. If f(2) has
angular limits a.e. on I'=E[z |2|=1], we say that f(?) is of F-type.
Clearly if f(2) is of bounded type, f(z) is of F-type.

Theorem 3. Let f(2) be of F-type. Let F, be the set on
I'=E[z:|z|=1] such that f(z) has angular limits in C(p, w,). Then
F, is linearly measurable. Let J(F,,z) be the harmonic measure of

F, in R=E[|z|<1]. Then

a) J(F,,)<w@G,NB,J)=<J(F,,2), where G,=f*(Clo,w,)) for
P”<,0<,0I-

a) Let G be a D.G. of f *(C(o,w,) and let G' be a D.G. of
L HC(o', wy)) containing G. Then w(GN B, 2)>0 if and only if there
exists at least ome component g of G’ such that w(GNB,z,9)>0
for any o'>p.

b) Let G be a domain in R. If limmes(S(G,7))>0, w(GN B,2)>0.

-1

¢) Let G be a D.G. of f }C(p, w,)) such that every component
of G is almost compact. Put G'=GNf C(o"”, wy)):0">p. Then
lim mes (S(G”, r))=0 for any p"'<p.
r—1

d) Suppose the spherical image of R:|z| <1 is finite. Let G be
a D.G. of fYC(p, w,) and G’ be a D.G. of f Y(C(o',w,)) such that
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G'DG. Then if lim log. Cap (S(G, 7)) >0, lim mes (S(G', 7)) >0 for o' >p.
r—1 r—1

Proof. a’) Let o”<p. Assume mes F,,>0. Then for any ¢>0
there exists a closed set E in F,, such that mes (F,,—FE)<e and f(z)
converges uniformly on E. Hence for any p*: p”’<p*<p we can find
a set £/ in E and d<1 such that mes (F,,—E')<2 and f(?) in

— et ~
C(p*, w) for z in D—_—EemE,[z: 1> 7| >5,\arg E—e’ ,f l<7i—:|, ie. G,DD.

e’L
Now D consists of a finite number of simply connected domains 9D,.
Suppose mes (0D;N1")>0. Then w,(2) = U(z), where U(z) is a harmonic
function in D, such that U(2)=0 on 09,—" and =1 on 9, /" and
w,(2) is the least positive superharmonic function in |z| <1 such that
w,(2)=1 in G,N(R—R,), whence w(G,N B, 2)=U(z). Now 8D, is rec-
tifiable. Map D, onto |£§|<1l. Then E’ is mapped onto a set of
positive measure on which U(2)=1 almost everywhere. Whence U(z)
=1 a.e. on E’ and U(z)gw(é,,ﬂB, z). Let e>0. Then w(C:',,ﬂB, 2)
=1, a.e. on F,. and w(G,NB,2)=J(F ., 2)=J(F,r,2). If mesF, =0,
clearly w(@,,ﬂB, 2)=20=J(F,, 2). Next let o’>p and CF,. be the set
on which f(z) has angular limits not contained in C(o*, w,): p<p*<p'.
Then 63;,*= fY(C(p*, w,)) does not tend to CF, and it can be proved

that w(G(B,2)=0 a.e. on CF, as above. Hence w(G,NB, 2)=w(G,.
NB, 2)<J(F,, 2).

a) Suppose w(GNB,2)>0. Then by a’) w(GNB,2)<w(G,NB,2)
<J(F,.,z), where p<p*<p’. Hence ECF, and mes E>0, where E is
the set on I" on which w(GNB,2)>0. Then we can find a closed

set E’ of positive measure in E and a domain D=FE,. E,[1> |z| >0,

’ z_eiﬁ

T
arg =
eiﬁ

<ﬂ such that £(2) in C(¢o/, w,) for zeD. Then 3G.(DG)

does not tend to D, whence (Case 1) any component © of D is con-
tained in a component g of G’ or (Case 2) D is disjoint from any
component ¢’ of G’. Case 1: Since ,»w(GN B, 2) is the least positive
superharmonic function in ®© such that (w(GN B, 2)=w(GN B, 2) on
0D—1T, oow(GNB,2)=0 a.e. on IDNI Case 2: 0= ,w(GNB,?)
(£2w(GNB,2)=w(G@NB,2)=0 a.e. on dDNI'. Hence w(GNB,?2)
=0 a.e. on DN and =0 a.e. on DN I'. Hence 0<w(GNB,?)
—ew(GN B, 2). Thus there exists at least one component g’ of G’
such that w(GNB, 2, g")>0.

b) and c) can be proved as Theorem 1.

d) Suppose w(GNB,z)>0. Then by a) w(GNB,2)=J(F ., 2):
p<p*<p'. Hence the set E on I" on which w(GN B, 2)>0 is contained
in F,. and mes E>0. Hence as b) we can find a set E’ of positive
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T
<7l
such that f(z) e C(o**,w,): p* <p**<p’ for ze D. Whence any component
D of D is contained in a component g’ of G’ or disjoint from G'.
If 9NGF =0, w(GNB,2)=w(G'NB,2)=0 a.e. on dD(I". Hence there
exists at least one ® such that DCg’ of G’ and mes DNI)>d>0,
whence 5<1i_nln S(g’, ”r)gligla“ S(G’' r). Next suppose Fn? log. Cap S(G, )

2—e®
eio—

measure in K and a domain Dgs. E,=E[1> |z] >0, larg

>0. Then by Theorem 2 there exists at least one component g’ of
G’ such that 0<w(GNB,z ¢)<w(GNB,2). Hence we have by lim

r—1
log. Cap (S(G, 1)) >0 lirP S(G', r)>0.



