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2. Existence of Pseudo-Analytic Differentials on
Riemann Surfaces. 11

By Akira SAKAI
(Comm. by Kinjird KUNUGI, M.J.A., Jan. 12, 1963)

III. Existence theorems, 1. Definition 8.1. Let y be an analytic
closed curve on R, and o be a real differential of C. The integral

(3.1) f 1,

T \/0‘
s called the o-period of w over r, and denoted by P, (w;7). A differen-
tial o is called g-exact if all its o-periods vanish.

The s-exact differential can be written as Du for ueC*

Theorem 3.1. Let y be an analytic closed curve which does mot
devide R, then there exists a differential weH such that P,(w;7)=1
and s-exact in R—y.

Proof. We can construct a closed differential neC?* L* which
is o-exact in R—y and P,(p7)=1. Set pn =407 then D5 =0.
Therefore we have »,=w,+w, with w,¢H, and w,€E. Since »,¢C,,
we have w,;€C* and therefore w,=Du with ueC% In R—7, we have
w=n,—Du, and hence o is s-exact there. Moreover we have

[717@=[%(W1*Du)=[(v—du):[n:1'

2. Let F(p) and G(p) be the functions of C*** satisfying
(8.2) —iFG>0 and M= |F|+|G|=M1>0.
An (F, G)-pseudo-analytic function is an [a, b]-analytic function with
(3.3) FG,,—'FQG FG,;_'F;,G

= — e b= _2

FG—FG ' FG—FG’
and an (F, G)-pseudo-analytic differential is an [a, b]-analytic differen-
tial with

(3.4) o= _FG;—FG b__FGz—Ii'ZG

FG—FG' —~  FG-FG’
Under the condition (8.2), (F, G)-analytic function of the 2nd kind
1(») =u(p)+iv(p) satisfy the equation
(3.5) {”F“’“v o=it >0,
v, =0U, G

Since oeC**, u(p) is in C%, and hence % is g-harmonic.

3. We fix the point p,eR, a neighborhood V of p,, and its local
parameter z. Let Wy(2) be the (F,G)-analytic function similar to
the function 1/2* (n=1) in V. Let x,(2) =u,+1v, be the (F, G)-analytic
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funetion of the 2nd kind corresponding to Wy(z). Then w0=Du0=Jqu0
is a co-harmonic differential in V. We shall prove

Theorem 8.2. There exists a unique differential o having the
Sollowing properties:
(1) o is o-harmonic in R—p, and c-exact in R—p,.
(2) In a neighborhood V, of p, w— e du, is e-harmonic.
(8) Let h(p)eC*NL* such that h(p)=0 in V,, then (v, Dh)=0.
(4) N llay,<oo.

Proof. Let V, and V, be the neighborhoods such that V,&V,&V.
We define the real function p(2)eC* V) such that p(2)=1 in V,, and
p()=0 in V—-V,. We set

. 1 .
_ (D(ou,) in V _]=*D(pv,) in V
(3.6) 7]1—-{ 0 in R—V, 72 g 0 in B—V,
and
(8.7 N=21+7
We have anqu0+%*dvonquo—Jquozo in V,, and 7=0

in R—V, Hence neL*NC'"**. From Theorem 2.8, we have 7=w,
+Du+%*Dv with ,¢H, u, veC?, DucE and %*DveE*. We set

(3.8) o=1,—Du=—n,+w,+ ~ Do,

We shall prove that » satisfies the conditions (1)—(4). Proof of (1):
weCY{R—p,) and we have Dlszlrjl—DlDu:d<%J7d(puo)>—d<7%
ﬁdu>=o and Dz*wz—Dz*nz-l—Dz*wh——Dz(%Dv)=d<%¢?d(pvﬁ)>
+Dyxw,— D, (—}Dv)zO. Hence ® is o¢-harmonic in R—p, Since
o=7—Du, o is s-exact in R—p,. Proof of (2): Since »,=—n,=, ¢ du,
in V,, we have D,(0—y o du,)=—D,Du=0 and D,*(0—, ¢ du,)=D,*
wh——D2<%—Dv>=0, hence w—y o du, is ¢-harmonic in V,. Proof of
(3): Since heE, and w,cH, we have (w, Dh)=(—v,, Dh)+ (®,, D,)

+<%*Dv, Dh>=0. Proof of (4): Since ||7|ls_y,< oo and || Du|lp< o,
we have ||o||z—v, =7 —Dulle—y, |71 |l z-r,+ | Du|ln< co.

Finally, we shall prove the uniqueness. Let »’ be another differ-
ential which has the properties (1)—(4). Then o'—wo is in L?, it is
g-harmonic on R and s-exact. There is a function u(p)eC? such that
o —o=Du. Consider the function A(p) such that h=pu in V and
h=0 in R—V. Then h—u has the properties of (3). Hence we have

(o' —w, D(h—u))=0. Since o'—wecH and DheE, we have |jo’—o|=
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(o' —w, Du)=(0'—w, D(u—h))+ (o’ —w, Dh)=0.

Theorem 3.8. There exists a unique differential o =fdz such that

(1) ¢ s (F,Q@)-analytic in R—p,, and corresponding (F, G)-analytic
Sfunction of the 2nd kind has the single-valued real part in
R—p,.

(2) ¢ s stmilar to the analytic differential d(1/z*) (n=1) in V.

(3) llella-vr<oo.

Proof. Let o be the differential obtained in the previous theorem.
Since o is g-exact in R—p, o=y ¢ du with ¢-harmonic u, we can find
a function »(2) such that dv=oxdu in every neighborhood V of R—p,.
Hence, dy=du-+io+du is the differential of an (¥, G)-analytic function

of the 2nd kind x(2) in V. Therefore, the differential go:Fﬁ—
+ Gy o xo=Fdu+Gdv is an (F, G)-analytic differential of R —p,. From
the way of construction of », we know that ¢ has a singularity
similar to d(1/z") at p,. Finally, we have ||¢||z_y,<oo.

4. In the next place, we fix the points p, ¢, in a neighborhood
V. Let wy,=Fu,+Gv, be the (¥, G)-analytic function similar to the
function log (2—A)/(z—B) in V, A and B being the values of z cor-
responding to p, and ¢, respectively. The slight modification of the
proof of Theorem 8.2 and Theorem 3.8 gives the following

Theorem 8.4. There exists a unique differential o which has
the following properties:

(1) o—yo du, is o-harmonic in V, and o has the same o-periods
as Jo duy in V.

(2) o is o-harmonic in R—(p,Uq,) and is c-exact in R—V,

(3) llollz-y<co.

(4) If heC*NL* and h=0 in V, then (v, Dh)=0.

Theorem 3.5. There exists a differential ¢o=fdz such that

(1) ¢ is (F,@)-analytic in R—(p,Uq,), and corresponding (F,G)-
analytic function of the second kind x(p) has the single-valued
real part in R—V.

(2) o—(Fdu,+Gdv,) is (F,@)-analytic in V.

Theorem 3.6. For every analytic closed curve y which does not
divide R, there exists an (F,@)-analytic differential which has non
zero (F,G)-period on y and 1is everywhere regular.

This is the immediate consequence of Theorem 3.1.
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