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27. On Conditionally Hypoelliptic Properties of
Partially Hypoelliptic Operators

By Minoru YAMAMOTO
Department of Mathematics, Okayama University
(Comm. by Kinjir6 KuNuGl, M.J.A., Feb. 12, 1963)

1. Introduction. Recently L. Girding and B. Malgrange [2, 3]
have introduced the notions of partial hypoellipticity, partial ellipticity
and conditional ellipticity. J. Friberg [1] and L. Hérmander [6]
proved the fact that the solutions of P(D)u=0 is hypoanalytic of
type ¢ in a fixed direction when P({) is a polynomial of finite type o
in the same direction. J. Friberg also expected in his paper [1]
that if P(D) is partially hypoelliptic of type ¢ in some indepentent
variables then the operator P(D) have conditionally hypoelliptie
properties in the same variables. (An operator P(D) will be said
to have a conditionally hypoelliptic property of type o in x’ if any
solution ueA,; »NC* of P(D)u=f(feA,.,) belongs to 4,.,. See Def.
2.2.) The object of this note is to give a proof of above fact. The
method is based on the idea of Garding and Malgrange [2]. As the
proof is somewhat mazy, details will be published later in the Osaka
Mathematical Journal. I should like to thank Prof. M. Nagumo for
his kind criticism during the preparation of this paper.

2. Algebraic considerations. Let P(D) be a linear partial di-
flerential operator with constant coefficients operating on functions
u(x) defined in some open set QCREX R (x=(x',z")=(xi,---, ©,
x,---,x))a’eR™, x"eR"). By a we shall denote a multi-integer
(@¥ys++,a™,a¥,---,a"™) where a” and a’” are non-negative integers,
the length of a is denoted by |a|=a*+:--+a". Defining D,,
= —y—10/3}, Dop;=—+—108/0x; we set D*=Dg.-Di=D-.-Di-

AR ;‘}?:. By P({) we mean the characteristic polynomial belong-
ing to P(D), and V(P) denotes the algebraic variety in C™xC~
defined by {{; P({)=0}cC™xC".

Definition 2.1. The operator P(D) (or P({)) is said to be par-
tially hypoelliptic of type o in x’ if the following condition is satisfied.

There exist positive constants C, and ¢ (depending only on P)
such that
(2.1) |Rel'| <Co(1+ [ImC'| + |C7])” (EeV(P))
or equivalently there exist positive constants C; and ¢ for sufficiently
large A
2.1y | Rel’| <Co(| ImL’ |+ |C"]) (e V(P) and | Rel’| > A).

Remark 1. As in the proof of Lemma 3.9 in Hormander [5],



No. 2] Partially Hypoelliptic Operators 115

the best possible choice of above ¢ is always a rational number,
therefore we may assume here o=r/s(=1) with mutually prime
positive integer 7 and s.

Definition 2.2. A function u(x)eC>(2) is said to be hypoana-
lytic of type o in Q (we denote it u(x)eA,.,(2)) if for every compact
subset K of 2 there exists a positive constant C depending on K
and % such that
(2.2) %{%zx' | D?u(x)| =C?**(pl)” »=0,1,2,..-
is valid, where |D"u(@)|*= 33 —P' | DLDLule.

léil=p a’l a’’!

Lemma 2.1. P({')({'eC™) is hypoelliptic of type o: i.e.
(2.3) | Rel'| <C(1+ [ ImC'[)” (e V(D))
if and only if
(2.4) IKIE>OI P(lx)(s/) | 2 I s/ I 2|a|/e éclléol P(a)(s/) | 2 (gleRm)
or equivalently
@4y S POEIET S PEI (181> 4).

Since P({)=P({’, (") is a polynomial in C™x C", P can be written
as a finite sum;
(2.5) P, T =Py&)+ I%IOPT(C') (")
where y=(y%,---,7") with non negative integer 7. Then the follow-
ing theorem is established.
Theorem 2.1. P({) is partially hypoelliptic of tyve ¢ in x if
and only if
(2.6) IW2|=0|1’§“’(€')lzlé'l2'”’”'/"é01(l1’0(5’)12-!—1) (£'eR™).
Remark 2. If P({) is partially hypoelliptic of type ¢ in 2’ then
by virtue of (2.1) Py )}(=P(,0)) is hypoelliptic of type o as a
polynomial in {’. Hence the following inequality is valid.
@D S IPEEIE I SCIPE)] R 171> A),

It is easily verified that (2.6) is equivalent to

@6) 3 PREESCIPE)] (1€]>47)

or la[20

@) 33 |POE)[TE M SCH( PUE) D) (@R,
lalz0

Proof of Theorem 2.1. Writing ('=¢&+1iy (&, 7 eR™ i=4—1)
(2.5) can be written as follows:
(28 P (C)=Po($')+ME>OCaP 5"”(5')(’57/)“4‘1”Z>0 1§oC“P (&) (@) (E)T

(C= max C,, p=degree of P).
0slalsp

Let o'=|¢'|V7', {"=|¢'|¥¢.{" where 7'eR", {"eC"(|{"| =1), teC"
and ¢t-8"=@-8,...,t-8), then (2.8) is transformed into
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2.9 PO= Po(s’)+]§oCaP§“’(S') [&'|1lo(37")"
+ 3 S CPEE)E e ) @y,

[71>0 |«[=0

Now first of all fix the length of 7'(=¢) suitably (for example;
|ﬁ’l=—]é—Min{(Co)‘1, (CCy)"%,1}) then according to (2.7) there exist

constants C;, C{ such that
(2.10) Gy| Py(&)| = | Po(&)+ IaIEW(?.,,P&"’OS’) [&" 11715 ") | S G| Po(€)) |
(1€’ >A).
Thus according to the condition (2.1), if ¢eC* is a solution of
@11 P&)+ SICPOE)| | )"
+ 3, S CPEE) | ey @y =0

[7[>0 |a|z0

then |[¢|>C, for some positive C, uniformly in 7'eR™(|7’|=¢),
§7eC(|Z”|=1) and |¢’| >A’. This shows that every solution r of

. 2GR |1 (@)
2.11) ° a20
(211) ‘ +1§1|r|z=]k HZC,PS‘O(E')ISW'“"”(iﬁ')“

|20

satisfies |z| <1/C, uniformly.

This shows that every coeflicient of z*(k=0,- .-, p—1) is uniformly
bounded. By virtue of uniformity in {”, and (2.10)

(3P & 171/ )Y | Poe)]|
is uniformly bounded in 7'(|7’| =¢) and & (|&'| > A).

Finally from the uniformity in %’(|7’| =¢) the result follows.

It is easily verified by the well-known method that (2.6) implies
(2.1) (cf. p. 28, [1]).

3. A priori estimates. In this section we introduce a new norm
(similar as introduced in [1]) which depend on the operator P(D)
and 0 with 0<d=1.

Let K be any given relatively compact subset in QCR™XR"
with KC0. We then define the norm of ueC>(2) as follows:

(3‘1) |u’ K| 2 __ ]IZ Zk”chao(D), . ,chm(D),Dku’ K||2520k—22|ai|

r1=0ajg,
where Q,(D)=P,(D,)D;, and ||f, K| denotes the usual L* norm of f
on K.

The sum is to be taken over all index sets a,=(a, o) with

0<|ey| S |az| £+ =Zla,| <p (p=deg P) and over all integers k with
0=k<s-min |a,| =s|a,].
By the definition, the exponent of § is always negative and the
highest order derivatives of w contained in |u, K|} is smaller than
r-po—(r—s). Therefore the following inequalities are valid.
(3.2) G 2 ID*u, K|F< |u, K|1=Cs 30 ||Dw, K|J?
0sk<8:p

lalsrp—(r—9)

@yer=0
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for some C;, C; which do not depend on % and 4.
(8.3) |u, K1 < |u, K| ;= |u, K|;-077.

Lemma 3.1. Let K,, K, be relatively compact subdomains in £
with

K,CK,cK,c0 and dist.(3K,, 0K,)=5>0.

Then there exists a ¢(x)eCy(K,) with properties; ¢(#)=0 on K,
o(x)=1 on K, and
(3.4) | ()| <CoV(we Ky, |a| <7 p).

Lemma 3.2. If R,(¢) is a polynomial with constant coeflicients
then

(8.5) || R(D)- - 'RT(D)?)(%)I|2='r'"1§;|IRi(D)’v(ﬂv)ll2 (veCy).

Theorem 3.1. Let P(D) be a partially hypoelliptic operator of
type o in &' and K,, K, be relatively compact subdomains of Q with
K,CK,CK,CQ such that dist. (0K, 0K)=6 (0<6=<1).

Then there exists a constant C, (independent of w and ), such
that

r—8+1
5| Du, K0|,§C7{ SV | Db, K, 55"
(3.6) =
| D<PD)u, K52}

0=la|Se(r—1

for all ueC=(Q).

(Outline of Proof.) The quantity that we are going to estimate is
8.7) o*|Du, K,|3

=2 > QD) - - (D) D, K,f|Pgte+o-2ulal,
Irlz0 o<|:§11ks<~_’-[~as;|«r[

We can split the above sum into two parts so that in the first
part k+1<s|a,|, while in the second k+1=s|a,|, then
(8.8) The 1st part =Cs|u, K,|3=Cs|u, K, |3.

In the second each term is estimated as follows (if we set
v=¢-ucCy*(K,) and using Lemma 3.2).
(3.9) 1Q5*(D) - - - Qr>(D) - D**tlu, K, ||g2e1esi =25 1ol

é /,.-lzrl |Q§ag)(D)rD8laxlv’ Kl | |25—2r(lai] —Iaxl)'
i=1

The right hand side of (3.9) is composed of the terms of two dif-
ferent types,

(3.10) [|Q™(D) Dr'*lo]|?

(8.11) Qe (D) Deto|[Pa=2 =" (|| > k).
Then after some calculations we have

(8.11) [|Q5>(D)r Dl 6~ 1*1=® < Cy | w, K, |3
and

la

sla]
@10y llge@ypnl=3 (1) f1ae @118 2m-2 187 @) ae.

k=

Every term in (8.10) with k=1 is estimated by
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(3.12) Ciof |u, K |3+ | Dy, K |56%).
Finally we shall estimate the quantity

(313 1@ 1¢' 1 1b(e) | *de
<C [Py 12| | 0e) 'de

in two cases. The first case. a=(da,a”), |7—a”’|>0
(8.14) (3.13)<C,, | Dby, K, |26%.
+1

0sk=r—8
The second case: a’’=y. Using (2.6)” we have

.15 B1O=C{ [ 19O de+ [ 1P@— 31 PAENEY 1166 'ds
gclz{ 3| Db Eif3e%+ 5 |ID*P(Dy, K1||25‘2"<"D}.

0Sk=r—8+1
(In this proof constants C; are independent of # and 6.) Therefore
(3.8) (8.10) (3.12) (3.14) and (3.15) show the theorem.
Corollary 3.1. Let P(D) be a partially hypoelliptic operator of
type o in x', p be the degree of P(L), and K and L be arbitrary

relatively compact subdomains of Q such that KCLCLCQ and dist.
(0K,0L)=0 (0<0=1). Then there exists a constant C,y such that the
mequality

T—8+1.p
o1 O 1D ElpSCE {5 Gy D5, Ll
. p(r—8+1) 2 ”DaP(D) -D"u, L”(&/p)k—p(r-—l)}pzo, 1, 2’ e
)]

&=0 lalsp(r—1
is valid for all ueC>(Q).
The constant C,; does not depend on p.

Proof. By the assumptions on K and L there exists an increas-
ing sequence of relatively compact domains K, Ki,---, K, such that
K=K,CK,---CK,=L and dist.(0K,, 0K,,,)=d/p<1.

Thus every pair K,, K,,, satisfies the conditions imposed on K, and
K, in Theorem 8.1. If ueC=(Q) then for every ¢=0,1,.--,D'ucC=(Q).
Successive applications of Theorem 3.1 to K,, K,,, show the inequality
(8.16).

Now Corollary 3.1 and Sobolev’s lemma lead to the following

Main Theorem. Let P(D) be a partially hypoelliptic operator
of type o in &' and u(cC=(Q)) be a solution of P(D)yu=f (feA;,)
wm Q such that D*ucA, . for every k(k=0,1, ..., pr—(r—s)—1).
Then u belongs to A,c.
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