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144. A Note on the Functional-Representations
of Normal Operators in Hilbert Spaces

By Sakuji INOUE
Faculty of Education, Kumamoto University
(Comm. by Kinjir6 KUuNUGI, M.J.A., Nov. 12, 1963)

Let $ be the complex abstract Hilbert space which is complete,
separable, and infinite dimensional; let both {¢,},.1: ... and {Y.}.-125,...
be incomplete orthonormal infinite sets which are orthogonal to each
other and by which a complete orthonormal system in $ is construect-
ed; let {4},_;.,.. be an arbitrarily prescribed bounded sequence of
complex numbers; let (u,;) be an infinite unitary matrix with |u|

<1,7=1,2,8,--+; let ¥,=>u,,¥; let N be the operator defined by
i=1

No= 312.(@, 00, +0 3@ V)T,

for every ze¢9 and an arbitrarily given complex constant ¢; let L,
be the continuous linear functional associated with an arbitrary ele-
ment ye®; and let the operator N defined above be denoted symbol-
ically by

N=§2u¢»®L¢v+cg%®L¢w
Then Nz is expressible in the form
No= 3100, ® L, (0) + ¢ 0, O Ly, (2) (weD).
In Proceedings of the Japan Academy, Vol. 37, 614-618 (1961),
I defined “the functional-representation of N” by Yi;lz,,gov@@L%—l-cg

¥,®L,, and proved that the functional-representation of N converges
uniformly, that N is a bounded normal operator with point spectrum
{2}, and that ||[N||=max(sup|4,|, |¢]). In the same Proceedings, Vol.

38, 18-22 (1962), conversely I treated of the question as to whether
any bounded normal operator with point spectrum in $ can always
be expressed in the form of the above-mentioned infinite series of the
continuous linear functionals associated with all the elements of a
complete orthonormal system in 9, by using such a unitary matrix
as above. Though, in the latter paper, the conclusion was affirmative,
an additional hypothesis, that is, “If the whole subset with non-zero
measure of the continuous spectrum of N lies on a circumference
with center at the origin” had to be set up: for otherwise, in the
particular case where N has no eigenvalue, N is not necessarily ex-
pressed by the linear combination of L,, in connection with the unitary
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matrix (u,,), as Mr. D. A. Edwards pointed out in Mathematical Reviews,
Vol. 26, No. 2 (1963).

In the present paper we shall show that the above-mentioned
functional-representation replaced by a bounded Hermite matrix («,;)
instead of the unitary matrix (u,,;) also expresses a bounded normal
operator with point spectrum {1,} in 9.

Theorem A. Let {¢,},.125,... and {Y,}..123,.. both be incomplete
orthonormal infinite sets which are orthogonal to each other and by
which a complete orthonormal system in £ is constructed; let
{4.},-1,23,... be an arbitrarily prescribed bounded sequence of complex
numbers, let (a;;) be an infinite Hermite matrix with «@;;=a; and

Zlajkl % |a,;|? such that the operator A associated with (a;;) is a

bounded operator in Hilbert coordinate space [ly; let ¥,= Za,,,«/r],

L, be the continuous linear functional associated with xe&, that is,

let L(y)=(y, ) for every ye9; and let N be the operator defined by
N=300,® Ly, +0 37, ® Ly,

where ¢ is an arbitrarily given complex constant. Then this fune-
tional-representation of N converges uniformly and N is a bounded
normal operator with point spectrum {1,},..3,..., the norm of which
is given by max(sup|4.|, |e|-||A]]).

Proof. Since, by hypotheses, a complete orthonormal system in
9 is constructed by the two incomplete orthonormal sets {y,} and
{4}, every element xc9 is expressed in the form

z= %am + gbﬂ%
where a,=L,(x) and b —L¢”(x), and |[|z|*= Zla |2 +2[b,,l < oo,
Since, in addition, Z[aﬁl —2 la; |2 < o0, =1, 2 3 by virtue of
the hypothesis concerning A4, there is no difficulty in showing that
INalP =1 52,0 ® L @)+ 530, @ Ly, @)IF (e D)

=S allal+lel*5 | Sbaul®
and that
HAf||2 Elzbjajkp (f= (bbbm w ) €l)

SllA|I2|If||2< o,
Accordingly

Nl < 3514 P an [P+ e [P AL S b, < Ml
where M=max(sup|4,]|, |¢|-]|4]]). Moreover, if x is an element be-

longing to the subspace determined by ¢,, || Nx||=|4,|||z||; and if, on
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the contrary, z is in the subspace determined by {V.},
|| Nx||= | e|||AZ||< |e] || Al 1] = | ][ A]l |||
where &=(L, (), Ly(x), Ls(x), - -)€l,. In consequence, N is a bounded
operator with norm M in 9.
If we now denote by f» the element derived from the above-
mentioned element f=(b,, b,, by, - - +)el, by putting by=b,=b,=--+=bp_,
=0, then similarly it is verified without difficulty that, for any

x:ia,%—l— ib,,«[r,,eéj) where a,=L, () and b,=L, (%),

||V§;2,go,®L%(w)+c#§)¥f,,®L¢”(x)||2:vé]z,]zlavl2+ |c|2k§?ll§]bjajk,z
=31 1a[*la |2+ Lo ||| Afl
SMAS) o+ 55 10,0,

The positive integer P here can be so chosen as to satisfy the
inequality

Silalt+ 3100 0< Sl

for an arbitrarily given positive number ¢ and any non-null element
xe$. Hence we have

12300, ® Lo+ ST, Ly || <V &

for such a P. Thus the functional-representation of N converges
uniformly.

Next we shall show that the operator N is normal. Since the

identity operator I is given by I= i¢p®L¢,+ ﬁ\h@Lh, it is found
v=1 p=1
by direct computation that

(N2, 9)=( 2300, Ly, (@) + ¢33 L 310,910 Ly (a), 310, @ Lin(¥)
+ 319 ® L, (1)
= Lo @)L, W)+ 2 N Lo, @Le (W) (@ y<9).
Putting ¥'* = gawj and N= gi,sap@L%%g U*®L,, similar-

ly we can show that the functional-representation of N is uniformly
convergent, that N is a bounded operator in , and that

(2, Ny)= %LL%(%)L%(y) +6§31 ﬂi‘;lawLw(w)Lm(y) (@, ye D).

We have therefore (Nz, y)=(z, Ny), which implies that N is the
adjoint operator N* of N. In addition, it is a matter of simple
manipulations to show that
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NN*x:N[%Z%@L%(w)-I-E%IWf®L¢F(w)] (e D)

= |2, 2Ly, ()0, + | | Z,Zl [Ea#‘L%(x)];Irﬂ
and that

N*No=N*[ 36, ® Lo @)+ 10, @ Ly,@)]  (@<9)

= 512 L @)+ o] T S, L) 0.

Since, on the other hand, a,=a,. for g r=1,2,3,.--- by the
hypothesis on the matrix (a;;), and hence since ¥*=¥, the just
established results permit us to conclude that NN*=N*N in 9.
Consequently N is a normal operator in 9.

Thus it remains only to prove that the set {i,}] is the point
spectrum of N. However it is obvious that any 2, is an eigenvalue
of N corresponding to the eigenelement ¢,; and moreover, since

i}[ajxl%!;]ajjlz, N has not any eigenvalue other than i,,v=1,2,3,---,
k=1

as can be seen from the reasoning used in one of the preceding papers
[ef. Proc. Japan Acad., Vol. 37, 614-618 (1961)]. Consequently the
point spectrum of N is given by {4,} itself.

Remark A. Though this theorem holds also in the case where
{2,} is a finite set, we are interested in the case where {4,} is an
infinite set. Because, by applying the bounded normal operator

defined by an arbitrarily given functional-representation ﬁzygo,@L%
v=1

+ci?[f,‘®L¢” where ¥, denotes such an element jﬁul‘j\[/‘j or ia,, VieD
p=1 =1 J=1

as was described before, we can treat of various problems on complex-
valued functions which cannot be discussed from a point of view of
the classical function theory.

Remark B. Let N be the bounded normal operator defined by
such a functional-representation as was stated in Remark A; let 4,
be the set of all those accumulation points of {1,} which do not belong
to {1,} itself; let 4 be the continuous spectrum of N; let 4'=4—4,;
and let {K(2)} be the spectral family of N. Since the projector K(4’)
is permutable with each of N and N*,

NUI—K(4)-[NI—K(4)]*=[NI—-K(4)]*- NI K4
in . NI—K(4')) is therefore a bounded normal operator. Fur-
thermore it is readily verified that not only {4,} is the point spectrum
of N(I—K(4"), but that also

NUI—K(4')= f 2K (QA);
{2y}U 4a
and hence it is found that 4, is the continuous spectrum of
N(I—K(4). This result is useful for applications of the spectral
theory to the function theory.



