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59. A Note on the Convergence of Semi-groups
of Operators

By Minoru HASEGAWA
Department of Mathematics, Tokyo Metropolitan University
(Comm. by Kinjir6 KUNUGI, M.J.A., April 13, 1964)

1. In the following we shall deal with a sequence of one-
parameter semi-groups {U™} (t=0,%n=1,2,-.--) of operators on a
fixed Banach space B to B which satisfies the stability condition, that
is,

Um»um=U0% (¢, t'=0), Um=I,
ltljtn U™f= Ut(:’)f (togo, feQS),
H [Jo't('n)H é Meaz,
where M and a are independent of # and ¢.
For simplicity we assume M=1.
Let &™ be the infinitesimal generator of {U/™}, that is,
6 =lim (U~ D,

then the domain D(G™) of G is dense in B, and for any m >a the
inverse operator I*=(I—m*8™) ! is linear and satisfies following
relations

I,s,mf:mf“e-w;wfdt (fe®B),

I S (1 —ma) .
Our aim is to solve the problem of the following type.
Assumption (A). {§™¢}, is a Cauchy sequence in B for any
peME y Qk@(@‘"’), where M is dense in B.

Under Assumption (A), is it true that the additive operator
B =1im G or some closed extension of & is the infinitesimal generator

700

of a semi-group {U,} which satisfies U,=lim U™?

17=00

Our main theorem Theorem 2 is an answer to this problem.
The following theorem had been treated by H. F. Trotter [1].

Theorem 1. Under Assumption (A), the closure 6] of © is the
infinitesimal generator of a semi-group {U} which satisfies
U,=lim U if and only if the following Condition (A,) is satisfied.

Condition (A,). For some m>a, the range R(I—m ‘@) of
I—m™'® 1s dense in B.

As an application we shall treat this theorem from above general
point of view and prove Theorem 1 by using Theorem 2.
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and Mr. K. Sato for their kind advice.

2. In the following we assume Assumption (A) and shall prove
that Condition (B,) gives a necessary and sufficient condition for this
problem.

Condition (B,). For any t,t'=0,

lim ||[UPUSf —USUf||=0 (feB).

n,m/~—00

In this section we assume Condition (B,).
Remark 1. For any m, m' >a,
lim [|[LPL3° f =L L f|=0  (feB).

7,7/ -0
This assertion readily follows from (B,).
Next, we shall prove the basic lemma.
Lemma. For any m>a and feB,{[{"f}, is a Cauchy sequence
in B,
Proof. For any fixed m>a and ¢cI, we have
LI —m ™' G)p— o]
= | LI —m ) p— I (I—m 1)
<m I 60— Gy
=(m—a) |G o—Gp||.
lim [|[IP(I—m *8)p— L (IT—m~'8)p||=0.

Next, we shall prove that, for any m,>2"'(m+a),
lim [[L3°(I—mi' @) — LI (I—m;'E)e|| =0.

By using the resolvent equation, we have
(I —mi6)e — L3 (I—mi )|
<mit|m—m| [IPIDI—m 6 — [T (T—miG)gl|
+miym|| L5 (I —mi ) — L5 (I—m7'G)el|.
Here
PP (I —mi @) — L LS (I—mi ' G)el|
SILPLPT—mi' @) — LIS (I—mi ' G)g|
P IS (T—mi §)p— IS (- mG)g)|
=1—ma) LI —mi*G)p— L5 (I—mi'G)el|
HILPLEP I —m &) — LI LI (T —mi G|,
and
LS L (I —mi 6o — LT Li(I—mi'®)o| |
SRS (I—mi @) — L L (I—mi'6) g
+LEP LI —mi @) — L L (I — mi ')y
SSPLEP(I—mi ' @)p— Ly I (I—m'6)g |
+ A —mita) | LI —m7 @) — LT (I—mT'S)e||.
Hence, we obtain the desired inequality
L5 (I —mi ) — L3I —m'G)e|
m—a .m-—a-i—lml—mI”
my—a—|m,—m| my(l—ma)

= Lo(I—m* @) — LiP(I—mi')pl|
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By virtue of Remark 1, for any m,>2"!'(m-+a), there exists
g€B such that lim I&P(I—m'G)p=g. We define

n—oo

N,= U U5 f=I—mi'8)p}

m1>2-1(m+a) p €N

Then %m=§3.
Thus we have proved that for any m>a and fe3B, there exists
9,€%B such that lim I f=g,. We define I,f =g, for fe3.

7200

Theorem 2. Under Condition (B,), we can construct a closed
extension & of & whose domain @(@3)=2RD‘1R,
Go=limh(U,—Dp (peR),
where {U,} 1is a semi-group obtained by
U.f =lim exp G I)f (fed).

Moreover {U,} satisfies U,=lim Uf™.

Proof. In the proof of Lemma, we have obtained O(Z,)=3 and
L(I—m™'@)p=0¢.

It readily follows that R(I,,)DM, the additivity and the boundedness
of I (||IL||SA—ma)™).

Letting n— o in the resolvent equation for IS, we have

I.f =mi¥(m,—m)I,L,.f +mi*mI,.f,
LI,.f=I,I.f.
Moreover we have
limI,f=f (fe®),
since
Mnp—ol|=m || L,8e|| < (m—a) H|G¢|| (pe),
and M=2.

Now we show that I, is a one-to-one transformation on B to
its range R(I,). For any f, f'e¢®B such that I,.f=1I,f’, we have, us-
ing the resolvent equation

L.f =mi(my—m)L, L, f +mi'ml, . f,
L.f' =mi(m,—m)L, IL.f" +m:'ml, f'.
Im;f:Im;f, (m1>a)7
and letting m,—~ o, we have f=f".

Since the resolvent equation shows that R(I,)=%R(I,,)=R for any
m, m’, we have the inverse operator I.* on 3 to B.

We define the additive operator S

Sp=m(I—I;").

We shall prove that ®,, is independent of m. For any fe®.

8L, f =m(I—I;),f =m(I,—I)f.
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On the other hand

@mIImf=ml(I-— IO f=mlI, f—m,[m*(m,—m)L,f+mimf].

6,=6,,=6.

Since additive operator & whose domain is dense in B has linear
operators {I,,=(I—m'®) "} on B to R which satisfy L =1—mta)™?,
by the characterization theorem for the infinitesimal generator, there
exists a semi-group {U}

U.f =lim exp (t8L,)f (feB),
such that ,,..m
lim YU, —De=8¢ (peR).
Since we have proved that for any pe
L(I-m™'@)p=¢,
if readily follows that & is a closed extension of .
The proof of the last part of this theorem is the same as that
of [1; Theorem 5.17.
3. Remark 2. Under Assumption (A), the following conditions

are mutually equivalent.
(B, ”lyi!m |USPUSf = U U f||=0 (8,20, feB)

(B, lim \LPLPf —LPLPf||=0 (m, m'>a, f€B)

(By) lim [|UF — U f||=0 (620, f )
(B) lim ||I°f — I f||=0 (m>a, f ¢B)

Proof. By Remark 1, Lemma and Theorem 2, (B,)=>(B.)=>(B,)=>
(B;) is obvious.
(By)=>(B,): we define U,f=lim U™f, then
|USUSOf — UFOUSF|| e
sSNURUSPf = USUS+USULf = UUL|
HIOUS =U UL+ U Uf =UU SN+ NUSUf+USPUSS.
Here
”UtUt’f_Ut’Utf“
SO = USULNFHNUSUS —USUS S|
HITPUS, = UPUSN+ U US — U U
lim ||[U™USf— U0 f||=0 (t, =0, feB).

n,n/ -0

It readily follows from Theorem 2 and Remark 2 that

Remark 3. Under Assumption (A), there exists a closed exten-
sion & of & which is the generator of a semi-group {U,}, where
U,=lim U, if and only if Condition (B,) is satisfied.

Remark 4. In Theorem 2, if the following Condition (C) is
satisfied, then & is the closure of G:



266 M. HASEGAWA [Vol. 40,

Condition (C). There exists a subset W' CB which is dense in
B such that LI for some m>a.

Proof. For any fe®B, we can choose a sequence {f,}JCIM’ which
converges to f as k tends to infinity. By the boundedness of I,,
where I,f.¢M and

I8 Luf —6 L.f | < [m+(m—a) " m*]||f — £
}im |6 L,.f —@® L, f.|]|=0,

which implies that @ is the closure of @.

Remark 5. Proof of Theorem 1.

First, we shall prove that (A,) implies (B,). It readily follows
from the first part of the proof of Lemma that {I{f}, is a Cauchy
sequence in B for some m>a. Then the above assertion for any
m>a can be proved by the same way as that of [1; Lemma 5.1].

(A)=>(C) can be proved by taking

913'=¢ eL~Jm{f s f=(I—m™'8)g}.

Then Theorem 2, Remark 2 and Remark 4 show that the closure ©
of ® is the infinitesimal generator of a semi-group {U,} which satis-
fiies U,=lim U™.

The inverse part of the theorem is obvious.

Remark 6. Under Assumption (A), Condition (B,)+Condition
(C) is equivalent to Condition (A,).
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