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158. On the Spectra of Uniformly Increasing Mappings

By Sadayuki YAMAMURO*®
(Comm. by Kinjir6 KUNUGI, M.J.A., Nov. 12, 1964)

Let E be a real Banach space, G be an open set and G be its
closure.

In [2], we have given the following definition:

A mapping f of G in E is said to be (s, dp)-untformly increasing
at aeG if

(i) a+teeG if |l <oy

(i) ||fu(@)—ax||=sl|2|| for any mon-positive number a and any
element x such that ||z||<4d, where f ()= f(a+x)— f(a).

The purpose of this paper is to prove the following

Theorem. Assume that

1. F(x) is a completely continuous mapping of G in E;

2. F(a)=2,a for some 2,50 and some acG;

3. f(x):x—%F(x) 18 (&y, o)-uniformly increasing at a.

0
Then, we have that

1°. a is an isolated fixed point of %F(x);
0

2°, For any A such that |2—20|<min.{|20],ML

%, such that ||| 48,

F(e)=15 and |lr—al|l< |zl|e (llal | +80)|2— 14|

0|0

Remark. A mapping F'(x) is said to be completely continuous on

G if it is continuous and the image F(G) is contained in a compact
set.

Proof. 1°. Assume that a is not an isolated fixed point of

%F(w), then there exists a sequence {x,} such that
0

} , there exists

limz,=0 and F(a+z,)=2(a+z,).

n—00

Since f(oc)=w—-—2]f—F(x), we have

0
f(a+x,,>=(a+xn>—2lF<a+xn>=o.

Now, since f(x) is (&, d,)-uniformly increasing at a, we have
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all

sl <]

rea—(~1ee

for such large » that ||z,||=<d,, This is a contradiction.
2°. Let us take 1 which satisfies our condition and consider the

0—ﬂ®+%&%

completely continuous mapping —}F(x) of G in E. To this mapping

we shall apply a fixed point theorem which we have proved in [1]
(see the remark below). Now, assume that

%F(x) =azx+(1—a)a

for some number « and some element x such that ||x—a||=d,. Then,
we have

fl@—a)=f(@)— f(a)=f(2)
=x—%0F(x)
2 2
=41~ (x—-a)+<1——2—0>x,

namely,

fle=) =L (1—we=a)|

i el

—-1—-Mwn§ 20— 1| lz—al|

| " e—al]

< L zg— el g < llz—all,
2o %

which implies that —;—(l—a)>0. Since ZL>O’ we have a<1. There-
0 0

fore, there exists x, such that

[le,—al|<d, and F(x)=ix,.
Finally, we prove the following inequality

IIwz—aH<—|—l—(llall+5o)ll Aol

0 0

For this purpose, we need the following fact which can be easily
derived from the definition of the uniform increasingness: Let f be
(&, 0p)-uniformly increasing at a. Then

1fu@)—aallzIL_¢ |l
lall+3 "
Jor any number o and element x such that
0
as—2 ¢ and |x||£6,.
llall+3, ’
Using this fact, since ||z;—a||<d, and 1— 5 4] &, We have
A llal[+3

a
el m—all=|

lal[+2, =|/ “(x‘_a)_@_Z)(x‘—“) |
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A
Lro-(1- Lo

i lal]

_41_

=21 2= lal]
|| ’

from which our inequality follows.

Remark 1. In [1], we have proved the following fixed point
theorem which we used in the above proof: Let E be a locally convex
topological linear space over the real number field. Let G be an open

set, G be its closure and oG be its boundary. Let F be a completely
continuous mapping of G in E. Then, the mapping F has a fided

point in G if there exists an element acG such that the following
condition s satisfied.:
“if F(x)=az+(1+a)a for some xcdG and some number a then a <17,
Remark 2. Under the assumptions of our theorem, if the map-
ping F' is Fréchet-differentiable at a, then 1, is not the proper value
of the Fréchet-derivative of F at a. Therefore, in this case, our
theorem is contained in the so-called Implicit Function Theorem.
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