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1. Let f(¢) be a function which is integrable in the Lebesgue
sense over the interval (—x, 7) and is defined outside this interval
by periodicity. Let the Fourier series of f(t) at t=ux be

1.1 %aﬁ— i} (a, cos nx+b, sin nx)= i A (x).
n= 1
Then the conjugate series of (1.1) is
(1.2) S (b, cos nx—a, sin nx) =3 B, ().
n=1 1
We write
1.3) P&)=fle+t)—fle—t)—1.

Definition: The series >} a, with the sequence of partial sum {S,}
is said to be summable of harmonic means or summable (H, 1), if
1 &S

(4 L o
where s is a definite number. When condition (1.4) is satisfied with
S, replaced by {S,} then the above series will be said to be
summable (H,1) (C,1), where S, denotes the n-th Cesaro mean of
order one of the sequence {S,}.

The object of this paper is to prove the following

THEOREM: If

(1.5) W(t)zS:[mp(u) |du=o(t) as t—0,
(1.6) S [t 7/m) =4 ()| 1og 1 gy o(log n),
x[n U U

then the sequence {nB,(x)} is summable (H, 1) (C,1) to the value
lrm.

This theorem generalizes the result of Varshney [4].

2. We require the following lemmas;
Lemma 1. [3] For all values of % and z,

ﬁ sir;rt —o(L).

r=1

Lemma 2. [1] If 0<t<z, Then

2, cosrt 1)
—_— l — ]

> ” o( og :

r=1
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Lemma 3. [4] For 0={=m/n, we have

. sinrt cosrt O\ _
(log n)™ >} ( i+ 1—me  (n+1l—myt ) =o(m).

3. Proof of the theorem: If we denote the (C,1) transform
of the sequence {nB,(x)} by o,, we know after Mohanty and Nanda [2]

o —lr=1S1rBrz)—L
n r=1 T
1 S“ sinnt cosnt
== t — dt
L{ vo(22r 1 Nat-+o(1)

by the Riemann-Lebesgue theorem, where 0 is a fixed number.
On account of the regularity of harmonic summation, we need

only prove that,
n 8 i
3.1) 1 >3 ls “l’(t)< sinrt cosrt )dt:o(l).
T Jo

logn =t rn+1—r)* (®m+1—1r)t
We get
8 1 u sin 7t cos rt
) < - dt
Somlr( “mlogn =\ r(n+1—r) (n+1—'r)t>

(57 oo

3.2) =L,+ L, say.
Using (1.4) and Lemma 3, we have,

L= 1o | B dt
=0(["" 1 v(t)| nat)

3.3) =o(1).
We set
_ 1 Ss ¥ (t) i ( sinrt  cosrt )
" wlogm Jun t T=\r@m+l—7) (n+1l-—7)
1 Ss P (t) Z”‘u ( sin 7t sin 7t __cosrt )
wlogn Jem ¢t =\ (n+1rt  (m+1)(n+1-7}t (m+1--7)
1 Ss (%) Z"] sin rt
wlogn Jain r=1 (n+1)rt
n 1 u ( sin(n+1)tcosrt  cos(n+1)tsinri )_‘
(n+1)r=1 rt rt
_é( cos (n+ 1)t cosrt n sin (n+1)t sin rt >}dt
r=1 r r

(3.4) =Ly,+ Lys—Lys— Lyy— L, say.
With the help of Lemma 1 and the condition (1.4), we write
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| Ly, |=

1 S“ lef(t)l
(n+Drlogn

:O( (n+ 11) logn Siln | “lf(t)l )
- 0( (n+ 1§ logn [wt(’t) ]x/n + (n+ 12) logn S xln ¢zf3t) dt)

=0+ o Gyl ¢ o)

(3.5) =o0(1) as m—oo,
Similarly,
(3.6) | Lys|=0(1), as m—oo.
Now we shall evalute L,,. Using Lemma 2, we have,

1 Ss A (t) Dt cosrt cosrt 4
(n+Drlogn Jain ¢ sin (n-+1) 2 !

_ 1 5oy 1
_O< (T Dilogn Sm . sin nt log dt>+o(1)

_ C o) 1
O( Togn S ; sin nt log ; dt)-l—o(l),

by the regularity of the method of summation,

1 (3 p(t+7/n) .
=0( = L [T AUET) i
( logn t+m/n sinelog t+m/n

Y() sin nt log dt—

z".‘ sin rt ,dt

x/n

2,2:

dt) +o(1)

{2logn Sn/u

T AT Ginmtlog L dt}+o(1
2lognS t+7/n sinnt log t+xw/n }+o()

{ (Ss_m Ss )“F(t) sin nt log 1 dt—

8—z/n t

Ss—n/n) J(t+1/n) sin nt log _l—dt} +o(1)

<S In t+ Tt/n t+x/n
—x|n .
{log'n [ [10g L v Jﬁ”) S Jsinntas} -
—O( lo;'n S:M "I’ii:%z ") sinnt log t+}z n dt)+
+ 0(@ S:Mm —“/fé-t) sin nt log %dt) +0(1)
ik (k-2 2,

YE+7m/n) 1_ y(+7/n) 1
+<—t log ; ; log t+7r/n)+
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+ ( Yt +7/n) log 1 ¥(t+n/n) log 1 )} sin 'ntdt] —

t t+xw/n t+m/n t+m/n
_ 1 (" yp(E+7/n) . 1
0(Iogn So P sin nt log i dt>+
1 (2 @) .. 1,
+(~—~logn Sa—m_ﬁt sin nt log : dt>+0(1).
@B.1)=(P,+P,+P,)—P,+ P, say.
With the hypothesis (1.6), we get
(3.8) | P,|=0(1).
Further,
_ 1 (® |y@Et+m/n)| 1_ 1
IPEI_O( logn Skln t {log t log t+x/n }dt>
_ 1 (® ly@t+zrm)| (1
—O< logn Stln t 0( nt >dt)
_ 1 oyt tn/n)|
_O<nlogn Sz/n £ dt)
3.9) =0(1) by (3.5).
Now,
_o_ 1 " lytram) L\ sinne|ds
| Bl O(nlog'n Sn/n t(t+7/n) log t+m/n |sinmt | )
_o(l(® 1y@+m/n)|
—O(’n Szln t2 dt)
(3.10) =o(1) by (3.5).
Again,
Pr—O(log’n So t+m/n sin nt log t+m/n )
oL [ ) i g L
__0< logn Sm ; sin nt logt d)
o1 [ v Ta).
—O< logn Szln t o(nt) log t d)
Thus,
2x/n
Py=0(n | 14(t) | dz)
=0(n)o(l) by (L5),
"
(8.11) =o(1).
Also,
o L[ 1e® g Ly
!P"’l—O(logn gs_m : | sin nt | log : )
(8.12) =o(1),

by the regularity of the method of summation, since the interval
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(0—x/n, 6) tends to zero as n—oo,
Consequently from (3.8), (3.9), (3.10), (3.11), and (3.12), we have

(3.13) | Ly, | =0(1) as n—oo.
Similarly
(3.14) | Ly, |=0(1) as n—oo,

With the help of Lemma 1 and condition (1.5) we get
8 n 3
| Lus|=0( © S YO Sin (n+ 1) || 33578 (dt)
logn t =1

nln r
o(( L[ vl
O< logn Jzin ¢ t)
(8.15) =o0(1), as we proved in L,,.
Collection of (3.3), (3.5), (3.6), (3.14), (3.15), and (3.13) completes

the proof of the theorem.
I am much indebted to Dr. P. L. Sharma for his kind help and

guidance in the preparation of this paper.
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