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Hokkaido Gakugei University
(Comm. by Kinjiré KUNUGI, M.J.A., Feb. 12, 1965)

In our previous paper [5], we have proved: If a product space
XXY of a space X with a separable metric space Y is countably
paracompact and normal, then

dim (XX Y)=dim X+dim Y.
Here dim X means the covering dimension of X.

In the present paper, we shall establish that if X is a normal
P-space [I] the above inequality holds for any metric space Y with
an open basis which is a countable union of star-finite systems, even
if Y is not separable. Here, a topological space X is called a P-
space if for any set 2 of indices and for any family {G(ay, a,, « -+,
)| a,e2;1=1,2, ---} of open subsets of X such that G(a,, «--, a;)C
Glay, -+, a;, a;1) for a,ef and i=1,2, -+, there is a family
{Flay, -+, a;)|a,e 2; 1=1,2, ---} of closed subsets of X such that
(a) Fla, «++,0)CG(a,, +++, a,) for a, e Q(v=1, «ee, 1) and (b) X=
U F(ay, «- a) provided that X= U Glay, -, ay).

This concept of P-spaces Whlch is weaker than perfect normality
and somewhat stronger than countable paracompactness was intro-
duced by K. Morita [I] in his study on the normality of product
spaces, and it was established by him that X is a normal P-space
if and only if XX Y is normal for any metric space Y. Thus our
assumption imposed upon X may be said to be reasonable. It is to
be noted that every separable metric space has always an open basis
which is star-finite.

Theorem 1 has been already proved by K. Morita in his unpub-
lished paper, but in this paper we shall give our proof for the sake
of completeness and for its own interest.

We are indebted to Prof. K. Morita for valuable advices and
encouragements throughout this study.

1. The following Lemma has been already presented in [5] with
more general form.

Lemma. If dim Y=0 for a metric space Y, there are a
countable number of open coverings V,={V,,|aeR2;} (1=1,2,---)
of Y such that (@) V., is open and closed for any i and «, (b)
Vi Vig=¢ provided a+0, (c) U is an open basis of Y,



No. 2] Covering Dimension of Certain Product Spaces 115

Theorem 1. If X is a normal P-space and Y 4s a metric

space such that dim Y=0, then
dim (Xx Y)=<dim X.

Proof. Define, with V,, in Lemma,

W(a, a, « -+, a;)= le N Vzwg NeeeN Vmi-

Suppose that dim X=m, and let {U,, U,, .-+, U,} be an arbitrary
finite open covering of XX Y. We shall construct a refinement
{0, -+, U} with order <m+1.

Let us define, for each I: 11k,

(1) Ga, -+, a)=U{P| Px W(a, -+, @) Ui, P open in X},

( 2) G(aly y &; )_ U Gl(alr MY ai)'

Then it is easy to see that

(3) (@) Gay, +-+, )Gy, « -+, &, Aiyy), Gy, +--, )Gy, -,
a;, &;4;) and (b) {G(ab s, ) X W(aly tt 0y ai) I a,e £, (lévéi); 1=
1,2, .--} is an open covering of XX 7Y,

X being a normal P-space, we can find a family {F(«,, -, @,)|
a, e 2, 1=v=1); 1=1,2, ---} of closed subsets of X such that
(4) @) Flay, -+ a)CGla, - a), () X=U F(a, -+, a;) provided
X~UG(a1r e 1)

In fact, settmg 2= U.Q“ consider all sequences (ay, -+, @;) in
2t=1,2,--+), and let G(al, cee,a)=G(a,, + -, ;) provided a,c Q,
(1=v=1i) and G(a,, -+, a;)=X otherwise. Then, for a,e ALlsSy=
i+1), we have G(a,, :-+, a)cG(e,, -+ ., Q;, ®;1,); and thus, by the
definition of P-spaces, there is a family {F(a,, «- -, @) | &, € QUL=SY=4);
i=1,2, +--} of closed subsets of X such that Fla, -, a)cG(ay,-+-,
;) and X= UF(ozl, «ee, ;) provided X= UG(al, «+,a;). Let us put
Fl(a,, - a) F(al, «eo, ) for such sequences (ay, +++, ;) as
a,e 9, (15:25@), then {F(al, -+, a;)} satisfies (a) and (b) of (4).

Now, from (3)(b) and (4), it can be easily shown that
(5) {F(al’ "‘,C(,;)X W(al, ""ai)lavegv (1§D§’&);%=1, 27 ”'} isa
covering of Xx Y.

Owing to (2), (4) and the normality of X there are closed sets
Fya, ++-,a) of X suchkthat
(6) (a) Fay, sna)=UFRa, oo, a0, (0) Fia, <o, @) Gia, -,
a;) for 1<I<k. B

By (5) and (6), {Fi(a,, +++, a)XW(a,, -+, a))|a,€ 2, (1Sv=q);
1=1,2, --+; 1=I<k} turns out to be a covering of Xx Y.

Since, for any a,e 2, U(al)z{G,(al), X—UFy(@)| 1§l§k} is
an open covering of X, there are two open ?eﬁnements Ha,)=
{Hj(e)), Her) | 1=1=<k} and R(a))={Ri(a), R(a,)|1=1=<k} such that
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(7)) (a) Gya))DHy(a))DRy(er)) (0= lké k), (b) the order of {H(«,) |
0=l=sk}=m+1, where Gy(a)=X— U Fy(ay).
Then we obtain’c easily =
(8) (a) lL;JlR,(al) DglF‘(a‘)’ (b) the order of {R,(a)|1=I=k}=m+1.
In general, if a,€02, we can show that there are open sets
H(ay, -+, a;) and Ryay, -+, ;) such that
(9) 53) Gyay, -+, a) DH(ay, ++, ) :’W—S, (b) URz(au
@)D glF,(al, «++,a;)and (c) the order of {H (o}, + -+, o)) | 1= lsk}<m+1

The proof is carried out by an induction.

For ¢=1, (7) and (8) are no more than (9). Now assuming the
existence of Hy(a,, -+, ;) and R)(a,, -+, @;) which satisfy (9) for
any j<1% (t=2), we shall show the existence of them for <.

We put

(10) Giay, +--, )=Gay, -, a;)— URz(au cee, Wiy
 Evidently, U@, --:,a) —{G’(al, e, Hia, ooe, ), X
g1F"(a“ oo )| 1§l§k} is an open covering of X, hence there are
two open refinements H(a,, ---, a,)={H/(a, -+, a;), H'(at, + -+, ),
Hyay,- -+, a;)|1=1=k} and R(a,,- -, a;)={R(a,, -+ -, ), R'(a, - - -, ),
R(ay, -+, a;)| 1=1<k} such that
(11) (a) G, «++, @) DH{(a, - -+, @) DRy, -, @),

(b) H,(al, e, 0y) DH,”(al, e, ) DRy, -, @),

(¢) X— U Fy(al, <o, @) DH|(ay, o0, ) DR(a, - -, @),

(d) the order of H(ozl, s, a)=mA+1.
If we put
(12) Ria, -++, @)= Ri(@, -+, @) U Ri(e, -, @)U RN (@, +++, @)
we have:

13 @ UR@, -+, @)> 0 Fa, -, ),

(b) the order of {R(«ay, -, ) |1=I=k}=m+1.
It suffices to show (13)(b). Hence assuming, for instance,

m+e
(14) IDI Rl(al’ * %y a,);&qf
we shall indicate that it reduces to a contradiction.

m+2
By (12)7 lDI [Rl(al’ Yy ai—l) U R;(a’h cecy ai)‘U Rgl(a’ly Y ai):l * ¢,
hence it follows that
15 U[E @ a0 NEa@, o a)
N (®i@, - a0+ NEL@, -+, &)

(@@, a0 - @, -, @) | #¢
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where (7, +++, 7\, 8, ***, Su, ty, +++, t,) ranges over all permutations
of (1,2,---,m+2). Since R(a,,++-,a; ) NR/(ay,-++,a;)=¢ by virtue
of (10) and (11)(a), we have either 1=0 or =0 for non-empty
terms in (15). In the case where 2=0, (15) reduces to (R, (a,, -, a;)
NeeeN R;y,(alv ccy ao)) N ((*Rtll,(aly ct Y ai) Neee N Rt':(aly *t ai));&‘.ﬁ’ and
this contradicts (11)(d). If p#=0 (15) reduces to (R, (ay,---,a; )
Nees N R, - @) N (R, -+, @) 0 R, -, @) # ¢
and thus we have, by the assumption of our induction and (11)(b),
Hrl(an °e yai—l) Ne--N H")\(aly e ’ai—l) n Htl(aly M) ai—l) NeeeN th(aly

o, ,)#¢ which contradicts (9)(¢) for +—1. And (18)(b) follows.

Now Gy« ---, a;)DR)(a;, +++, @;) is evident. Thus we have an
open sets family {H,(«a,, -+, ;)| 1=1<k} such that
(16) (a) Gl(aly ) ai)DHl(aly ) ai)DHl(aly tt ai)DRl(aly ) ai)’
(b) {Hy(ay, +++, ;)| 1=1I<k} is similar to {R)(a,, + -, a;) |11k}

Clearly, from (13)(b) and (16)(b), it follows that
(A7) the order of {H(ay, ++-, @) |1=I<k}<m-+1.

(13), (16)(a) and (17) show that H,(a,, -+, ;) and R)(ay, ++ -, ;)
satisfy (9) for 4, and the induction completes.

Let us put

U= U{Riet,, +++, ) X W, +++, @) | @, € 2,5 i=1,2, -++} then
Uc U, and the order of {U, U, -- l7,,} is at most m+1.

In fact, if ﬂ Urﬁ&szﬁ, then we have ﬂ {Rr,\(al, s )X Wiay, -,

a;,)laye .Q,,};égi for some (%, Tgy *** ,,,+2), where we may assume
1SS+ =1, because, owing to (a) of Lemma, W(ay, -+, ;)N
W(B,, +++, B;)#¢ implies B,=a,, v=1,2, --+,4% for ©<j. On the
other hand, R/(«ay, -+, @) DRy, =+ ,_1) follows from (12). Thus

mﬁ:Rrh(al, cee,a  )#6. By virtue of (13)(b), we arrive at a contra-
diction. g.e.d.
We will define a metric space which will be needed later.
For any two sequences of elements from a non-empty set £2:
a=(a, &y, +++), B=(By, B, *++), a;, B; € 2, we define the metric p(«, B)
as follows.

o, 3)2715 if @,=B; for i<k and a,=B,; p(e, ®)=0. Then the

set of all sequences of elements from 2 turns out to be a metric
space with po(a, B) as its metric. We shall denote this space by
N(Q) (see [2]). Since dim N(2)=0 ([2, p. 361]). We have
Corollary. Let X be a normal P-space; then
dim (X X N(2))=dim X.
2. The following theorem is well known.
Theorem 2. Let X be a normal space and S its F,-subset;
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then dim S<dim X,

Theorem 3. Let X be a normal P-space and Z a metric space

with Y as its subspace; then
dim (XX Y)=dim (X x Z).

Proof. Suppose that dim(XxZ)=s. Let {V, V, ++-, V,} be
an arbitrary finite open covering of X XY and let k>s+1. We can
express: V =U;N(XXY), where U, is some open subset of Xx Z.
Put U—U U..

Deﬁne open subsets Gy(a,, -+, ;) of X quite analogously to (1)
in the proof of Theorem 1; then Glay, +++, a)x W(ay, -+, a,)c U,
and Gy(a,, -+, a)CG(ay, +++, a;, @;1y), Where W(a,, -+, ;) are also
defined as before,*’ but, instead of subsets of Y, they are subsets of
Z at present.

Let us put

Glay, «--, a;)= U Gl(aly cee, Q)

then G(ay, «++, a)X W(a,, -+, a; )c U= U U..

Since X is a P-space, by the analogous argument to the proof
of Theorem 1, there is a family {F(al, e, )| a, e, 1=1,2, -4}
of closed sets such that (a) F(al, a«)cG(al, «+o, ;) and (b) X=
U F(ay, +++, a;) provided X= U G(aty,+++,c;). Then it is easily shown
that {F(al, , o)X W(ay, - a Dla,e,; i=1,2, ---} covers XX Y.
(It is to be remarked that X>< Y=UN(XxY).) W(al, coo, ;) being
an F,-set of Z, we can set:

F(ay,: .-, a)X W(a,, .- ,0)= U (F(ay, .-, a)X Tay,- -+ ,a;)) where
T a,, -, ;) is a closed subset of Z for every t. Then
(18) U{F(al, e, a)X Wy, o-- )| a,e 2,5 1=1,2, .-}

- U U [U{F(al’ Tty ai)x Tt(aly "';ai)|“ve -Qv}:l

Now U{F(al, o, @)X Tay, « -+, a;))| a, € 2}, which lies in the

bracket of (18), is a locally finite union of closed sets, and hence it

is closed. Then the left hand side of (18) turns out to be an F,-
subset of XX Z. And by Theorem 2,

dim [U{F(aly "'9ai)XW(a1’ "';ai)lavegv; 7':19 2’ "'}]

=dim (XX Z)=s.

Let F= U{F(aly cee, ) X W(aly "'7ai)|avegv; 7::1’2; ° °}; then
XxYcFcU and dim F'<s. Since {FNU,|1=I<k} is an open
covering of the subspace F, there exists its open refinement {F'NR, |
1=<1<k; R, open in XX Z} such that FNU,DFNR, and the order
of {FNR,|1=l=k}=<s+1. Hence, the order of {R,N( XX Y)|1=ZI<k}=<

*) Here dim Z is not necessarily zero; therefore we should employ those V;
which are described in [5, Lemma 1].
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s+1, RN XXY)cRNFcUNF and {R,N(XXY)|1=<I<k} is an
open covering of Xx Y. Thus, as a covering of XX Y, {R,N(XXY)|
1<I1<k} is an open refinement of {U,N(XxY)|1=1=<k} whose order
is at most s+1. Since U;N(XxY)=V,, the proof is completed.

3. Now we have our main theorem.

Theorem 4. Let X be a normal P-space. IfY is a metric
space with an open basis which is a countable union of star-finite
systems, then

dim (XX Y)=<dim X+dim Y.

Proof. If dim Y=m, Y can be considered as a subset of N(2)x M,
where M is such a subset of unit (2n-+1)-cube that at most n of its
coordinates are rational ([4]) and dim M=mn.

Since (XX N(Q)) is a normal P-space ([1, Theorem 4.1]), (X x
N(2)) x M turns out to be countably paracompact and normal ([3,
Theorem 2.2]), therefore by [5]

dim (XX N(@)x M)=dim (X x N (2))+dim M,
and hence, by Theorem 1, we have
dim (XX N(@))x M)=dim X+dim M.
According to Theorem 3,
dim (XX Y)=dim (X x (N (2) x M)),
therefore dim (X xY)=dim X+dim M=dim X+dim Y. q.e.d.

Corollary. Let X be a nmormal P-space. If Y is a metric

space with the star-finite property, then
dim (XX Y)=dim X+dim Y.
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