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§ 1. The object of this paper is to prove the following two
theorems:

Theorem 1. If (i) f is even, (ii) Stf(u)duzo(t) as t—0 and
0
(iii) for some 0>0, there is an (1 >n>0) such that
8
@(t):S | dO(u) |=0(t™") as t—0
t
where O(w)=u""f(u), then the Fourier series of f converges at the
origin,
Theorem 2. If f is continuous and is of bounded variation
and if there is an n>0 such that (i) t"w(t)>A>0 as t—0 and (ii)
8
@(t):S |d6(u) | =0(t"w(t) as t—0
t
uniformly for all x, where O(u)=u"¢,(u), then
| 8u(2; f)—f(®) | = Aw(l/n) for all .
§ 2. Proof of Theorem 1, It is sufficient to prove that

s%:S:f(t) Si‘;"t di=o(1) as m—co,

kln 8
where 0 is a fixed constant. We write Sn’—“S —|—S W .+ 1,, where
0 kln

k is fixed but a large number. Then I,=0(1) as mn—o., By the
assumption, f(u) is of bounded variation on the interval (k/n, d), and
then |I,|<V/n, where V is the total variation of the function f(¢)/t
on the interval (k/n, 0). Hence it is sufficient to show that V=o(n).
Since f(t)/t=06(t)/t*™, the required relation is that, for any given ¢

and a suitable %,
’ 6(t)
Skln d( tl_" )

Now d6(t)=|dé(t)| and | 6(t) |=‘ S:dﬂ(t)‘§@(t) since we can suppose that
f(0)=0 and then

L. (55)

=én.

<[ 0L [ 100,

T ke T kln 27

g[-@»@]s +AS8 O®) s <A™ <en.
7 _kin k

kln $27

This gives the required relation. Thus we get the theorem.
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We have the following corollary which is a generalization of a
theorem of Tomic [1].

Corollary 1. If f s even, positive and continuous at the origin
and there ts an 7>0 such that t~"f(t) is decreasing on the right
netghbourhood of the origin, then the Fourier series of f converges
at the origin.

For, 6(t)=t"f(t) is decreasing and then

O@t)=0(t)—6(8)=t"f(t)—67"f(8)=0(@"),
since f is bounded in the neighbourhood of the origin. Hence the
condition (iii) is satisfied. Thus we get the theorem,

§ 3. Proof of Theorem 2. We can suppose that f is not constant,
since the theorem is trivial when f is constant. We write

T 8 ™
3. ) —f@ =1 [ eDuwar=1(1 '+ )
T Jo w\Jo Js
_1
=—(L+1,).
T

If w(h,)=o0(h,) as h,—0, then f is constant, so that 1/n=0(w(l/n))

as n—oo, Hence L,<V/n=0(1/n)=0(w(1/n)), where V is the total

variation of ¢,(t)/2 sin t/2 over (9, w). We write II:SW—I-SS/ =1+,
0 1/n

then

L1 1e0D.0 | dt=4n] " 0.(0)] dt < Aat/n)

and
8
1= Sllnﬁﬁ% sin (n-+1/2)tdt
8 8
ey ayar+ || o, 1 1]
SW Dsin (n+1/2)ide+ | a0 5 o=y | sin (n 12y
= 121+I122,

where I,,=0(1/n)=0(w(1/n)), since I,,, is the n-th Fourier coefficient
of bounded variation whose total variation is less that a constant.
| I, | < Vi/n where V, is the total variation of the function ¢,(u)/u=
O(w)/u'"" over the interval (1/n,0d). It is sufficient to show that

V,=0(nw(1/n)). Now
! (e[ o1, [ 1001,

{20, o], 0], 201

i/n tz_” 1n T
A+ Anw(l/n)+ An'" < Anw(1/n)
which is the required. Thus we get the theorem.

As a special case, we get the following corollary which is a
generalization of Tomic’s theorem [17:
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Corollary 2. If f is continuous and is of bounded wvariation
and tf, for amy x, there is an 7>0 such that t"¢,(t) 1s positive,
decreasing (or megative imcreasing) in the right meighbourhood of
t=0, then |s,(z; f)—f(x)|=Aw(l/n).
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