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§1. Let f be an integrable function over (0,27) and periodic
with period 27 and let its Fourier series be

f(x)~-C;—° +§ (a, cos nx+b, sin nx).
n=1

We write p,=a,’+0b,’. We shall give a simple proof of the following
Leindler theorem (in a little stronger form) [17], [2], [3]:

Theorem 1. a) If A(t) is a positive decreasing function on
1, =), then
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| (et s sa—2n—2s@pdz)”,
where 1<p=2 and 1/p+1/g=1.
b) If i(t) is a positive increasing function on (1, «), then (1)
holds when 2(n/2) is replaced by A(2n).
¢) In the cases a) and b), the exponents 1/qg and 1l/p can be
replaced by a/q and alp where 0<a=q.
By our method of proof of Theorem 1, we get another inequality
similar to (1) in §3.
§ 2. Proof of Theorem 1. We shall prove only the case a),
gince the remaining cases may be proved similarly., We have

(2)  fo+20)+Ffa—2t)—2f(6)~4 3] sin® nt(a, cos ne+b, sin nw)
and then, by the Hausdorff-Young theorem [4],
(ki 0, sin kt)”"gA(SMIf(w+2t)+f(m—2t)—2f(x) E dx)”"’.
=1 0

The right side of (1), except for a constant factor, is not less than
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by the Minkowski inequality, Since it is easy to see that there is
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a positive constant A such that
J+1
Sg sin £ quz= A@i+ —20)= A2 for all k = 2,
u

9J

the above sum is not less than

Ail 227) (Z 2““’) —43 2.)<2 p’“)m

k=2J k=2J

2= (n/2) (E p’”)lq'

Thus the theorem is proved.

§ 3. If we use Paley’s theorem [4] for (2) instead of Hausdorff-
Young’s inequality, then

(S 07k sin® kt)l/rgA(S:ﬂ P+ 28)+ flw—2t)—2 f(x) |7 dx)””

Using the method of proof of Theorem 1, we get
Theorem 2. a) If A(t) is a positive decreasing function on

1, o), then
I 1/p
3 2 /2) (2 ourm)
saf (] a2t a2 -2 ds)

where 1<p=2,

b) If i(t) is a positive increasing function on (1, ), then (3)
holds when 2(n/2) is replaced by i(2n).

¢) In the cases a) and b), the exponent 1/p on the both sides
of (3) may be replaced by afp where 0<a=p.
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