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16. On Criterion for the Nuclearity of Space S{Mp}

By Shunsuke FUNAKOSI
(Comm. by Kinjirdé KUNUGI, M, J. A., Feb. 12, 1968)

In his paper [2], T. Yamanaka introduced a new type of function
spaces S{M,} which includes K{M,} as well as all S-type spaces. In
this note, we shall consider a criterion for the nuclearity of the
space S{M,}. The fundamental idea of its proof is essentially due
to [1],[8]. For nuclear spaces and its related notion, see [17.

Let M,(z,q)(p=1,2,:-.) be functions defined for all xwecR,
(n-dimensional Euclidean space) and all systems of » non-negative
integers ¢=(q,, ¢z, **+, ¢,) which satisfy the following three condi-
tions.

(1) 0<M(z, 0<M2, )< -+ <M, (2, )< -+~

(2) For every p there exists a positive number N, which may
be infinite, such that th oo and 1nf M,(x,9)>0 for |¢q|<N,

and M,(x, q)=0 for lq|>N
(8) For any fixed pair (x, q) there are only two possible cases;
M,(x,q)=00 for all p or M,(x,q)<co for all p.

Given such a system of functions M, (%, q), we denote by S{M,}
the set of all infinitely differentiable functions ¢(x) for which the
countable norms are finite, i.e,

Ile Hp“sup M(2, @) Dp(x) | < oo,

Proposition 1. The space S{M,} is complete.
Proof of this proposition is found in ([2] or [3]).
We will say that a space S{M,} satisfies condition (X,), if the
following conditions hold.
(1) For any p there is p’=p such that the ratio
My(z, ) (0 oo )
Mpp(X) = sup M q) 0= o =0).
goes to zero as |x|—oo and m,,(x) is a summable function of .
(2) If there exists ¢ such that M, (x,q)+#0, 0 for every
2 € R,, then we can obtain the following inequality:

M,(x, )<K,, M,(y,q+a) for |y—2x|<1 and |a|<n,
where K, is a suitable constant number and = is a arbitrary positive
integer. The following Lemma is due to [3]:

Lemma. Let ¢(x) be a mn-ordered continuous differentiable
Sunction on B(wx; r)," then we can obtain the following inequality

| o(x) [SA S | DPo(y) | dy, where A, is a suitable comstant

Bl<nJ\y—z|<r
1) B(x; r) denotes the closed ball with center « and radius 7.
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number which does mot depend on ¢(x).

Theorem 1. If the space S{M,} satisfies condition (N,), then
1t 1s a countable Hilbert space.

Proof. We introduce in S{M,} a countable collection of scalar
products setting

(¢, ¥), =sup| M@, T 3 Dola) D y(@)ds.

We shall show that the topology in S{M,}, defined by the norms
ll¢|l,, concides with the topology defined by the norms || ¢ ||,=1"(¢, ¢),.
In fact

[M,(x, q)]* | Dp(x) |*

_( My, 9)\ 2| Dig(x) |
_<m) [M,(x, q)]* | Dg() |

<(sup MMZ%%YSEP {[M,(z, 9)* | Di(x) ['}.

Therefore,
sup| M, (=, 0)*| D(o) [ da
<sup {M,(=, 9 | D(@) [}|ms, (z)ds.
But by condition (N,),»’ can be chosen such that the integral

Ssgp(%%)dw=gmw(x)dx converges. Since 1£I|I—2o m,,(®)=0, the

integral gm';‘,,,,(x)dw converges. We denote its value by B%,. Then
we obtain
sup| [ M,(, 0)1*| D'(@) =<, 1o [

and

oIl =sup|[M,@, )1t | Dog(a) Fdo<C* [ 1,
ie., |lo|l2<C*||¢|2, where C is a constant not depending upon
gD(m).Conversely, for « satisfying M,(x, q)#0, #c0, by Lemma and
condition (N,) we have the following inequality:
LM (=, T | D*(w) |'< A;LM (%, 9)J >3 Sly_xlg[D"”so(y)]Zdy

n

<K S| [M,(,0+8)F D) Py for all (@) e SO,

1Bl<n
where A, is a suitable constant number which is not depending upon

¢o(x). From this inequality we have
sup [M,(z, )| Dp(a) |
<Cswp 3| M, q+8)7| Doely) Py,

q |Blsn
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y HelisCllell2, where C is a constant not depending upon
gp(x) Moreover, for « such that M,(x,q)=0, =co, the same in-
equality is true. Therefore, for every « ¢ R,, we obtain the inequality
lellz=Cll el

It follows that the system of norms || ¢||, defines the same
topology in S{M,} as does the system of norms || ¢|/,. Thus if
condition (V,) is fulfilled, then S{M,} is a countably Hilbert space.

In conclusion, we consider some conditions under which a count-
able Hilbert space S{M,} is a nuclear space. We will say that a
space S{M,} satisfies condition (IV,),

(1) The functions M,(x,q9) are monotonically increasing for | z |.

(2) For any p there are p’ and a positive constant number C
such that M (x+1, ¢)<CM, (x, q).

The following proposition is due to [1]:

Proposition 2. The space I’{\(-C/t) of all infinitely differentiable
Sunctions on the interval [ —a, a] 1s nuclear.

Now, the space H is a nuclear space and the matrix M=||m,,, ||
has the following properties,

(1) O<mn,p£mn+1,p and mn,pgmn,p+1'
(2) For any k there exists p such that the series f}mn,k/m,,,p
converges, and its terms are monotonically decreasing. "

We denote by H(M) the set of all o=(¢,, ¢sy ++)EHXHX ¢+
such that || ¢ |2 = Em,,,, Il oo ||2 converges.

Then we obtam following:

Proposition 3. The space H(M) is a nuclear space.

Proof. First we prove that the space H(M) is a countable
Hilbert space. We introduce in H(M) a countable collection of scalar
products (g, ¥),= 2 M, (@u, ¥u)p, then H(M) is a countably Hilbert

space. Let us now prove that H(M) is a nuclear space. It is suffi-
cient that for any % there exists p such that an imbedding operator
Tp; HM,)»—H(M), is Hilbert-Schmidt type. Since H is a nuclear
space, for any k there exists # such that an imbedding operator

ty; H,—H, is Hilbert-Schmidt type. Moreover f] m,, k/ml,'n< 0o,
Therefore, let {h } be an orthonormal basis then 2 Il h |l Now,
let &, ;=(0,0,---,0, h/l/m, " 0,..-,0). Since ||h =1, we obtaln

”h’l1||2—“m1n“h/l/mlnl[2 1 a'nd (hlu ta)

my,.(hi, b,), for the case <'1t,:é>’
0 for the other case.
2) The Hilbert space H(M), is the completion of the space H(M) by the norms

Il ¢ ”p”\/(sD 50)1)
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Therefore, {ﬁ,_i; 1,7} is an orthonormal basis in H,(M). Since
I ﬁl,i e=mu || BV g | =m0 ) || B |2,
we have theAfollowing equality:
SIS STSNEIITATES ST ST

Hence, an imbedding operator is Hilbert-Schmidt type. The proof
is complete.

Combining Proposition 3 with Proposition 2, we have the
following.

Proposition 4. If the matric M=||m,, || has the properties

indicated above, then the space Km) consisting of fumnctions
o(x)(— oo < < 00) infinitely differentiable on every interval [n, n+17,
having one sided derivatives of all orders at every integer point,

oo n41
and such that for any p the series > mn,,,s ’ | Do) |* de(0< g <p)

converge, is nuclear.
Now, we define the system of norms

©o n+1 o~
lelh=3 33 m.,|"" | De@de for o(w) e RO,
where we have put m, ,= sup MZi(x, q).

By the condition (N), (ﬁ:)sgg the M,(z, q), the system of numbers
m,,, has the properties formulated earlier., Therefore the space
Km) corresponding to the system M=||m,,, || is nuclear by Prop-
osition 4. On the other hand, if the space S{M,} satisfies condition
(N,), then the system of norms || <pl|;?=sup§[Mp(x, Q)1* | D%(x) [*dx
is equivalent to the system of norms ||| goqlllﬁ by definition of m,,,.
But the space S{lM,} is a closed subspace of Km) by Proposition 1,
Therefore, we obtain from the result just proven the following

Theorem 2. If the space S{M,} satisfies condition (N, and
(N,), then it ts a nuclear space.
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