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149. A Remark on a Semilinear Degenerate Diffusion System

By Masayasu MIMURA

(Comm. by Kinjird KUNUGI, M. J. A., Oct. 13, 1969)

§1. Introduction. This remark is concerned with the following
mixed problem in RT={0<t<T, 0<x},
(1) o _ 0 4 ot g), IV =,
ot o0z ot
with the initial boundary conditions,
(2) w(x, 0) =u,x), v(x, 0)=v,(x) for 0
(0, t)=(t) for 0<<tLT.
First, let us note the theorem proved by R. Arima and Y. Hasegawa
[1] with respect to the problem (1) and (2), which is given as follow :
Theorem 1. Suppose,
J@), g(w) e C',
—K,v*+D< f)LL,

19| <K, +|v) and G)= j 9()dz <K,

(), V() € B2N D, for 0< ,

»(t) e C? for 0T,

u(0)=¢'(0), v,0)=p(0),

¥(0) =2 (0) + f (Y (0" (0) + 9(v(0)).
Then there exists a unique solution {u(x,t), v(x, t)} in RT such that
{w(z, t), v(z, 1)} e EN(B:ND%.,), where L, K,, K,, and K, are positive
constants.

In this note we prove the existence and the uniqueness theorem of

the following more general system than (1) by using a suitable
difference scheme,

(3)

2
o _ 0%yt g(v)
(1) ot o0x?
% =a(w)v+bdb(u)
and drive the different conditions from (8) in the case of a(u)=0 and
b(w)=u.

Here we consider the mixed problem in R? for (4) with the initial
boundary conditions,
(5) u(zx, 0)=1u,(x), v(z, 0)=2v,(x) for 0z
(0, )= p(?), (0, t)=(t) for 0L,
and also the compatibility conditions,
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©'(0)=u5"(0) + f(¥(0))(0) + g(4-(0)),
(6) %y(0) = ¢(0), 24(0) =(0),
V(8) = al@(@N(E) + b(p(D) for 0<t<T.
§2. Existence theorem.
Let us introduce a difference scheme to (4):
W I TSR  pom w4 g,
(7) k h?
PRFLI _pned .
=
We consider (7) for j=1,2, -.- and =0, 1, --., N with the initial
boundary conditions,
(8) u®I =wuy(7h), vi=v(jh)  for j=0,1,2, ...,
u™'=qp(nk), 0= (nk) for n=0,1,2,---, N,
and the compatibility conditions

a(u™ NI 4+ b(u™7).

WO — 00 U — 200 4 %

%0l W0y,
o) LT p e+ g(o)
YL gm0
_T_Za(un,o)vn—hl_l_ b(un,o) fOl‘ n=0, 1’ 2, e, N.

Here w™/=w(jh, nk) for w=wu or v and n, k, N=%—-1 are integers.

Now we have the following lemma.
Lemma 1. Supposing the conditions;

k 1 1
—< =, k<,
h "2 < L
10 f), a(w)LL,

9K M, |v], 10w | < M|ul,
where L, M, and M, are positive constants, then the solution of the
difference scheme (7) under the initial boundary conditions (8) is stable.
The proof is the following. (7) is written as follows,

1
wti=——{P(u™9) + kg(v™7)},
11 1-kf@™) { }
1
n+l,4 I Eb(u™ i)},
v T oatar?) {v™7 4+ Eb(u™9)}
where Puns)= Mt A= BOWNIH I prom (8), (10) and (11),
max (u"*'], [p]) < 1 {max (u"|, |¢])+max (v*|, V) Mk},
(12) 1—kL
max ([v"*!, l«!rl)<T__ikE{maX (v*], |¥D+max (u|, |o)M.k},

where |w"|=sup|w™’|, |[x|= sup |[x"| for y=¢ or . Thus the
j=0 N+12n20
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following estimates are obtained for any n,

Hn+1< 1+kM Hn

1—kL
and also
Hr LM+ DT . HO forn=1,2, ..., N+1,

where H*=max (u"|,|¢]) +max (v, |V andM max(Ml,Mz) Lemma
is proved.
Proposition. Supposing the conditions;

ux) € B, v(%) € B,

ot e C,

J@), gw) e C* and a(u), b(u)e C',

J@), aw<L and |g@)|<M|v|, [bW)|<M,|ul,
then there exists the genuine solution of the problem (4), (5) and (6) in
RT such that
(4) wx, t) € EXBINENBD, v(z, t) € ENBY).

Proposition is proved by a slight modification of the argument [2].
If higher derivatives of u,, v, and ¢ are bounded, it is possible to select
a subsequence of the h, for which {u™J, v/} converges together with
a number of its derivatives by using the help of Lemma 1 and the
limit function {u(z, t), v(x, t)} is a solution of (4), (5) and (6). Here
the proof is omitted.

Theorem 2. Supposing the conditions;

u(®) e B,  v(®) e Bi

e eC or P(t)eC?

JF), g(w), a(v), b(w) € C!

F@), aw<L and |gW)|<M,|v], |bW|<M,|ul
then there exists the genwine solution of the problem (4), (5) and (6) in
RT such that
(14) u(x, t) e E(BL) N EHDBL), v(x, t) e E(B).

Theorem 2 can be proved by using the properties of the
fundamental solution of heat equation.

§3. Uniqueness theorem.

We have the following lemma.

Lemma 2. If {u(z, t), v(z, ©)} is a solution of the problem (4), 5)
and (8) in R7, for which u(x, t) ¢ E(BHNENBL) and v(x, t) € ENBY)
and if {um?, v»1} is the solution of the problem (T), (8) and (9) under
the conditions (10), then there exists a d(e) for any &, such that for
0<h, k<0,

16) [um? —u(z, || + ||v™! —v(x, D|<e in Rf,
where ([w[l_sup |w(x, t)| and RL={the rectangular lattices with mesh

sizes (h, k) in RT}
The proof is analogous to that of [2]. So it is omitted.

aa3)

(15)
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Theorem 3. As for a genuine solution {u(x, t), v(x, 1)} of (4), (56)
and (6) satisfying the assumption of Lemma 2, the solution is unique.
The proof is that, if {u,(x, 1), v,(x, O} and {u,(x, t), v(x, t)} are both
arbitrary functions satisfying (16) of Lemma 2, then for 0<k, h<J,
lu(, ) —uz, | +||v.(®, 1) —vy(2, D) < ||uy(, t)—u™7||
+llu®, ) —wnI|| + v, ) —v™I ||+ |[vx, ) —v™I[|<2¢ in RF,
where {u™4, v™/} is the solution of (7), (8) and (9). Thus we can prove
Theorem 3.
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