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147. Korteweg-deVries Equation. III

Global Existence of Asymptotically Periodic Solutions

By Yoshinori KAMETAKA
Osaka City University

(Comm. by Kinjiré KUNUGI, M. J. A., Oct. 13, 1969)

1. Introduction. In the preceding note [1] we show the global
existence of the smooth solutions of the Cauchy problem for the KdV
equation. That is for any initial data f(x) ¢ £5(R)=£E%. and for any
inhomogeneous term g(zx, t) € £7(£3.) the Cauchy problem for the KdV
equation

Dau+uDu+ Du-+g(x, t)=0 (z, t) e R*X [0, o)
_ . _ 0 _ 0 )
ux, O=f(x) xecR (D,_ 5 D= 52
has uniquely the global solution u(zx, t) € £2(£5) (0<t< o). Moreover
we may replace the functional space &5 by the functional space &7
(see Definition 1).

In this note we extend slightly the preceding results [1] and show
the global existence of the asymptotically periodic solutions of the
Cauchy problem for the KdV equation.

Detailed proof will be published elsewhere.

2. Global existence theorems.

Definition 1. f(x) belongs to the functional space &% if and only
if f(x) is a periodic function with period I, and belongs to &%,(RY) (k
is a non negative integer or o).

Definition 2. f(%) is called asymptotically periodic if and only if
f(x) belongs to the functional space Qf=Pf+ &% for some k and I.
Here 4 signe represents the direct sum of the two Hilbert spaces &%
and &%,.

Consider the Cauchy problem for the KdV equation (with dissipa-
tive lower order terms)

Dau+uDu+ D*u— pD*u+ oz, t)Du-+b(x, Hu+ g(x, £)=0
(1) (%, t) € R*x [0, o0)
u(z, 0)=f(x) reR!

Assumption 1. p¢>0. a(x, 1), bz, t) e E2(P)

Main theorem. We assume Assumption 1. For any initial
data f(x)=f(x)+fi(x) e Q7 and for any inhomogeneous term g(zx, t)
=gy, t)+ g9.(x, t) ¢ £2(Q;) the Cauchy problem for the KdV equation (1)
has uniquely the global solution u(zx, t) ¢ £°(Q7) (0<t< o). Moreover
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u(x, t) decomposes into the sum of the periodic part u,(x, t) € E(P5)
and the decaying part u,(z, t) e E2(Er).  wlx, t) and wu,(x, t) are the
solutions of the Cauchy problems (2) and (3) respectively.

D+ 1Dy + D¥uy— pD*uy+ a2, ) Duy+ b(x, Huy+ go(x, 1) =0
(2) { (x, t) € R*X [0, o)

uy(x, 0)= fy(x) ze R

D, +u,Du, + D’u, — pD*u, + D(ugu,) + a(x, t)Du, + b(x, Hu,
(8) +9,(x, 1)=0 (x, t) e R'X [0, o)

u (2, 0)=fi(x) xe R\

This follows easily from the following two global existence
theorems.

Assumption 2. £>0. a(z,?), b(z, t) € E7(B~)

Theorem 1. We assume Assumption 2. For any initial data
S (@) e E3FD and for any inhomogeneous term g(x, t) e EF+Y(LY) N [EX(L?)
NEFYELIN -+ - NENERE)] the Cauchy problem for the KAV equation (1)
has uniquely the global solution u(x, t) ¢ EXLH N.EHEL) N - - - NEAEK).

Using Sobolev’s lemma we obtain

Corollary 1. If

f(x) c 6’2(270+3)
g(x, t) e SELAHNIEFHLHN - - - NEAEFF)]
then for any 1, § such that i+7<k
DiD¥y(x, t) e BUA(R'X[0, TD) for YT>O0.

Theorem 2. In the statement of Theorem 1 we can replace the
functional space &%, by the functional space Pt. But in this case we
must replace Assumption 2 by Assumption 1.

Corollary 2. In the statement of Corollary 1 we can replace the
functional space £, by the functional space P*. But in this case we
must replace Assumption 2 by Assumption 1.

3. Proof of the main theorem. We only sketch the outline of
the proof. It suffices to prove Theorem 1, for the proof of Theorem
2 goes analgously.

To prove Theorem 1 we need the a priori estimate (Theorem 4)
and the local existence theorem (Theorem 5).

To obtain the a priori estimate we use the results of Miura-
Gardner-Kruskal [2]. We state their results in a slightly modified
form.

Theorem 3. For any non negative integer k, the KdV equation
D,u+uDu+ D*u=0 has the polynomial conserved density of the form

Tw(w)=(D*u)* + c,u(D*'u)’ + Qx(u, -« -, D*~*u)

To(w) =4
Here ¢, is a constant independent of u, @, is a polynomial of rank
k42,
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Definition 3. T(u) is called polynomial conserved density if and
only if T is a polynomial in finite number of D*u’s (=0, 1, 2, ---) and
there exists X which is also polynomial in D*u’s such that D,T=DX.

Definition 4. A polynomial @ is called rank m if @ is a sum of
finite number of monomials of same rank m. For a monomial we
define

rank [ueo(Duys - - - (D)= jz 1G+2a

By integrating these polynomial conserved densities on the whole
x-axis we get step by step following infinite number of a priori estimate
for the solutions of the KdV equation (1).

Theorem 4. For any non negative integer k, the solutions of the
KdV equation (1) satisfy a priori estimate of the form

IIIDkullltS Uk(t3 lalt’ ] IDkalw |b|t’ ] IDkat’

s === HDEAN N1GMes -« +5 111 DEg ).
Here
1wl = sup ||u(s)|], Hull=]lwllL2z
0<s<t
la],;=sup |a(s)], la|=|a|pe.
0<s<t

U, are positive valued smooth monotone increasing function in each
arguments. U, contains | Da|, exceptionally.

Remark. U, are independent of x such that 0< p< ¢, (for some
Ho>0 fixed).

The local existence theorem is obtained by the method of succes-
sive approximation

(4) u®, = fx)  (z,t) e R"X[0, co)
Dun+ sy Dy + D¥u,— pD*u,, + o, t)Du, + b(x, Hu,
(5) +9(x, 1)=0 (z, t) e R*X[0, o)
U, (2, 0)= f(x) reR! n=1,2,8, -...

By induction in n and k we obtain following uniform (with respect to
n) local energy estimate for approximate solutions u,.
Proposition 1. For any non negative integer k, if we take

tk=min{1, log’M, 1 }
Cc, C,
t,=min {1, log M } exceptionally

1
then for any i, j such that 1+j<k
| DiD*uy ||, < €4, 5 n=0,1,2, ...
Here we use the following notations
u(0)= f(x)
u®(0) = — [u(0) Du(0) 4+ D*u(0) — pD*u(0) + a(z, 0)Du(0)
+b(2, 0)u(0) + g(z, 0)]
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k—

uP (= — | 3 O DU+ Dt (0)

=

— uDu(0) + 3" () DEa(z, 0)Du(0)
i=o

+ 32 CODE (@, 0u(0)+ Di'g(a, 0)|
=0

Cro=MI|u®O) | +[|| Diglli+ - - - +l9]lE+1]
M is a fixed constant such that M >1.
Ch-t-1,141= Cpp—1,1+ Croa + || DET DY |||y
1=0,1,2, ..., k—1
C, is a polynomial of ¢, ;, |DiD¥al, |D:D*b|, (i4+j<k) with positive
coefficients.
From (5) we derive the following equations for the differences
Upsr—Un =P
D¢+ 4y Dpn+ @y Dy + D, — pnD*@, 4 a(, ) Do,
(6) +b(x, )p,=0 (z,t) e R*X[0, c0)
©a(2,0)=0 xeR!
Using uniform estimate for u, in Proposition 1 we obtain the follow-
ing estimate for ¢,
Proposition 2. For any non negative integer k, if we take

. log M 0
T =m1n{1, , } 0<p<l fixed
& Con  (k+ DM p<1 fi

then we have
D@l + -« + +@alllr, < OUNDE@n |7+ - - - + @z, ]
From this estimate it follows easily that
Diy, — D in ENLY) as n—oo for 0<i<k.
Observing equation (6) we can easily conclude that
DiD¥%u, — DiD¥y in EXNLY) as m—oo for i1+5<k
Therefore we obtain following local existence theorem.
Theorem 5. We assume Assumption 2. If
f(x) e 825’““)
g, t) e S AANIEHALHNEHELI N - - - NEAEEFH]
then the Cauchy problem for the KdV equation has unique solution
u(x, t) in 0<t< T, such that
w@, t) e CHLAHNETH(ER) N - - - NEAE)
[||DiD¥ul||y,<const. for i+j<k+1.
Combine this local existence theorem with the global a priori estimate
(Theorem 4) we can easily conclude the global existence theorem
(Theorem 1). This completes the proof of the main theorem.
Remark. Uniqueness of the solutions is easgily obtained by the
usual method of L*-energy estimate.



660

(1]
(21

[31]
[4]

[51]

[6]

Y. KAMETAKA [Vol. 45,

References

Kametake, Y.: Korteweg-deVries equation. I. Global existence of smooth
solutions. Proc. Japan Acad., 45, 552-555 (1969).

Miura, R. M.: Gardner, C. S., and Kruskal, M. D.: Korteweg-deVries
equation and generalizations. II. Existence of conservation laws and
constants of motion. J. Math. Phys., 9, 1204-1209 (1968).

Sjéberg, A.: On the Korteweg-deVries equation. Uppsala Univ., Dept.
of Computer Sci., Report (1967).

Zabusky, N. J., and Kruskal, M. D.: Interaction of solitons in a collision-
less plasma and the recurrence of initial states. Phys. Rev. Letters,
15, 240-243 (1965).

Zabusky, N. J.: A Synergetic Approach to Problems of Nonlinear Dis-
persive Wave Propagation and Interaction. Nonlinear Partial Dif-
ferential Equations. Academic Press, New York (1967).

Lax, P.: Integrals of nonlinear equations of evolution and solitary
waves. Commun. Pure Appl. Math.,, 21, 467-490 (1968).



