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118. On a Theorem of E. Michael and K. Nagami

By Masao SAKAI

(Comm. by Kinjiré6 KUNUGI, M. J. A., June 12, 1970)

E. Michael [1] and K. Nagami [2] proved the following theorem.

Theorem. FEvery metacompact and collectionwise normal space
18 paracompact.

A gspace is called metacompact if every open covering of it can be
refined by a point-finite open covering.

We shall prove this theorem, using the following lemmas for
point-finite open covering of a topological space.

Lemma 1. FEvery point-finite open covering {U,} ... of a topolo-
gical space contains an irreducible subcovering (see [3]).

Lemma 2. For each point-finite open covering {U,}.c. of @
normal space, there exists an open covering {V, }.ea of the space such
that V,C U, for every a c A (see [4]).

Proof of Theorem. 1. Let X be a meta-compact and collectionwise
normal space, and C be an any open covering of X. Then, there exists
a point-finite open refinement U={U,},., of the covering C. By
Lemma 1, we can assume that the covering U is irreducible. We are
going to prove that the open covering U has a o-discrete open
refinement {W,},_.zs,.... Wo={Wa s}sen,- Then, the space X will be
paracompact.

2. By Lemma 2, for the irreducible open covering {U,},c 4, there
exists an open refinement {V,},., such that V.cU,, for every ac A.
Put F,=V,—UueuU,, then F,#¢, for every ac A.

a’#a

For, if F,=¢, then \ J,.., U.DV,2V,. By U.DV,,

a'#a

Ua’eA Ua’ ) Va U Ua'eA Va':X'

a'#a a’#a
This contradicts to the irreducibility of covering {U,},.,. Then F,+#¢.
3. Any point x of the space X which is contained in only one U,
of the family {U,}.c4, ts contained in F,.
For, suppose that xc¢ U, and2e U, (&’ € A,a’+a). By V,CU,,
x€V,. Asthe family {V, },c4 is a covering of X, x eV, C V.. Then,
ze Vi—UpeaUw=F..

a’#a
4. The family {F,}.c4 i a closed discrete family.
For, any point 2 of X is contained in some U,. For a neighborhood
of z, put V(x)=U,.
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By U,oV,OF,,
VNF,=UNF,=F,#¢.
Fora' c A, a' +a,
V)NF,=U.N (Va'—Ua;reA U.)cU.nN&X-U)=9¢.

PRETY
From these, the family {F,},c, is discrete. That the sets F'.(a« ¢ A) are
closed is obvious.

5. Being X collectionwise normal, there exists an open discrete
family {G,}.c . such that G,OF, for every ¢ ¢ A. Put W,=G,NU, for
every a¢ ¢ A. The following is obvious.

F,cw,cU, and the family W,={W }.c . 18 open discrete.

6. Put W, =UJ...W.. By 3, the following is obvious. Any point
x of the space X which is contained in only one U, of the family {U,}.c 4,
is contained in W,.

7. Put X,=X_—-W,. Being W, open, X, is closed. As the space
X is normal, the subspace X, is normal. Then, we can apply
Lemmas 1 and 2 in the subspace X,.

By 6, any point of X, is contained in above two sets U, of the
family {U,}.,c.. Then, X,CU,e,s U.NU,. From this, the family

a’eA
a#ta’

{X,nU,NU,},cs is a point-finite open covering of the subspace X,.
a’eAd
ata’
For this covering, there exists an irreducible open subcovering {U, ;};c 5,
8. By Lemma 2, for the open covering {U, ,},. 5, there exists an
open refinement {V, ;},.5, such that V,,CU,, for every Se¢ B, Put
F,,=V,s—Upen, Upp. Then, the family {F,,},.5, is closed discrete
BB

relative to X,.

The family {F, ;},c 5, 1S closed discrete relative to X. For, as X, is
closed in X, the sets F', , are closed in X, for every S¢B,. By 6, for
every point x of the subspaces X,, there exists a neighborhood
U, (8 e B, such that U,, meets only one F,, (8 ¢ B,. By?7, there
exist some U, and U, (a,a’ € A) such that U, ,=X,NU,NU,. Fora
neighborhood of x relative to X, put V() = U,NU,.. Then, for any
B eB,

Ve)NF,,=UN0NU,NX,NF,,=U,,NF,,.
For B'#B (8=p), V@) NF,,=¢ (+¢). Then, the family {F, ,},.5, is
closed discrete.

9, Being the space X collectionwise normal, there exists an open
discrete family {G, ;};c5, such that G,,DF,,. For U,, there exists
a,a’ € A,a#a’ such that U, ,=X,n0O,NU,. PutW,,=G,,NU,NU.,.
The following is obvious.

The open family W,={W, ;}sc s, is discrete.

10. Put W,=ses,W,,. Asin 3 and 6, we have the followings.
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Any point of X, which is contained in only one set U,, of the
family {U, }sc s, 18 contained in W,.

Any point of X which is contained in just two sets U, of the
family {U,}.ca, 18 contained in W, U W,.

11. Put X,=X,—-W,=X—-(W,UW,. As in 7, we have the
following: any point of X, is contained in above 3 sets U, of the
family {U,},c.. And we have an open discrete family W,={W, ;};c3,-

12. By induction for »=1,2,8,..., we have open discrete
families W, ={W, ;}sen,, Where {W,  },cp, is {W, .eu. Put W,
=Usen,Wa,s» Any point of X which is contained in just n sets U, of
the family {U,},c., is contained in (J;_,W,. Then XC\Uy_1Usen, Wn.s»
and the families {W,},=1,2,8, ... are g-open discrete refinement of
{UJ.c4, that is, g-open discrete refinement of the covering C. Then
the space X is paracompact.
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