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155. Approximation of Obstacles by High Potentials;
Convergence of Eigenvalues

By Kazuo OEDA
(Comm. by Kunihiko KODAIRA, M. J. A., Sept. 12, 1970)

§1. Introduction.

Let K be a compact subset of R® whose boundary is of class C?
and 2=R*—K. Consider the following equation of Schrodinger type
in Q2 with the Dirichlet boundary condition:

(1) {—Ago(w)+q(x)go(w):lgo(x),

gD(x) | 3K: 0.
Furthermore, let us consider the Schrodinger equation of the form
(2) —do(@) + q@)p(x) + 1y £ (@) (x) = Ap(x)

in the whole space R?, where yx(x) is the characteristic function of K
and » is a positive integer.

The purpose of the present paper is to show that the negative
eigenvalues of (1) can be obtained as a limit of those of (2) when n
tends to infinity. Convergence of eigenfunctions will also be discussed.

The idea of regarding (1) as the limit problem of (2) is closely
related to the penalty method (cf. Lions [3]). It may be noted that
Yz in (2) can be replaced by any function f which is measurable,
positive and bounded on K and is zero outside K. In a physical sense
Problem (1) is sometimes referred to as the hard core model. Thus,
as far as eigenvalues and eigenfunctions are concerned, the hard core,
i.e. the infinite potential on K, can be approximated by potentials
which are strongly repulsive on K. Furthermore, looking in the
reverse way, one may use the hard core to approximate such a po-
tential on K.

Among related works we mention those of Titchmarsh [6] and
Konno [2]. Titchmarsh obtained the eigenfunction expansions for a
finite two-dimensional region by making g(x)—oco outside the region
considered. Recently Konno considered the same problem as ours and
proved the convergence of eigenfunctions belonging to the continuous
spectrum.

The author is indebted to Professor Hiroshi Fujita who suggested
this problem. The proof of Lemma 3 is due to Professor Reiji Konno
(cf. also Roze [4]).

§ 2. Statement of results.

Throughout the present paper we always assume that q(x), a real
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valued function defined on R?, satisfies the following conditions:
(C.1) q(x) is measurable and bounded except in some neighbourhoods
U, of a finite number of singular points p; in 2 and satisfies the
inequalities
const.
(C.2) there exist constants R>0, a >0 and C,>0 such that
la@)| < |§|°“’ if 2> .

Let A be the operator in L*Q2) associated with the exterior
Dirichlet problem (1). More precisely A is defined as follows? :

(3) {Au:—Au+qu, u e D(A),
D(A)=D1(2) N E7(2).
Let A,,n=1,2, ..., be the operator in L*(R®) defined as
(4) {Anu= —du+qutnygu, weD(A,),
D(A,)=E5(RY).

The following properties of A and 4, are known:

(i) they are self-adjoint; (ii) they are bounded below uniformly with
respect to n; (iii) the negative part of the spectrum of A, is discrete,
namely, it consists of at most countable number of eigenvalues with
finite multiplicity and has no points of accumulation except for zero
(cf. Schechter [5]).

(C.1) was assumed to ensure property (ii). Thanks to property
(i), (A, +t) ! exists and is bounded for all » if ¢ >0 is sufficiently large.
Now we have the next preliminary theorem.

Theorem 1. (a) For every sufficiently large t>0, the sequence
(A,+t)7 ! converges strongly as n—oco to a bounded self-adjoint opera-
tor G in LA(R)=L*K)PL Q). G is reduced by the subspaces L*(K)
and LX(Q). The part of G in LK) is equal to 0 and the part of G in
LX(Q) is equal to (A+t)~'. (b) The negative part of the spectrum of A
s discrete.

Let us enumerate the negative eigenvalues of 4, and A as
(5) AMSAML -,

(6) Zlézzé"',

where each eigenvalue is counted repeatedly according to its multi-
plicity. These series may terminate in finite terms or may even be
vacuous. Let s be the number which is equal to the total multiplicity
of eigenvalues of A. In other words, s=0 if series (6) is vacuous,
s=Fk if (6) terminates at the k-th term, and s=co if (6) does not termi-
nate in finite terms. Then, our main result is expressed in the follow-
ing theorem.

, xeU; and ¢>0;

1) D(T) stands for the domain of an operator T'.
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Theorem 2. Let s be defined as above. Then, for every j<s,
each eigenvalue 2" converges to A, as n—co. For j>s, each A tends
to zero as n—co or the series {A},_,,, ... terminates in finite terms.

The next lemma is essential in the proof.

Lemma 3. For every ¢>0, there exists a constant r>Q inde-
pendent of A such that A,p=2¢p,A<0 and |p| =1 imply

tde <
j.wm“"‘ T

Remark 4. Let ¢{® be the eigenfunction of A4, corresponding to
A, As can be seen from the proof of Theorem 2, a subsequence {¢§*?}
converges strongly as n'—oo to an eigenfunction ¢; of A correspond-
ing to 4, About the convergence of eigenfunction we can actually
say more, namely, when 4; is simple, we can choose the sequence
{©{}4-1,s,... such that it converges strongly as n—co to ¢,;, where ¢, is
extended to K by setting ¢,=0 there.

§3. Proof of Theorems.

Proof of Theorem 1. Let t>0 be sufficiently large. Then the
sequence {(4,+1t)"'} is monotone decreasing in » and {|(A.+?)7|} is
bounded inn. Consequently (4,4 t)~! converges strongly to a bounded
self-adjoint operator G in LA(R?) (cf. Kato [1]). Thus we have the first
statement of Theorem 1. Now, let uc LX(R® be arbitrarily fixed.
Put (4,+ ) u=f, and Gu=g. Clearly f,—g as n—oo strongly in
LXR®. Letusexpressqasq=q,—q_,q.=0. Then using the uniform
boundedness of (4, +t)! and assumption (C.1) and making ¢ larger if
necessary, we can prove that there exist M>0,¢>0 and $3,>0 satisfy-
ing 1—e>0 and ¢{—,>0 such that

(7) M| ulPZ(Ar+8) fr, f)ZQA =NV ol IP+(qs Sas S
+E=BINSalP+nl e fall,  we LARY).

It follows from (7) that ||y f.|—0 as n—oo and that {f,} is a bounded

sequence in &L.(R?. Therefore, since f,—¢g in L*(R®, we see that

Vf,—Vg weakly in L¥(R®. As f,—0 on K, g=0 on K. In other

words,? ge 9DL.(2). If ue LXK) i.e. u|,=0, then we can write # as

u=(A,+8 fn=2x(A,+1) f,. From property (ii), there is y>0 such

that

(8) e Sull=(An+0) frs D Z7 1 Falls  w e LAK).

Therefore f, tends to zero as n—oo. Thus we have that G is reduced

by LAK) and L*2). Next we show that if ue LXQ) i.e. u|x=0, then

Gulo=(A+1t) ' in LX(Q2). In fact, for each ¢ € C7(2)

2) We sometimes use the same letter to denote a function in R?® and its
restriction to 2 or to K. Furthermore, L¥K) and L*2) are frequently regarded
as subspaces of L(R3%)=LAK)PL).
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(u, §0)L1(9) =((4,+ 1) fns §0)L2(a)
=W fus V) 2oy + @+ D fry ©)1acoy-
Taking the limit, we have

Uy @) ray=W 9, V) 1agay + (g +t)g, O)racay-
Moreover, we have for each v € D(4A)=9DL.(2) N £2.(2)
(9) (u, 'U)Lz(o):(Vg: V'v)m(a) +Ug+89,V)12ay, v € D(A).
Furthermore we have
A+ 'u, (A+ t)'v)z,z(m =(g,(A+ t)’v)u(g) , v € D(A).
Since the range of A+t is equal to L*(2), we obtain g=(A+1t)~'u in
L¥(2). Thus we have proved (a).

Next we show (b). Let E, and E be the resolutions of identity
associated with A, and A respectively and let I=[¢, d] be an arbitrary
interval, where ¢<A® <d<0. By virtue of the minimax principle one
has AP <AP<.... Considering the strong convergence of resolvents
and the monotonicity of the sequence (4, +t)~! in the sense of quadratic
forms, we have
10) dim E,()=dim E,()=---=dim E, ()= . - - =dim E().

From (10) we can easily see (b).

Proof of Theorem 2. Put dim E(I)=s, in (10). Then it can be
seen from (10) that for every j<s, the sequence 4{® converges to some
number p#;<d<0 as n—oo. Now we suppose in the proof that {¢{»}
is already orthonormalized. Hence, there exists a subsequence {¢{*"}®
which converges weakly to some element @; of L*(R®). According to
Lemma 3 and Rellich’s theorem, however, we can easily show that the
convergence is actually the strong convergence. In the same way as in
the proof of Theorem 1 (cf. (7) and (9)), we obtain &,=(A +)~'(¢t;+ )G,
in L*(2). Thus we have @; ¢ D(A)=D1.(2) NE5.(2) and AP,=p,p, in
L¥2). Furthermore, since ¢’ converges strongly, {@,} is also ortho-
normalized. Thus we can see that each p; is actually equal to 4,.
Therefore the original sequence {A{},_;,... converges as n—oo to the
eigenvalue 4,.

§ 4. Proof of Lemma 3.

We show that there exist ,>0 and C>0, independent of 4, such
that for any r >,

C
11 j rdr<- Y,
(1) |:c|2r|90| A’
where =« for 0<a<1 and =1 for 1<a. Since the proof in the
case 1<« is essentially the same as in the case 0<a <1, we shall only

deal with the case 0<a<1. Put® Q,,={a<|z|<b}, 2,={x|>a} and

8) We can choose numbers {#’} in common with respect to all j<s,.
4) We suppose that a is sufficiently large and 2,NK=4.
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S.={lz|=a}. Denoting by (, ) the innerproduct in R, we get by
Green’s formula

[, 1altrop-21ppdasar| ¢, plas
Qap Sa
+ ba—lij|(V¢, x)¢|d3+jaa,bl(V¢’ az|x=?)o|d

a 2
+(,. |allallppde.

There exists r,>0 independent of A such that the fourth term on the
right side is not greater than C, for any a=7,. We note that {¢} is
bounded in £%,(R® uniformly in A<0 by the same estimate as in (7).
Let M be a constant such that |||F¢||<M. The third term is majorized
by al||Fe||l ll¢ll and is bounded by aM. Also we have

(12) 1P, 2|21 )@ llrn =M.

It follows from (12) that there exists a sequence {b(k)};_,,,... tending
to infinity as k—oo such that

b(k)a-lj |(V¢,x)¢|d$=b(k)j |7, 2b(k)*2)¢|dS—0, as k—oo.
Sy k) Sp(k)

We proceed to the first term. By virtue of (12), there exists some a
such that r,<a<7,+1 and

a“"L o, ©)p|dS< (ry+ DM,

From what was stated above, we see that there exists a constant M’ >0
independent of 2 such that

[ der(Por—Rippdz<H.
Hence follows the desired inequality (11).

References

[1] Kato, T.: Perturbation Theory for Linear Operators. Springer Verlag,
Berlin (1966).

[2] Konno, R.: Approximation of obstacles by high potentials; convergence of
scattering waves. Proc. Japan Acad., 46, 668-671 (1970).

[8] Lions, J. L.: Quelques Méthodes de Résolution des Problémes aux Limites
Non Linéaires. Dunod, Paris (1969).

[4] Roze, S. N.: On the spectra of a second-order elliptic operator (in Russian).
Mat. Shornik, 80, 195-209 (1969).

[51 Schechter, M.: On the invariance of the essential spectrum of an arbitrary
operator. II. Ricerche Mat., 16, 3-26 (1967).

[61 Titchmarsh, E. C.: Eigenfunction expansions for a finite two-dimensional
region. Quart. J. Math. (Oxford), 20, 238-253 (1949).



