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By Masako IzuMI and Shin-ichi IzuMI
(Comm. by Kinjiréo KUNUGI, M. J. A., Sept. 12, 1970)

1. Introduction and Theorems.

1.1. Let >la, be an infinite series and (s,) be the sequence of
partial sums. If the function

-1 &, 8,x"
(1) Lw = log(1—2) nZ=1 n
is of bounded variation on an interval (¢,1), then the series > .a, is
said to be absolutely summable by logarithmic method or |L|-summable
(see [1] and [2]).

Let f be an even integrable function with period 2z and its
Fourier series be > a, cosnz. R. Mohanty and J. N. Patnaik [2] have
proved the following

Theorem 1. If the function
(2) 1 * Sfdu _ g

tlog@r/t)): 28inu/2 tlog(2x/t)
is integrable in the interval (0,x), then the Fourier series of f is
|L|-summable at the origin.

Our first object of this paper is to give an alternative proof of
this theorem.

1.2. Let (p,) be a sequence of non-negative numbers such that

p($)=ipnx”<oo for 0<a<1.
n=1

If the function
(3) P@=—1_ 3 p.s,en
p(x) n=1

is of bounded variation on an interval (¢,1) (0<¢<1), then we say
that the series ,a, is absolutely Perron summable or |P|-summable.
According as p,=1 or p,=1/n, then |P|-summability reduces to |4|-
summability or | L|-summability, respectively.

Theorem 1 is generalized as follows:

Theorem 2. Suppose that (i) the sequence (np,) is of bounded
variation eand that (ii) there is an a, 0<a <1, such that
(4) A—a)p(x)] as 2x11.
If gt)/tp(A—t) is integrable in the interval (0, n), then the Fourier
series of f is|P|-summable at the origin.
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From the proof of Theorem 2, we can see that the condition (i)

may be replaced by that
P'(@)=0Q1/{1-z), p"R)=0Q/[|1-2z) as z—-1

where z=wxe® and p(z)=> p,2".

If p,=1/n, then Theorem 2 reduces to Theorem 1.

2. Proof of Theorems.

2.1. Proof of Theorem 1.

Let s, be the n th partial sum of Fourier series of f at the origin,
then
(6) o= 20 LD gt n41/2)[ g(t) cos (n+1 /2t

2 0 28int/2 0

where g(t) is defined by (2). By the definition (1),

_ 1 n
T L) = m;jl (1+->w Jg(t) cos (n+1/2)tdt

=mj g(t)( 3, @ cos (n+1/2)t) dt

Z, &™ cos (n+1/2)t)dt
+2log(1—x)fog()(n§ n
=M(x)+ N(x).
We shall first prove that M(x) is of bounded variation on the interval
(¢,1). Since

i ™ coS (n—|-1/2)t=g{( i xnet(nﬂ/zn)
n=1 n=1
= ® (e 35 arernt) = Rewe /(1 —et)
n=1

and
[1—zetff=Q1Q—xcos t)*+a?sin®* t=(1—x)*+4sin’ £/2,
we have

i

( (1—we') glcog 1—2) ) ‘dx

1 + x da
A—2)A—2ze)(log A1 —2))
g 1-¢ dx 1M dx
éAJo'g(t)'dt(*L (A—zylog1—z) )it log 1—2)

+lj d )sA 1O g,
tJi-eA—mx)Jog A—x))*/ = Jo tlog @r/t) —
Concerning N(z),
N(@)=— 1

___(1_.5 g(t)(Zx" ' cos (n+1/2)t)

¥ (l—x)(log 5 j o g(t)dtjo ( Siur cos (n+1 /2)t> du

and then the total variation of N(x) is
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1 , 1 dw % lg(t)l
N'@)|de<
L‘ @] w"LHog(l x)J e

1

cd— x)(log(l x))zj 'g()'dt.f |1

dx
gAL[g(t)]dt( c|1—xe*| |log 1—2x)| +A)

Thus the theorem is proved.
2.2. Proof of Theorem 2.
By (3) and (6),

%P(m) _*ﬁ) 3, (+1/2)p,a" j g(t) cos (n+1/2)tdt

( ; 9 ( 3 (0t 1/2)p,a” cos (n+ 1/2)t) dt.
We put p(2)=> p,2", for complex z, then
i (n+1/2)p,x" cos (n+1/2)t=R (ace“”p’(xe“) + %e“fzp(xe“)\)
n=1

where ’ denotes the differentiation with respect to z. Hence

[iP@ides[looad] | & (@ nlet]2) g,

It is enough to prove that

Y d [ xp'(we) 4 p(xet) /2 A
() I dx( (@) )‘d” I"I(x)'dx-ta K
where

(1+e%/2)p'(xe') + xet'p”(we®)  (wp'(xe') 4 p(we™)/2)/p'(x)
() (p(x))? '
By the condition (4), we get
J‘l—-t , p/(xeit) | J‘l t J‘ A ,
o pla) e (1-—- x)p(w) = t“p(l t) a- x)’ e~ pl—1)
J‘l -t ] p//(xeu) l d AJ‘I 13 dx
o p@) ¢ (1— x)zp(w)

q(@)=

IA

1-¢ A
+ f 1- a:)p(x) logl/z — tp(1—1%)

IIA

and

j“‘ |2p’ (@e™) + p(@e™) 2|0’ (®) g0 o 4 J‘“‘ »'(@)
¢ (p(oc))2 ) A—2)@)
< A
= t"p(l s (11— a:)2‘ = tpd—t)
Combining above three 1nequaht1es, we get

1- A
(8) j @) da s 72

On the other hand, we have
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(9) p'(xeit) = Z NP, &t = git Z A(npn)M
n=1 xeit
+ lim (npn)
n—o xezt
and

10) p"(we)= Zn(n Dp,an-2eint

Z:] Ad(np,) Z (m—1)xz™ %™ + lim np, Z (m—1)gm-2gimt

— i: (npn) (Z wm—leimt) + hm NP, d (iz xm—leimt)
n=2 m=1 dx m=1
l_x e'lnt . d eit

- G 1 et )

nZ (np ) 1—2xet et nlff P de \1—uxet

o 1_xnewt)eu nxr-leint )

—ettS' 4 ( —

¢ nZ=; (npn)( (1 —2xei)? 1—zett

+ lim np, e

msco (1 —zei) °
By positivity of p,, (9) and (10), we get

1 'p/(xezt)l , it d < A
J.. @ - t)j P @edlde=q
1 lp//(xeit)‘d < ” it d < A
L_c (@) x=p(1_t)L P@etldr = a5
and
' e @e) +p@e) (2 g <Al (L) |gr<_ A
.Ln (@)’ P(@de L-c( p(x)) =y
Combining above three estimations, we get
1 A
11 de<—— = |
an [ 1a@) S

The inequalities (8) and (11) give the required inequality (7). Thus
Theorem 2 is proved.
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