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(Comm. by Kinjir6 KUNUCg, M. . A., Sept. 12, 1970)

1o Introduction and Theorems.
11. We consider functions f which are even, integrable on the

interval (0, u) and are periodic with period 2.. The Young-Pollard
convergence criterion of Fourier series of f reads as follows [l]:

Theorem YP. If
tf(u)du-- o(t) as --0
J0

(1)

() d(uf(u)) <=At as t-O

then the Fourier series of f converges at the origin.
This was generalized by II. Lebesgue [1] (or [2]) in the following

form:
Theorem L. If the condition (1) holds and

( 3 .[i If(u)-f(u+ t) lu-du- o(1) as toO,

then the Fourier series of f is convergent at the origin.
Later this was further generalized by S. Pollard [1]:
Theorem P. If the condition (1) holds and

( 4 lira lira sup f()--f(+ t) -g=o,
k k

then the Fourier series of f is convergent at the origin.
Does there exist any convergence criterion which contained in

Theorem P but not in Theorem L? If there exists, Theorem P is
properly more general than Theorem L. One of the object of this
paper is to give an answer to this question.

1.2. On the other hand, M. and S. Izumi [3] proved the follow-
ing

Theorem I. If (1) holds and

(5) .[;Id(u-f(u))’<=At- as t--.O

for an a, Oa1, then the Fourier series of f converges at the origin.
Later B. Kwee [4] proved the
Theorem K The condition (2) implies (5) and the condition (5)

implies (4). That is, Theorem I contains Theorem YP as a particular
case, but is contained in Theorem P as a particular case.

The question arises" what is the relation between Theorems L and
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(6)

and

I? Answering this question, we prove the following
Theorem 1. There is a function f which satisfies the conditions

(1) and (5), but not (3).
Since the function f satisfying the condition (5) is necessarily

bounded, we see that
Theorem 1 Theorems L and I are mutually exclusive.
Theorem 1 gives also a solution of the problem in 1.1.
1.:}. Theorem YP is extended by G. Sunouchi [5] as follows"
Theorem S. Let b >- l. If

J0

(7) .lol d(ubf(u)) At as t-O,

then the Fourier series of f is convergent at the origin.
We prove the following theorem containing both of Theorems I

and S as particular cases.
Theorem 2. Let b >__ 1. If the condition (6) holds and

( 8 ) d(u-f(u)) <-_At as t-O
tl/b

for an a, 0a<l and for a , 0, then the Fourier series of f
is convergent at the origin.

In this direction following theorems due to J. J. Gergen [6] are
known"

Theorem G. Let b >= 1. If the condition (6) holds and

t,/lf(u)-f(u+t)lu-ldu-o(1) as t-O,

then the Fourier series of f is convergent at the origin.
Theorem G’. Let b >_ 1. If the condition (6) holds and

lira lim sup If()-f(+t)l-1=O,
lc Ic

then the Fourier series of f is convergent at the origin.
Evidently, Theorem G is a particular case of the Theorem G’.
Analogously to Theorem K and Theorem 1, we have
Theorem :. Theorem 2 is a particular case of Theorem G’ and

Theorems 2 and G are mutually exclusive.
We shall omit the proof of this theorem, since its proof is similar

to those of Theorems 1 and K.
2. Proof of Theorems.
2.1. Proof o Theorem 1. Let us consider the even function f

defined by

( 9 f(u)--c sin Mu on (1/n, 1/m) (k-2, 3, ...)
= 0, otherwise on (0, 7)
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where c- 1/log k, m 2, n k.m- k. 22 and M-log k. 2’.
Evidently f(u)-+O as u-.0, and then f satisfies the condition (1).

For any t, there is an integer ] such that 1/m/<= t 1/m. If
1/ntl/m, then

k=lJ l/nl k=l

where
lm flraJuU(t)<=Acj u--du+c]M

at
--du

<=At- +AcM/m-At-+AmAtj--1

and similarly UAm; and then UAm_At-. In the case

1 /m+ t 1 / n., we get also the same estimation, and hence the con-
dition (5) holds.

On the other hand,

f(u)-f(u+l/n)u-du
1/n

> c [sin Mu-- sin M(u+1/n)u-du
J1/nk
(1/m-l/n)

k d(1/nk>
sin Mv-- sin M(v

_2c[(1/-/’) M ((vi/ Msin + 1/n) v) cos ((v’/ + 1/n) + v)

v-dv.
The arguement of sine in the last integral changes from a small posi-
rive value to A log k and the orm of the curve of the sine function in

the integral is locally almost proportional to the sine curve and the

similar holds for cosine unction in the last integral. Thus we have

If(u)_f(u+l/n)]u-duAc log n A.
link

Therefore the condition (3) is not satisfied by the function defined by

(9).
2.2. Remark of Theorem 1. As a corollary of Theorem 1 we

get
Corollary. There is an even function f which satisfies the con-

dition (5) but not (3).
We can prove this more simply than Theorem 1. For, we consider

the even function f defined by

f(u)=sinMu on (1/n,2/n) (k=1,2,...)
0, otherwise on (0,

where n-2 and M=2+=n (k=1,2, ...). Then

If(+-f(u+l/n)lu-:du ]sinMu:lu-’duA log2
1/n dl/nk
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and the condition (5) is checked as in the proof of Theorem 1.
2.3. Proof of Theorem 2. It is sufficient to prove that

s--f:f(t)t- sinntdto0 as n-.oo

in the case b > 1. We write

8n

Putting F()-[:f(u)du and using integration by parts, we get

I [F(t)t-sinnt]/)’-:/)F(t) t-(nt cos nt-sin nt)dt

=o((1/)-/)+o t-gt -o(1).

If we write (t)-t-f(t), then (t)= O(t-) by the condition (8). Since

-’J: sin nu ) tO,S(t)- du- O(1/nt’- as we get

I= [(t)S(t)]/, S(t)
(/)

(1) (1I Idg(OI)
0(1 /n(’-)(’-1/)) o(1).

Thus the theorem is proved.
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