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76. The Theory of Nuclear Spaces Treated
by the Method of Ranked Space. I

By Yasujir6 NAGAKURA
Science University of Tokyo

(Comm. by Kinjiré6 KUNUGI, M. J. A., April 12, 1971)

1. Introduction. In this paper we will show that the nuclear
space in Gel’fand [2] can be considered as the limiting space of finite
dimensional Euclidean space, when the limiting process is taken in the
sense of ranked space given by K. Kunugi.

Following Gel’fand [2], the nuclear space @ is a countably Hilbert
space O=(;, §;, in which for any m there is an » such that the mapp-
ing T, m<mn, of the space @, into the space &, is nuclear, i.e., has the
form

T,,’;','QD= kZ;l 210(90’ gok)n"[/'k’ §D € @m
where {¢;} and {y;} are orthonormal systems of vectors in the space
&, and @,, respectively, 4,>0 and >, 4, converges.

§2. Definition of neighbourhoods. Let the mappings T7:, T,
ceey Tra_ [ Thivty oo, (Ry=1<0, <M, < - - <My, <My <My, <) benucle-
ar operators in the nuclear space @. As shown in §1, we can write
Tpi+y(i=0,1,2, - - -) in the following form

Thire= kz:lzk:ni,‘ﬂi+1(§0’ Ornge e Pr,ng
where A4, 5,,n,,,>0 and 25 Ak ng 00, <0 Now, we define
U0, &,m)={Ti.,0: 0.2 00,00 | 35 Aurnicrind®s 1) Prnics | <]

as neighbourhoods of the origin of @ and we call them neighbourhoods
of rank 1.

Lemma 1. If we have m;<m;,, and (o1 A ng_pn)Cis1 =& We
obtain

N1

U‘L(O’ si’ mz)g U12+1(09 5i+17 mz.u)-
Proof. Suppose that U,,,0, &, m;,,) 2 Thit*o, 0 € @,,, NP, then
[t S S (7 go,c,nm)nmgok,ni||,,i<em. Hence we obtain

mi
3 Abinienni T PrndnPrnccs|

=1

mi o
IcZ:I zk,ni_l,ni (ILZ; Zh‘ni,n“l(go’ ¢h,n¢+1)ni+1§0h,ni’ ng,ni) nigok,n,;_i
mg Mit+1
é (kzlzk'ni—bni) nZ:1 lh,ni,ni.‘.;(@? ¢hs"i+1)"i+l¢h:ni
< (3 Do 210 then TH_(T3g20) € U0, &0y m).

Ni—1

g
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Since we can identify T7:_(Tri+¢) with Thi+1@ in @,,_,

we assert U0, &, m) 2U;,1(0, &5,1, Myy0).
Lemma 2. If the following conditions

(1) 0 <2 (; Zk,ni_l,ni) ei+1§ &

(i) m;=my,,, m—oo,

are satisfied, we obtain
Ul(O, €1y ml)g UZ(O’ €2y mz)g e 2 Ui(o’ & mi); ot
and Uz, Ui(0, &, m)=0

Proof. Under the hypothesis, Lemma 1 leads to

Ui(O, ) mi) =2 Ui+1(03 Eiv1s mi+1) for any i-

Let us now verify the second part. To do this, it is necessary to
show that for any g0 in @, there exists U,(0, ¢;, m;) to which g does
not belong.

Since g2:0, there exist some n; and ¢ such that | g||,,>¢>0. Since
D et Akyngnge, CONVErges, we can take some m such that

% ksd 15
Z lk:"i:ni+1(g9 90k,7l£+1)7l71+190k:ni é ( Z zk’ni»ni+1) “g”ni+1<_’
1 ng k=m+1 2

k=m+

And we have
2

m

||g”3ti=HI;Zk,ni,ni+1(g’ ¢k,ni+1)ni+1 gok,"i i
= T

2

+ k=Zm:+12k'M'ni+l(g, ¢k,"i+1)ni+1§0k:”i n~,
hence
m 3
HkZ::lzk,"ixnin(g’ ¢k,ni+1)ni+1§0k,n,; n>i/§-e

Consequently, UM(O, V3 e,m) 2.

Let us here investigate the following three cases.
Case A. m<m,,,, %5_2_8“1.

V3

Since it is immediate that U,,, (O, “/23 e, m) 2U; ., (0, &, 'mm)

2U,;..(0, &;,,, ms,1), g does not belong to U,,,(0, &1, M4,0).

V3

Case B. m<my,,, Tes <&i41-

For brevity, set (3le_1 Ak nspnisnsd =4
the following series.

won» and Lemma 1 leads to

V3

Ui.i (0’ 5 & m) 22U, (O: V3

ey mi+1> ; Ui+2 (O, —%/Ai) mi+z)

2. 0 “23 oA Aismi)
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T e
2 e 2 Ui+j+1 <0’ «/23 8/hl;[0 A’Z+h’ mi+j+1) .

On the other hand, the hypotheses lead to the following series of
inequalities,
24,84, 644
24,8358
2Ai+/—-15i+j+1 =&y
and it follows from these that ¢;,;,,(27 []i2 Asn) <6ise
We shall here take some integer 7 such that

j=1 i-1
( '\/23 ﬂ Ai+h) (812+1/2j IEO Ai+n) .
At once we have

j—1
<«/23 /jl—[ Ai+h> >5i+.7+1

Hence we obtain
V3, [
Ui+j+1( 1Ty s/h,l;[oA“h’ mi+j+1> QUi+j+1(0’ Eirjets mi+j+1)-

Thus we see that g is not contained in U, ;,,(0, &;, .1, My y.0)-
Case C. m>m,,,.

In this case, we take some integer j such that m<m,, ;. In the
similar way to the case B, we have

Ui+1( , «/2—3_ , )QUi+j+1(0 ~/23 /ﬂ Aginym )
V8

j-1
= Ui+j+1( ’ 8/ ]—_[ Az’+h, mi+j+1) .

(«/ 3 /n Az+h) >ei+j+1’ we have

3
Ui+j+1(0 N/2 /n Ai+h’ mz+j+1) =2 Uz+j+1(0 Eitrj+1s mi+j+1)

and we know that g does not belong to U,, ,,,(0, €ipgrns Mipgin)-
Otherwise, since we can choose some integer [ such that

~/ 3 1-1 1-1
( /( ﬂ Ai+h> (nI;[o Ai+.7+h)) > (ei+J+llzl h1_=[0 Ai+J’+h> gei+]+t+1,

we see that g ¢ U,(0, ¢;, m;) for k=i+7+4+1+1.

Thus we assert that for all g=:0 there exists a U,(0, ¢,;, m,) to which
g does not belong in either case.

Lemma 3. If a sequence {g,} is bounded in countably Hilbert
space, then the following two conditions are equivalent.

(A) In every @,, there exists some integer N to each ¢>0 such
that || g,ll., <& for all n=N.
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B) To each given U,,,(0,e, m) there corresponds some integer N
such that g, € U,;,,(0,&, m) for all n=N.

Proof. We shall prove the implications (A)=(B)=>(A).
(A)=(B) By the definition of the nuclear space, we have

9r =kZ=:1 'zk,n,;,ni.u(gm gplc,n“l)n,;“sok,ni
and then the hypothesis leads to

<e.

ng

Hkgllk,ni,n“l(gn) ¢k.n¢+1)§0k,n¢ nié H,':Z___Ilzk,ni,n,;.g.l(gn’ §0k,ni+,)§0k,ni

Hence g, is contained in U,,,(0, ¢, m) for all n=N.
(B)=(A) If it is not true, there exists some @, and a subsequence
{9} such that ||g,, |l.,=¢ for some &>0.

Since the sequence {g,} is bounded in countably Hilbert space, there
exist numbers C; (i=1,2, - - -) such that || g,,,<C..

Then we can take some integer m such that

o o 1
(5 Zeniren1900enS (55 Zennind)CoosS 2,
k=m+1 Eem+l

i+1= 2

because 3 5.1 Ax,n;ng, CONVErges.
And then we see

ad 1
(k§+1 Zk,ni,ni+1) “ gnk”nulé E “ gnk “n,;

On the other hand, we have
2

m
” gnk Hii:“g Zlc,’ni,ni.,.l(gnk’ ¢k,ni+1)ni+1€0k,ni

ng
oo

+ k_;“ 2k’”ir”i+1(gnk’ sok,ni+1)ni+1§0k»ni

Consequently we obtain

2

ng

w 1
Hkgi zk,ni,nwl(gnk, gok,n,;.l_l)ni-ngok,n,; >—2-5,

and then the subsequence {g,,} is not contained in U

This is a contradiction.

Lemma 4. If a sequence {g,} is bounded in countably Hilbert
space, then the following two conditions are equivalent.

(A) {9.} is a cauchy sequence in every 9,,.

(B) To each given U,, (0, e, m) there corresponds some integer N
such that the relations n=N and m=N imply g,—9gn € U,, (0, e, m).

Proof (A)=>(B). Since {g,}is a cauchy sequence in @,,, for any
e>0, there exists some integer N such that the relations =N and
mZN imply (|9, — nll», <e.

Then we have

(0,1/2¢, m).

i+1

m
H kZIIZk:”t:”Hl(gn_ Im>» gok,n,;.,.l)n“l golc,ni

ng

=

kZ:le,ni,ni+1(gn—gm) gok,ni_,.l)n,;...lgok,ni n =“gn'—gm”n¢<s,
= i
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and hence ¢g,— 9, € U,,.(0, &, m).
(B)=>(A) If it is not true, i.e., there exists some @,, such that {g,} is
not a cauchy sequence in @,,, then to some ¢>0 there exists the subse-
quence {g,,} such that || g,, — 9uny.,lln; > -

On the other hand, since the sequence {¢,,— 9s,.,} is bounded and
satisfies the condition of Lemma 3, (B), and then Lemma 3, (A) show
a contradiction.
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