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19. On the Theorem of Cauchy-Kowalevsky for First
Order Linear Differential Equations with
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(Comm. by Kosaku Yo0SsIipA, M. J. A., Feb. 12, 1973)

Let

(1) P=3 a(@)-2 +b@)

=1 0%,
be a first order linear differential operator with analytic coefficients
defined at the origin of C”. In this note, we discuss the following
problem: Consider the differential equation
(2) Pu=f.
f and u being analytic functions at the origin, what condition should
f satisfy for the existence of a local solution u of the equation (2) and
how many solutions exist when f satisfies the condition? That is, our
problem is to clarify the kernel and cokernel of the operator P. When
n=1, Komatsu [2] and Malgrange [3] have a deep result for the index
of the operator P, which is not necessarily of the first order.

Let © be the stalk at the origin of the sheaf of holomorphic func-
tions over C*. Let U and B be the ideals of (@ generated by
a,(x), - -, a,(x) and a,(x), - - -, a,(x), b(x) respectively. In the case when
oA is equal to O, the answer to this problem is well-known as the
theorem of Cauchy-Kowalevsky. In this note, therefore, we assume
that 9 is a proper ideal of . Such equations are used by Hadamard
[1] to construct the elementary solution of a second order linear partial
differential equation and by Sato-Kawai-Kashiwara [4] to determine
the structure of pseudo-differential equations. We want to have
general theory about the equation of such type. First we give the
following conditions to formulate a theorem. We discuss examples
which do not satisfy these conditions later.

(A) A is a proper and simple ideal of O.

Let M=@(ay, - - -, a,) /0y, - - -, 2,))(0) be the Jacobian matrix of
a;,---,0, at the origin. Let M*=J® . -&J,BJ D --®J,. be the
Jordan canonical matrix of M, where J,(1<i<m) and J;A<j<m’) are
the matrices of the Jordan blocks of sizes N; and N with eigenvalues
2,70 and ;=0 respectively.

B) ) N=10a<ji<m).
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ii) There exists a real number 6, such that §<arg 2,<6+n for
1<i<m, where we denote by arg 1, the argument of complex

number ;.
(®) The equation b(0)=0 holds or b(0)+> ™, ;4,0 for ardbitrary
non-negative integers l,, - -+, L.

Remark. (C) holds if condition (B) ii) holds, b(0)#0 and
0<arg b(0)<fd+r for 6 of (B) ii).

Theorem. Assuming conditions (A), (B) and (C), we have the
following conclusion.

_ _{©/%, if A=9B,
Coker P~ /B and KerP_{O i A=,

That is, an analytic solution  of (2) exists locally if and only if
JSeB. If A#WB, u is uniquely determined by f, and if A=B, there is
a one-one correspondence between the solutions # and the Cauchy data
uly, where V is the variety defined by 3.

Proof. Taking account of conditions (B) ii) and (C), there exists
a positive number ¢ which satisfies

LA+ + 12 +00) [ Z A+ - - +1p)e
for any non-negative integers [, - --,1,,. Multiplying P by a constant
number, we may assume from the beginning ¢ is equal to 2, i.e.,

(3) ilﬂi—l—b(O) >2~ili'

Taking a different coordinate system, M is transformed into
G 'M G, where G is the Jacobian matrix of the coordinate transforma-
tion. Then, under a suitable coordinate system i, - - -, 2,, M is equal
to M* and P=>7, ¢(x)d/ox;+b(x"). Let k=N,+---+N,, K'=n—k,
K, be equal to j if N,+ .- +N,_;<i<N,+-..-+N; and §; be equal to 1
if there exists j such that N+ ... +N,_<i<N,+ ... 4N, and 0 other-
wise. Considering condition (A) and (B) i), it is clear that % is
generated by ¢, (2'), - - -, ¢,(2’). Now we define the following coordinate
system ¥y, <+, Yps 21y + - 0 gt

Yi=0(&) A, ~0Ys,,  Tor 1<k,
Ry=py, for 1<K,
Under this coordinate system,
(4) P=3 a2 +3 d)y, -2 +b@,2),
i=1 oy, 7=1 0%
where we denote by ¥ and z coordinates v, - - -, ¥; and z,, - - -, 2, respec-
tively, and M is equal to M* because
a(yl’ oy Ypr Ry 0y zlc') (0)
a(x;’ ] x;)

is the identity matrix, and ¥ is generated by v,, - - -, Y.

Case1l. UA=9\.
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It is sufficient to show that when f(0, 2)=0, there exists a unique
solution u of (2) satisfying the initial condition (0, 2)=v(z) for any v.
We define a semi-order on the set of pairs of multi-indices («, f),
where a=(a;, - -, r), =B, - -+, B) and where «;, and B; are non-
negative integers, in the following way:
We define («, g)<(«/, p’) when and only when
la|<|], (a|=ay+ - - - +ay ete.),
or lal=le’l,  1BI<IF)
& k
or |a|=]o, [BI=18l, :é'liozi<iz=]1ia§.
Set a;(Y, 2) =2 1120 (DY =D 50,550 Uiap?’y” ete. Then easily we have
the unique solution u(y, 2)=73",., U, (R)Y*=> .50 p50 U.2*y* 0f a formal
power series under the initial condition u,(2)=wv(2) in the following
way. Let 4 be the ideal of the ring of formal power series generated
by all y*'2* which satisfy («/, )>(«, §). Then we have
k
P(u 2Py ) =3 (zxi’!/i 9 +0:1Yi41 9
i=1 0Y; Y,
k
Sy ), WA RPY” mod 4,
i=1
because ¥ is generated by v,, - - -, ¥, M=M* and b(y, z) € 2. Therefore,
comparing the coefficients of z#y= of both sides of the equation (2), we
can determine u,, by (5) inductively:
(5) {(Z‘,Ll ot;Ax )., =2 number determined only by u,.,» which satisfy
the relation (¢, f)<(«, p).
Then we can prove by the method of majornant that « is analytic

at the origin. In fact, for suitable positive numbers », C and C’ we
have

)uapzﬂy“ mod 4

a;(y, z)*zxi?/i—aiy¢+1<<~CM for 1<i<E,
r—(s+1t)
' Cs(s+1) .
6 (v, Bt L B for 1<j<¥,
(6) a3y, 2) K (51 ) or 1<j
Cs (04 C’s
b 2 T N ? T b R |
(¥, < PP () K p— JW, 2K P P

where we define s=y,+--- 4+, t=2,-+---+2,. Taking account of
(3), (6) and (6), we have easily the relation ¢ >u if a formal power series
¢ satisfies

C’s c’
Proy> Y5 and o0, C,
0> i 4 #0257
& Cs(s+1t) 0 k-1 0
7 here P*=3" (2y;— ) Sy
(D where &\ r—@G+t)/ ay, e "oy,
_ Cs(s+t) & 0 Cs

r—(s+1t) i=1 9z, - r—(s+1t)
On the other hand, the solution ¢ of
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(1 - oD >____k, Ceth dp__ C
(8) r—(s-+t) r—(s+t) ot r—(s+1t)
- ¢ (0, )= ¢
r—(s+t)’ ’ r—t

is analytic at the origin, which is clear by the theorem of Cauchy-
Kowalevsky, so we come to the conclusion, because ¢ satisfies (7). In
fact,
N C’s C’s ¢
P p=Ue T r—(s+t) > r—(s+t) and  ¢(0,2)= r—t’
Case 2. UA+D,
It is sufficient to show that there exists a unique solution u of (2)
when f belongs to 8.
First we have by (5)’ the unique solution of a formal power series
as in Case 1:
uo(2) = f4(2) /by(2), which is analytic because f € B,
(5 Gk, adg,+b(0)u,,=a number determined only by u,, which
satisfy the relation («/, p)<(a, p), where we use the same
notations as in Case 1.

We have the following majorant series as in Case 1:

S, S, »— 10, <K

—( +t)
b(y, 2) —b(0, 0)<<—C£"’£—'|% and the others are the same as in
Case 1.

As in Case 1, we can prove the existence of ¢ which is analytic at the
origin and satisfies

(6)

C’s
Prp>» ——°
v> r—(s+1t)
k 2Cs(s+t)\ @ 9 Cs(s+t) &
Pr=3 (20— .
;1 'r—(s-{-t))ayi ;yi 0Y; r— (s+t)Z=: azj

Considering (3), (5), (6), (7)’ and z*y*< s >k, (3/0y)z*y" for |a|>0, we
see that ¢ is a majorant series of u, so u is analytic. This completes
the proof of the theorem.

We give some examples which do not satisfy (A), (B) or (C).

1) P=9c1 + a3 Ker P~C, Im P 3 2,2,.
ax axz
2) P=ac1 +a2 +1, Ker P=0, ImP 2z, ,.
EA 6902
3) P=uz, aa +1, Ker P=0, ImPz(1—z)"
x,
4) P=u, 9 +x3—a—, Ker Ps 22—2x,2,, ImP 32l

ax; o,
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5) P=x, 9 +x, 9 , Ker Ps z,2,— 2,2, Im P 3 x,2,.
0w, 0%,

6) P=u, 9 +x, 9 s Ker P={f(x,); f €O},
o, 0%,
ImP 2 2,(1—2x)"', where we denote by O,
the stalk at the origin of the sheaf of holomorphic functions over C".
7 P'=P-41, where P is the same as in 4), 5) or 6,

Ker P'=0, ImP z2(1—x)
8) P=u, 9 —, 9 R Ker P~Coker P~{f(x,x,); f € O,}.
ox, 0%,
9) P=ux 9 — Az, 9 , where 1 is a positive irrational number,
0, ox,

Ker P~C. If f(0)=0, the equation Pu=f has a solution of a formal
power series, but it is a problem of Diophantine approximation whether
the series converges or not. Let a,,b, and 2 be numbers satisfying
o=1, a,,,>2a,!, 2=>7_,1/a, and 0,<a,2<b,+1, where a, and b,
are integers, and f be equal to 1—(1—xz,—«,)"'. Then the formal solu-
tion is not analytic because its coefficient of a2=x¢» is larger than a,!.
On the other hand, when 21 is an algebraic number, we see that the
formal solution is always analytic at the origin by the theorem of Roth.
10) P=uz, ai ta, ai —1, Ker P~Coker P={Cx,+C'z,;C,C’ ¢ C}.
1 2

Remark. In the case 1), 2), 3), 6) and 7), a similar result holds as
in the theorem if we think P in the category of formal power series,
forinstance, in 3), u=73", ;5, (=D ((+7) ! /¢ Daix] satisfies Pu=(1—x,)~".

We give finally the following examples satisfying (A), (B) and (C).

11) P=(x,+ ) 9 + (2, + 252,) 0 + 2z, 9 +x, 9
ox 0,

1 0, 0, ’
Ker P~Coker P~{f(x,); f €O},
P'=P-3/2, Ker P’=Coker P'=0,
P'=P+4x,+ 22, Ker P”=0, Coker P"~{C+C’z,; C, C' e C}.
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