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(Comm. by Koésaku YOSIDA, M. J. A., April 12, 1973)

§1. Introduction and the results. Let X and X be standard
(Markov) processes which are in duality relative to some measure. Let
(M,) be a multiplicative functional of X. R. K. Getoor [2] has proved
the existence and uniqueness of a dual (exact) multiplicative functional
(M,) of (M,) under the hypothesis of absolute continuity. The purpose
of this note is to extend the results of Getoor to the general case
without the above hypothesis.

We begin with some notation and terminology of Markov pro-
cesses, following the book of Blumenthal-Getoor [1]. Let

X=(2,9,9,X,0,P) and X=(2,9,%,X,0, P
be standard processes with the same state space E. Their semi-groups
and resolvents are, respectively, denoted by (P,), (15,), (U, and @ -
We shall say that X and X are in duality relative to a Radon measure
g, if

[r@v.g@edn=[0s@o@edn a0
or equivalently

ff (@)P,g(x)&(dx) =Ipzf (@) g(x)&(dx) t>0

for any nonnegative and universally measurable functions f and g.
We do not assume the resolvents (U,) and (U,) are absolutely continu-

ous relative to &. In the following the integral I F@g(x)é(dx) is

written as (f,g). As usual & (resp. £*) is a g-algebra of Borel (resp.
universally measurable) subsets of F, and f ¢ & (resp. £*) means that
f i8 & (resp. £*)-measurable.
Let (M,) be a multiplicative functional (abbreviated as MF) of X.

In this paper all MF’s are assumed to be right continuous, decreasing,
and to satisfy 0<M,<1. The semigroup and resolvent generated by
(M,) are denoted by (Q,) and (V,):

Q:f(@)=E-[f(X)M,], t>0,

V.f(@)=E* f: et (X)M,dt,  a>0.
A MF(M,) of X is said to be a dual multiplicative functional of (M,)
if the relation

V. )=V.f9 >0
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or equivalently
(f,Q)=Q.f,9)  t>0
is satisfied for any f, g e &%.

We then have

Theorem 1. For any MF (M, of X, there exists a dual exact
MF (M,).

For the uniqueness we need the following definition due to
Fukushima. A subset A of E is said to be an almost polar set if there
exist a Borel set B such that BDA and P*(Tz<o0)=0 ¢-a.e. x. where
Ty(w)=inf {t>0; X,(w) € B}. An almost polar set with respect to the
dual process X is called an almost copolar set.

Theorem 2. Let (M,) and (N,) be dual exact MF’s of (M,), then,

P:(M,=N,, t<&)=1
18 valid except on an almost copolar set.

§2. Proofs. Proof of Theorem 1. 1°, Since V.U, there

exists a function v (z,¥) € £*xX&E* such that 0<v, <1 and V,f(x)

=Iva(w, WSWU.(x,dy). Define

V.f(@)=: jva(y, 2) f@)0 (x, dy).

It is obvious that
(1) f, V. =.f, 9.
This family (17',,) may not be a true resolvent. We have to show that
WD can be modified into a true resolvent which is exactly subordinate
to (U,).

2°, There exists Y, e &* such that &Y )=0 and V (x, )=V (, )
+(a—PV,V(x, )=0 for any rationals a, >0 and every x ¢ Y,.

Let {fu}z>: be a countable dense subset of Cx (=the set of all con-
tinuous functions with compact support), and Y,=. ss0 Uns1 Yn e

rational

where Y, , ,={x: Vafn(x)—V,sfn(oc)—l—(a—ﬁ)Vanfn(x):#O}. It is suffi-
cient to show that for any n, « and B, &Y, ,,,)=0. Let f be the indicator
of the set {V,fu—V,fut@—PV.V,f,>0}. Using 1), V.-V,
+(@=BV V) fur )= (fu, V.=V, +(@—pV,V)f) =0, which proves
that &Y, )=0.

3°, There exists (Yo)uso tn E* such that &Y,)=0 and
Va(x, Uzt Y ) =0 for any x € Y¢, and rational a>0.

Construct Y, by Uso{2: Vo(x, Upzt Y)>0}. By (), for each a,

rational
asva(”{j Yk> - (on,,(x, U Yk>, 1) =yp=iyr @V, D)
k=0 k=0
S‘S(nLj Yk) =0.
k=0
which implies that the set {x: V(x, =t Y,) >0} has &-measure 0.
4°, Let Z=\Jr.,Y,. Obviously £&Z)=0 and whenever x ¢ Z°
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(2) V@)=V ,5@+@—pV.V . f(@)=0

for every rationals «,8>0 and every bounded fe&*. Take an
arbitrary real «>0. Then by Vﬁgﬁ' s and the equation (2), it follows
that for every x ¢ Z¢ fe bé’*,(Vﬂ f(x)) has a limit as the rationals
tend to «. Therefore we can define for every a>0

V.f(@)= lim V@  ifxeZe, febE*
8- ratlonal

=0 ifxeZ, febl*
It is casy to show that (17,,) is a true resolvent satisfying (17,, 19
=(f,V.9. . . ) )
5°¢ (U,—V)f(x) is a—U supermedian for fe b&*. Let W, f(x)
=:lim,_. ,8(7 8 17,,, f(x). Then (W) is a resolvent exactly subordinate to
(U,)). (See Blumenthal-Getoor [1], p. 117.) Therefore, by a result of
Meyer [3], there exists a unique semigroup (@, such that, 0< 9, fgﬁt f

for f e b&* and t0, lim,_, Q,1=4,1, and W _.[ e~*tQ.dt. Therefore
there exists an exact MF (M .) of X generating (@,). This i ) is what
we need, because for any f, ge Cxk,

.1, 9 =lim BOV.1, 9
~hm<vaf,ﬁUﬁg) Vol D=(f>V.9). Q.E.D.

Before proceedmg to the proof of Theorem 2, we need a lemma.
Lemma. Let (M,) and (N,) be dual exact MF’s of (M,) and let
their resolvents be (Va) and (W,,), respectively. Put
B=U{: V(@ )%W e, )}
Then B is nearly Borel and almost copolar.
Proof. Let {f.}.>: be a countable dense subset in Cx. Then B
can be written as | ,so U»s {2 Va Sul2) £ W,x f.(©)}. From this repre-

rational

sentation, B is nearly Borel. If B is not almost copolar, then we may
assume there exist «, 7 and k such that

By o= {x Vo fo@) > W ful@) +l}

is not almost copolar. For sumphclty we denote B=B, ,;, T= TB,, ok

and f=f;. Because V. f and w. f+1/n are cofinely continuous, we
have

VSRS, f(XT)—f-—?l; a.s. on {T< co}.

Therefore (PyV .7, 1)=>Pa(W . f+1/n),1).
But we have

PV .S D=lim (P3pUV S5 D)
_hm (PsU (B +Ba—PUHV.f, 1)
_}glrg (f> VB+Bla—PUyPsU, D).
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Similarly i
PsW.of, D=Lm (£, V.(+pa—PUHP3U.D.

Therefore (ﬁgl, 1)=0, so that &{z: Pgl(x)>0}=0, showing that B is
almost copolar. This contradicts the assumption that B=B, ,, is
not almost copolar.

Proof of Theorem 2. Fukushima [4] has shown that for an almost
polar set N, there exists a Borel set B such that BON, &B)=0 and
E —B is invariant with respect to the process X, i.e. P(X,e E—B,
0<t<? =1 for any x ¢ E—B. By this and the above lemma, there
exists a Borel set B’ such that B’DB, &B’)=0 and E—B’ is invariant
with respect to the process X. It is enough to show that

{@: P*(M,=N,, t<)=1}DE—B'.
If xye E—B’, then V’a(xo, ~)=W,,(x0, .) by Lemma, and it follows that
Q(xy, -)=R,(%,, -), where @, (resp. R,) is the semigroup generated by
(M,) (resp. (N,)). Since E—B’ is invariant with respect to X, we
obtain for any Feéﬁ},E“{Ip(w)Mt(m)}:E“{IF(w)N,(w)}. This means
M,=N, a.s. P> on {t<¢}. By the right continuity of MF’s, P=(M,
=N, t<®)=1.

Remark. In the case of absolute continuity, we easily obtain the
result of Getoor [2] as follows.

Proposition. If both (U,) and U J are absolutely continuous for
&, then

Ps(M,=N,, t<8&) =1 everywhere.
M ) and (N,) are those in Theorem 2.)

Proof. For any f,ge&* and >0 we obtain (W.f, 9)=(f, V.9)
=(V, f»9). Then w. f@)= V. f(x) a.s. &x). By the absolute continuity
,BU'#Waf(m);BUpVaf(x) for any >0. Let g— oo, then W.,J‘(x): Vaf(x).
Therefore (M,) and N .) generate the same semigroups. This means
that (M,)=(,) a.s.
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