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26. On Bounded Reinhardt Domains

By Toshikazu SUNADA
University of Tokyo

(Comm. by Kunihiko KODAIRA, M. J. A., Feb. 12, 1974)

§ 1. Let D be a connected bounded Reinhardt domain in n-com-
plex Euclidean space C* which contains the origin o, and Aut (D) be
the group of all biholomorphic transformations of D onto itself. The
identity component of Aut (D) is denoted as Aut’ (D) (=G). (For any
bounded domain, it is a classical theorem of H. Cartan that Aut’(D)
becomes a Lie transformation group of D in a natural manner.)

When n=2, P. Thullen [56] determined the bounded Reinhardt
domains with the property such that G-o02{0}, (G- o0 denotes the G-orbit
of the origin). In fact, such domains are holomorphically equivalent
to the polydise {(z, w) e C?*; |2|<1,|w|<1}, or to the Thullen domain
{®,w) € C%; |z2[*+|w|*<1 («>0)}. Recently, I. Naruki [4] and M. Ise [2]
have treated a class of Reinhardt domains containing the higher-di-
mensional generalization of Thullen domains.

In this note, we intend to generalize these works and, further, to
classify bounded Reinhardt domains in the n-dimensional case from
the group theoretic point of view. The full exposition will be given
elsewhere. The author is gratefull to Prof. Mikio Ise for suggesting
the present problem and for his advices.

§ 2. Throughout this note, D will represent a bounded Reinhardt
domain in C*,g(D) the Lie algebra of complete holomorphic vector
fields, and £(D) the subalgebra of g(D) which consists of all elements
vanishing at the origin. Then, g(D) can be identified canonically with
the Lie algebra of G (=Aut® (D)) where ¥(D) corresponds to that of the
isotropy subgroup K of G with respect to the origin.

Since D is a circular domain, K consists of linear transformations
of C* and a transformation defined by k,: z2—¢z (6 € R, z € C*) belongs
to the center of K.

Now, we can write the vector field X contained in g(D) in the form:

X=21p"0/0z"),

where 2!, - - -, 2" denote the coordinates in C", and p* (k=1, - - -, n) holo-
morphic functions on D. A vector field X is said to be a polynomial
vector field if the components p* of X are polynomials of 2!, - - -, 2" and

X is homogeneous of degree 1, if each p* is a homogeneous polynomial
of degree 2. For example, a vector field defined by 0=73" v/ —12%(9/0z%)
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is homogeneous of degree 1 and belongs to g(D), because it generates
the one parametric group {k,}scx-

In analogy with the Cartan decomposition of a semisimple Lie alge-
bra, we have the following lemma. The proof proceeds along the same
line as that of [3].

Lemma 1. i) Let J be an endomorphism of g(D) defined by J(X)
=[0, X1. Then ¥(D) coincides with the kernel of J.

i) If we put p={X e g(D); J’X=—X}, then we have g(D)=¥(D)
+p.

iii) Let X € g(D) and let X =; X, be an expansion by homogeneous

polynomial vector fields near the origin (each X, is homogeneous of
degree 2). Then X,=0 for 1>2, and Xyep~, X, ei(D) and X,ep*,
where p*={X ¢ pQC; JX = =/ —1X}.

iv) [, flct, [f, plcy, [p, pICE, [p*, p*1=0, [, p*]1Cp*, where

I=1®C.

Remark. We note, that for any bounded circular domain, the
above lemma is valid.

§ 3. Thefollowing lemma is derived immediately from elementary
properties of Reinhardt domains.

Lemma 2. i) The polynomial vector fields / —1243/3z") (i=1,
-++,m) are contained in g(D), and h=3] R(V=12%9/32") is & maximal

abelion subalgebra of £(D).

il) Moreover, the complexification H=H,R@C is a Cartan sub-
algebra in the following sense: 1) Y is a maximal abelian subalgebra
of g°=(@RC), 2) forany He), ad H is a semisimple endomorphism
of ¢¢.

From this lemma, we can consider the root decomposition of g¢
with respect to §. As stated in [1], if « is a linear form on §, we de-
fine

g°={Xeg%; [H,X]=a(H)X  forall Heb},
and we call ¢ a root if g*#{0}. We denote by 4 the set of non-zero
roots of g°.

Lemma 3. i) For any non-zero root o, dimg g*=1.

if) g"=f)+anA} g".

iii) If g*Cp-, then a= —ay, for some k(<n), where a;, is defined by
a,(270/029)=6] (j=1, - - -, n).

iv) ¢ *=C(9/08z"), g"*=Cz*(3 a'2'9/0z") Cp*.

v) If g*C¥°, then a=a,—a, for some k, h and g **=Cz*(3/0z").

From iii), iv), permuting the coordinate axis, we can assume p-

=i C(0/02") (s<m). We denote by r the conjugation of g¢ with respect
=1

to g, and for £<s we put



No. 2] Bounded Reinhardt Domains 121

#(0/02%) = — 2*(3] k2’9 a2"),

A matrix A=(a?) of (s,n) type will be called the type matrix of D. As
a corollary of Lemma 3, we have an information of A.

Corollary. i) FEach element af is non negative.

i) at>0 for k<s.

iili) For k,h<s,ar,—a;, 18 a non-zero root if and only if (af)‘a%
=(aM)tal=1. In this case (a})~‘af=(a?)'a? for i=1,...,n. In an-
other case, at =a}=0.

iv) If ay—ay is @ non-zero root for k, h>s, then we have al=al
for 1<s.

v) For k<s,h>s,a,—a, can not be a root.

Therefore, we can assume that a*=1 for all k<s, if necessary, we
transform: (2!, - - -, 2")—(aiz', - - -, as2%, 25, - . ., 27),

§ 4. Let 4(f) be the set of roots such that g*c¥¢. Then, we can
endow the set P={«;; ¢=1, - - -, n} with an equivalence relation by set-
ting o;~a; if a;—a, € 4{) or a¢;=a;. In view of Corollary, we have
the following disjoint decomposition with respect to this relation:

P=PU.--UP,UPU---UP,
where P,(1<9<r) consists of a; (k<s) and P; (1=<j<t) consists of «,
(h>s). According to this decomposition, we define the disjoint de-
composition of 4(f) as follows:

A®)=4,U-.-- U4, ULU---U4,
where 4;,={a,—a;; an#Fa, an, a, € P} and, 4)={a,—a;; anFa;, an o
e P;}. Further, we define the matrix B()=(b:)) (resp. B'()=(b7})) by

7(2%9/027) = — bl ;270 9z

for a;—a; € 4, (resp. 4)). Then we have

Lemma 4. For each ¢, with a;—a, € 4, bl;=1, and moreover b},
is positive for each ,7 with a;—a; € 4.

From the similar arguments as above, we can assume that b}, =1.
After all, combining these arguments we can find the Reinhardt domain
D holomorphically equivalent to D which has the following type matrix

A: ) E2 E . M E ’
where
1...1
E’l:‘ : .-. . GMat (m)(’ni),
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D -}
Fi=|:". : |eMat®n;xm),
p@} N p?

and n; (resp. m,;) denotes the number of elements of P, (resp. P)).

§ 5. We have now gathered the sufficient informations about the
Lie algebra structure of g(D) to know the explicit form of D. We as-
sume that D=D only for the sake of simplicity. Using the results of
preceding sections, we introduce the following notations:

Zy=(gmitrriniotl L, gmatetng for i<,
wj:(zs+m1+-~-+mj_1+1’ . zs+m1+-~-+mj) fOI' ]_S_t,
|zi|2=|zm+...+ni_1+llz+ ... +|zn1+...+mlz.

We shall now state the main theorems in the present paper.

Theorem 1. i) Let D, denote the orbit of G=G(D) containing
the origin (=G-.0). Then,

Doz{(zu TRy Wyy v ey, wt); |z1|2<1’ ) |zrl2<1’ Wy="-- =wt=0}-

i) D,={w, -, w)ecC;0,---,0,w, ---,w) e D} s a
bounded Reinhardt domain in C*~°.

iii) Moreover we can characterize the domain D by D, and D, as
follows :

D={(z1’ sty Ry Wy, “"wt)ecn;(zu '-~,z,.)€D0,

( W S, w, )eD,},
A —|z,Priz. . . (1—|z, [HPi? A— |z, PHPi2. . . (1—|2, [2)Pi?
where we adopt the notation of §3 and § 4.
Theorem 2. Aut’ (D) consists of transformations of the following
type:
{ 2> (A% 4 DY) (c*2,+dD) 7,

,
wi— B[] (ctz,+db) = w,,
i=1

where Ate Mat (n;XxXn,), ¢t e Mat (1 Xn,), b* e Mat (n;x1), d* e Mat (1
x 1), B¥ ¢ U(m;) (Unitary matriz), and they satisfy the following re-
lations.

tZiAi_caici____In“ tBibi_'dilzz _1, tEiA'l___aicz‘=0.

§ 6. We shall sketch the proof of Theorem 1. Theorem 2 follows
at once from Theorem 1, if we notice that the dimension of the trans-
formation group defined in Theorem 2 coincides with that of g(D).

Since D is a Reinhardt domain, it is enough to consider the real
domain Dp=DNR". Let (2!, --,2") be the coordinate in R", and we
put X,;=3a/ ax‘—z_} aixtxlo/ax!. Then the system of vector fields &

={X,};., gives an integrable distribution outside S={(*, - - -, ™) ; det (¢}
—airta)=0={@" -, 2"); A —|2,f)- - -A—]z,)=0}. As a conse-
quence of the Frobenius theorem, we can choose the maximal leaf
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through each point (2!, --.,2") ¢ R*—S. A leaf L(x!, ---,x") of £ con-
taining («!, - - -, 2") is bounded if and only if |x,[’<1, ---,|2,[?<1, and
L, - -, 2N (0) X R"*

_( xs+1 xn )
T\ A—(@ P Az, AR A, PR )
Therefore, the assertions of the theorem are valid.
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