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101. On QF-Extensions in an H-Separable Extension

By Taichi NAKAMOTO
Okayama College of Science

(Comm. by Kenjiro SHODA, M. J. A., Sept. 12, 1974)

Throughout the present note, A/B will represent a ring extension
with common identity 1, V the centralizer V (B) of B in A, and C the
center of A. Following K. Hirata [2], A/B is called an H-separable
extension if A®zA is A-A-isomorphic to an A-A-direct summand of a
finite direct sum of copies of A. To be easily seen, A/B is H-separable
if and only if there exist some v, ¢ V (i=1, - . -, m) and casimir elements
>0 %,y of AQzA (which means (57, #,,Qy,;)x=2,; z,,Qy,,;) for
all € A) such that >3, ; 2,;Qv,,v,=1®1 (cf. [4; Proposition 1]). Such
a system {v;; >, ;;Q,,}; will be called an H-system for A/B. On the
other hand, A/B is called a left QF-extension if ;A4 is finitely generated
(abbr. f.g.) projective and there exist some f, € Hom (34, zBp) (r=1,
- -+, n) and casimir elements >, ¢,,®d,; of AQzA suchthat >, ; ¢..f.(d,s)
=1. Such a system {f,; > ¢,;®d,;}, will be called a left QF-system
for A/B. Quite symmetrically, a right QF-extension and a right QF-
system can be defined, and A /B is called a QF-extension if A/B is left
QF and right QF. One will easily see that A/B is QF if and only if
there exist a left QF-system and a right QF-system for A/B.

The notion of an H-system will provide a new technique to re-
construct the commutor theory in H-separable extensions developed in
[2], [8] and [5]. In this note, we use the technique to prove the follow-
ing which are motivated by [4; Theorems 4 and 5]:

Theorem 1. Assume that A/B is an H-separable extension. Let
B’ be an intermediate ring of A|/B with V'=V «B’) such that V (V')
=B and ,. V', <®,.V,. (V' is a V'-V'-direct summand of V).

Q) If there exists a left (resp. right) QF-system for A/B’ then
V’|C is right (resp. left) QF'.

(2) 1If there exists a right (resp. left) QF-system for V'/C then
Az (resp. gz A) is f.g. projective and there exists a left (resp. right)
QF-system for A/B’.

() A/B’is QF if and only if so is V'/C.

Theorem 2. Assume that A/B is an H-separable extension. Let
B’ be an intermediate ring of A|B with V'=V 4B’) such that 5B’
<PpAy.

(1) If there exists a left (resp. right) QF-system for B’|B, then
»V (resp. V) is f.g. projective and there exists a right (resp. left)
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QF-system for V]V,

(2) If B=V (V) and there exists a right (resp. left) QF-system
for V|V’, then B’y (resp. zB’) is f.g. projective and there exists a left
(resp. right) QF-system for B’/B.

(3 In case B=V «(V),B’/|B is QF if and only if sois V/V’.

In order to prove those above, several results obtained previously
in [1] and [3] will be required. However, for the sake of completeness,
we shall give self-contained proofs to such preliminary results. In
what follows, we assume always A/B is an H-separable extension with
an H-system {v;; >; ©,;Qv,}:.

First, we consider the A-A-homomorphism 5: AQzA—Hom, (V, 4)
(0,@a,—~(W—a,va,). Since > ; ;@Y ,00:0,=D 15, 1 0%, QY 0,0, = 0,0,
we see that 5 is a monomorphism. Moreover, >, ; %,;QV,;0v,=aQ1
implies >, ; 9(x;)®y,;;0v,=g(@®1 (g e Hom Az, Ap),a e A). Applying
n, we obtain >, ; 9(x; vy, ;0v;,=g(@v (v e V). In particular, if there
exists a right B-epimorphism p: A—B which induces the identity map
on Bthenforac V (V) wehavep(a)=>2; ; 0(x:)¥:,00;=2 15,; P(L: )Y 0:0
=a, which means that if B;<®A, then V,(V)=B. Finally, given
h e Hom, (V,A), there holds >, ; x; oy, ;h(v) =R, ; X j0Y0) =h(V),
namely, » is an epimorphism. Summarizing the facts mentioned above,
we obtain the following :

Lemma 1. (1) 323, ,9@)vyov;=g9(a)v (9 € Hom (Az, Ap),ac A,
veV).

(2 2 vi02,v9Y ) =v9(a) (9 € Hom (34, sA),ac A,ve V).

B) Vg isf.g. projective and 5 is an isomorphism whose inverse
is given by h—>;; ©,,Qy;h(v,) (cf. [1; p. 112]).

(4) If B;<®Ajg (resp. zB<@3A) then V ,(V)=B ([3; Proposition
1.2]).

Next, the map &: VQ,V—Hom (343, sA5) (u,Qu,—~(a—u,0u,)) is a
V-V-isomorphism, whose inverse is given by h—2; >, M, )y,;®v;
=382, %;;1(y;;) (Lemma 1). Now, let V’ be a subring of V with
B'=V (V) suchthat V ,(B)=V'and ,,, V', <®;.Vy.. If he Hom (545,
pAp) then &7'(M)=31; > ; M)y Qv =22 ; #:;MYsy) € V'Q;V)
NVRVN=V'Q;V' (CV®,V). This proves the following:

Lemma 2. Let V' be a subring of V with B'=V (V') such that
V.B)=V" and .V, <®y.Vy.. Then, & induces a V'-V'-isomorphism
V'®:V'=Hom (5 Ag, 5 Ap), and so an element b of Hom (5 Az, 5 Ap)
is in Hom (5. Ap., 5 B's) if and only if £7(h) is a casimir element of
V&V’

Proof of Theorem 1. (3) is only a combination of (1) and (2).
Let q: V-V’ be an arbitrary V’-V’-epimorphism which induces the
identity map on V.
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Q) Let {fr; 235 ¢,s@dys}- be a left QF-system for A/B’,and g,: V’
—C the maps given by v'+>; ¢,v'd,;. Then, by Lemma 2 and Lemma
1), 35 a3 @iy [r(Wi ) =2 vi®25; oy f+(Yyy) are casimir elements
of V'Q,V’ and {g,; > aIR>; x4y f+(¥:5)}, is a right QF-system for
V’/C. Furthermore, V', is f.g. projective as a C-direct summand of
f.g. projective V.

(2 Let {9,; > u,,@v}}, be a right QF-system for V’/C, and
Jfiy: A—B’ the right B’-homomorphism given by a— 2, s u;¥,;,09,.9(v,)v;,.
Then, {f;;; %}, is an f.g. projective coordinate system (abbr. FGP-
system) for Agz. In fact, by Lemma 1 we have > ;x; f:,(a)
= 2ltgms TigUneYig 09, (WD Ve = @ 3505 9,9 (D45 TigUpsYig V) Vs = 0 350 s
g, )v,,=a. Finally, if f,: pAp—5zB's are given by a—>.,
U, 09,qWIV,, then >, ; @, (W) =245 ©oy fi;(1)=1, which means that
{fi5 205 2;Qy4y) is a left QF-gystem for A/B’.

Lemma 3 ([3; Proposition 1.3]1). Let B’ be an intermediate ring
of A/B with V'=V ,(B’) such that 5B 5 <®pAp. Then, 5 induces a
B’-B’-isomorphism B'®zB’=Hom (.Vy., .Ay.). Moreover, V ,(V)=B,
and so an element h of Hom (,.Vy.,.Ay) is in Hom (. Vi, . V'y.) if
and only if 57'(h) is a casimir element of B'QgB’.

Proof. Obviously, (B'®;A)N(AQzB)=B'QzB'(CAQzA) and 73
induces a B’-B’-monomorphism 7z : B'®zB’'—Hom (. Vy., . Ay). Now,
let p: A—»B’ be an arbitrary B’-B’-epimorphism which induces the
identity map on B’. Since >, x,;®y,; is a casimir element, 3, p(x;)vy;,
and >3, x,,vp(y,,) arein V' (v € V). Accordingly, if » e Hom (. V., ».Ay.)
then by Lemma 1 (1) we have >, ; p(®; vy ;h(v) =k, ; D@ )VY40,)
=h(p()v)=h(w), and similarly by Lemma 1 (2) >, ; h(v);vp(¥y,,)
=h(®w). Hence, 3 ;; p(“’u)@@luh(vz): 7 (h) =24 h(vz)xu@p(yu) e (B
®3A)N(AQzB")=B'QzB’, which means that 55 is an epimorphism.
Inparticular, considering & as the map defined by v—xv with x ¢ V V),
we have p(x)=3;; (@ )Yia0,=2 34, DX )Y 0, =2 (Lemma 1 (1)),
which proves V (V/)=B’.

Lemma 4. Let V' be a subring of V with B'=V V') such that
Vi(B)=V'. Let B* be an intermediate ring of B'|B with V*=V ,(B*).

Q) If 5B <@z Ay then the map pé&' : V¥*Qy V—Hom (5B'p, psAp)
W*@v—(b'—v*b)) is a V*-V-isomorphism, whose inverse is given by
h—32 20 (e )y, ;Qv,, where p: A—B’ is an arbitrary B’-B-epimor-
phism which induces the identity map on B'. In particular,
88 VQyp. V—Hom (3B’s, zAp) is a V-V-isomorphism. Moreover, if
h e Hom (3B, zBp) and b’ € B’ then >, > ; hp(x; )y, ;Qv,; is a casimir
element of V®,.V and >, ; hp(x; )y, ;b'v,=h(D).

@) If yB' 5 <@pAp then the map & g: VQp. V¥*—Hom (3B’ g+, 5A 54)
(WRv* (b —vb'v*)) is a V-V*-isomorphism, whose inverse is given by
h—3 v, . ;hp(Y,y), where p: A—B’ is an arbitrary B-B’-epimor
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phism which induces the identity map on B’.

Proof. It is enough to prove (1). If he Hom (zB’g, 5dp) then
2o (@ )y € VF and 33, 5 hp(@, )Y, ;0'v,=hp(b")=h(’) (Lemma 1 (1)),
which means that the map defined by h—>; >, hp(x; )y, ,Qv; is a right
inverse of z&. Moreover, noting that >, p(x;)vy,; € V/, we have
20 2o v vy Qv =v*Q@v (Lemma 1 (1)), which means that the
above map is the inverse of z.&’.

Proof of Theorem 2. (3) is a combination of (1) and (2), and
V.(V)=B’ by Lemma 3. Let p: A—B’ be an arbitrary B’-B’-epimor-
phism which induces the identity map on B’.

@ Let{f,; > ¢, Rd.,}, be a left QF-system for B'/B. If g,:,.V
—y V' and g;: 5. Vy.—y. V’y, are defined by v—3, ; €70 [0 )Y:)d5s
and v— Y, ¢,vd,, respectively, then, by Lemma 1 (1) and Lemma 4 (1),
one will easily see that {g,; v,}; is an FGP-system for ,.V and {g;;
D2 (@ )y Qv is a right QF-system for V/V'.

(2) Let {9,; > s u,s®@v,s}, be a right QF-system for V/V’, and
Jiyt B’—B the right B-homomorphism given by b’—>,  %.p¥,;;9,(v;)
bv,s. By Lemma 3, 33, ; #,;Qy;9.(v)=2,; p(@:)@P¥:;9,(v)) is a
casimir element of B'®;B’. By Lemma 1, we have then >, ; p(x;,) f1;
O =200 200 D@D Ups D W3 9r (V) Vs =306 20,7 BigUns Vg 97 (V) bV
=2 1rs 9r(C 0 TigUrsl 0DV, =0" 33, ¢ 9,(Uy )0, =0, Which means that
{fiss p(x; )} 5 is an FGP-system for B’.  Finally, if f,: 3B’ 3—pBp are
given by b’'— >, u,b'v,, then 33; ;. (@) fr 019, (0)) = 24, ;9(219) [, (1)
=1. This proves that {f,; > ; p(®:)Qp¥:;9,(v)}, is a left QF-system
for B’/B.
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