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95. Structure of Cohomology Groups Whose Coefficients
are Microfunction Solution Sheaves of Systems
of Pseudo-Differential Equations with
Multiple Characteristics. 1

By Masaki KASHIWARA,* Takahiro KAWAIL**
and Toshio OSHIMA**#*

(Comm. by Kdsaku Yo0sIiDA, M. J. A., Sept. 12, 1974)

In this note we investigate the structure of cohomology groups
whose coefficients are the microfunction solution sheaf of a system .9
of linear pseudo-differential equations, when the characteristic variety
V of 9 has singularities of rather limited type, i.e., V has the form
V,UV,, where at least either one of them is regular. The precise con-
ditions on V and 9 will be given in the below. Our method consists
in two steps: firstly we investigate the structure of the system .9 it-
self in the complex domain and secondly we calculate the cohomology
groups by making use of a special expression of sheaf C of microfunc-
tions. In the first step we rely on the results obtained in Chapter II
of Sato-Kawai-Kashiwara [9] (hereafter referred to as S-K-K [9]) and
in the second step we resort to the theory of boundary value problems
for elliptic system of linear differential equations, which is expounded
in Kashiwara-Kawai [7]. These arguments will be also used in
Kashiwara [6].

Note that the investigation of cohomology groups whose coeffi-
cients are the microfunction solution sheaf of the system of pseudo-
differential equations are fully investigated in S-K-K [9] under the
assumption that its characteristic variety is regular, that is, V is non-
singular as a variety and o], #0 for the canonical 1-form w of the con-
tact manifold in which V lies. See also Oshima [8] for the case of
maximally degenerate system. We also note that great efforts have
recently been made to clarify the situation we encounter in the last
half part of this note by Grusin [5], Treves [12], Boutet de Monvel-
Treves [1], [2], Sjostrand [10], Folland [3], Folland-Stein [4], Taira [11],
Boutet de Monvel [13], and others in the case of determined systems,
though they only discuss the (micro-local) C=-regularity with the ex-
ception of Grusin [5], where the (global) C*-regularity is also discussed.
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In order to present all theorems in the simplest form as possible
as we can, we have restricted the investigation to the simplest and the
most typical cases in this note. The detailed arguments and the full
scope of the applicability of our method will appear elsewhere.

We now begin with the following theorem, which tells that a new
difficulty appears only in the situations treated in Theorems 3, 4 and
5 in the below as long as the geometrical structure of the crossing is
“generic”’. In fact we need not seek for any new means other than
those employed in S-K-K [9], when we deal with the equations treated
in Theorem 2 in the below.

Theorem 1. Let 9 be an admissible system of pseudo-differential
equations. Assume that its characteristic variety V is contained in
V.UV, where V; is a regular submanifold (i.e., non-singular and
o|V,;#0 for the canowical 1-form w). Assume further that codimy,
6NV G+, 7,k=1,2) is greater than or equal to 2 for any bichar-
acteristic by of V, (j=1,2). Then M is canonically decomposed into
the direct sum M,DM,, where M, is an admissible system of pseudo-
differential equations whose support is contained in V,; (j=1,2,
respectively).

The proof of this theorem relies on the fundamental structure
theorem for systems of pseudo-differential equations in complex
domain (Theorem 5.3.1 in Chap. II of S-K-K [9]) and an extension
theorem of Hartogs’ type for systems of pseudo-differential equations.

Remark. When we only assume that V, is regular and that
codimy, (h,NV)) is greater than or equal to 2 for any bicharacteristic
b, of V,, the conclusion of Theorem 1 still holds under the assumption
that proj dim H <codim V,.

Theorem 1 combined with Theorem 2.8.10 in Chap. IIT of S-K-K
[9] easily proves the following

Theorem 2. Assume that M defined on an open set 2 in v/ — 1S*M
satisfies conditions in Theorem 1in a complex neighborhood of 2. As-
sume further that the generalized Levi form L; of V, (j=1,2) has at
least (q+1) negative eigenvalues or at least (d«—q+1) positive eigen-
values at any point x* in V,NVS (j=1,2, respectively). Here dg
denotes the projective dimension of M at x*. Then
(1) Eth,z @2; M, C)=0
holds for any locally closed subset Z of £2.

Taking account of Theorem 1 we investigate in detail the case
where V,NV, has codimension 1 both in V, and in V,. In this case an
interesting complexity appears as the works of Treves and others re-
ferred to at the beginning of this notes suggest.

Before stating the precise conditions on .9 we prepare the follow-
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ing notion concerning the structure of a submanifold V of a contact
manifold with a canonical 1-form w.

If (/A (dw)) | (*) %0 and (0 A (dw)" ™) | (£*) =0, then z* is said to be
a point of rank 2r in V. If each point z* in V is of rank 27, then V is
said to be of rank 2r.

If we use this terminology, then saying that rank V is equal to
2 dim V—dim X —1 is clearly equivalent to saying that V is regular.

If X is a purely imaginary contact manifold, then the Poisson
bracket induces a skew symmetric form {£, y} on the cotangent vector
space T*X up to positive constant multiple. We define the hermitian
form on CQp, T#X=T%XC by {&,7}. Note that the generalized Levi
form of a submanifold V of the complexification X¢ of X is nothing
but the restriction of this hermitian form onto the conormal vector
space (T#X6) .

Now we state the precise conditions on .

The system S} of pseudo-differential equations we will study
satisfies the following conditions (2) ~(5)
(2) M has the form P’/ 4, where symbol ideal J of 4 is reduced.

(3) Supp M=V,UV,, where V, and V, are regular and V, and V,
intersect regularly along V,=V,NV,, ie., T,.V,NT,.V,=T,V,,
for any z* in V,NV,.

(4) dimV,=dim V,=dim V,,+1 and rank V,=rank V,=rank V,.

By virtue of conditions (2), (3) and (4) 4 contains a pseudo-dif-
ferential operator P which has the form P,P,+Q where P, and Q are
pseudo-differential operators of order m; and m,+m,—1 respectively
satisfying the following:

o(P)lr,=0 and {o(P)),o(P;)}ly,uv, never vanishes. Here o(P,)
denotes the principal symbol of P,. Then the last condition is the
following :

(5) (d( {a(PZ)( ,?(PJ})ACU)

Remark. The analytic function r=a(Q)/{a(P,),a(P))} restricted
onto V,=V,NV, is well-defined by 4 up to the permutation between
V,and V,. The permutation will bring ¢ into 1—%. See also Boutet
de Monvel-Treves [1].

Under these assumptions we may find a canonical form in complex
domain of such a system of pseudo-differential equations by a “quan-
tized” contact transformation, that is, we have the following theorem.

Theorem 3. A system M of pseudo-differential equations satisfy-
ing conditions (2) ~(5) may be micro-locally brought to the following
system Jl in complex domain by a suitable contact transformation.

never vanishes.
VinVa




No. 7] Pseudo-Differential Equations with Multiple Characteristics 423

(zl—a—-— zn_l>u=0
9 02,

o, j=2,...,d ([d<n—1).
02

Herewe consider Jlnear (2; &y + +3Cno1s &) =(0,--+,0,2%_,,0;0,...,0,1).

The proof of this theorem is performed in the following two steps:
firstly, conditions (2), (8) and (4) allow us to bring 9 micro-locally
into the following system i’ by the aid of a suitable “quantized” con-
tact transformation and by the application of the division theorem of
Weierstrass’ type for pseudo-differential operators.
(s +Q@, D) Ju=0

02,

7.

Mo, j=2,-..,d
024
Here 2’ and D’ denote (24,1, -+ -5 %2,) and ( 9 R i) and Q(z’,D’)
Ra+1 0z,

is a pseudo-differential operator of order 0.
Nextly condition (5) allows us to find a “quantized” contact trans-
formation which commutes with z, and -aﬁ— and which brings ¥/

2
micro-locally into the following system

0
(zl—agl——zn_1>u=0

o _g  j=2,...,d
0z
Now we apply Theorem 3 to calculate the cohomology groups
having as coefficients the microfunction solution sheaf of . which
satisfies the following conditions (6) ~(8) beside conditions (2) ~(5).
(6) The generalized Levi forms of V, and V, are non-degenerate,
and the hermitian form {&,7} is non-degenerate on (7% X°),.
N(T%,X% .+, where X€ is the complexification of v —1S*M.
(7)) VinNVi=V,NV5 We denote by W the real locus of this mani-
fold, which turns out to be a purely imaginary contact manifold.
(8) {do(Q)lw, do(Q)°lw}#0.
(@)
() {U(Pz), U(Pl)} Vinvsa
Remark. Condition (9) is imposed here in order to make the
argument simpler. In our subsequent note we discuss the case where
condition (9) fails. Condition (8) is a technical one and we hope we
will be able to drop it.
Under these assumptions we discuss the problem clagsifying it into
the following two cases according to the signatures of the generalized
Levi forms of V, and V,. We denote by L, the generalized Levi form

I

never takes integral values.
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of V, (j=1, 2, respectively). Its signature (p,q) means by definition
the pair of the numbers of its positive eigenvalues and its negative
eigenvalues.

Case A. The signature of L, is different from that of L,.

Case B. The signature of L, is equal to that of L,, We denote

it by (d-¢, 9).

Theorem 4. Assume that M satisfies conditions (2) ~(9). Then,
wn Case A, we have
10) Ext) (M, C)=0
for any j.

Theorem 5. Assume that M satisfies conditions (2) ~(9). Then,
in Case B,

11 Ext) (M, C)=0

holds for 7+q and the remaining q-th cohomology group is isomorphic
to C:. Here Cy denotes the sheaf of microfunctions on W=V,
Ny =1S*M=V,Ny=1S*M.

In order to prove these theorems we realize sheaf C of micro-
functions on the conormal bundle S§Y of a hypersurface H of real co-
dimension 1 in a complex manifold of Y and investigate the structure
of holomorphic solutions of the system Jl on Y.

Remark. We may discuss the micro-local solvability and regu-
larity for a wider class of pseudo-differential equations other than the
equations discussed here. The equation [:ﬁl(Z L+ ZZ1) —ia—g—t]u(x, t)
=0 with zk=_é_(_éa_%+zaxi+k 2+ it )
falls into such a class. This is the equation of the type discussed in
Folland [3]. See also Folland-Stein [4]. We note that not only the
C~-regularity but also C*-regularity does hold for the solutions of this
equation if e +n, +(n+2), +(n+4), ---.

>(k=1,~ -,mandaecC
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