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115. On almost Primes in Arithmetic Progressions. 11

By Yoichi MOTOHASHI
Department of Mathematics, College of Science and
Engineering, Nihon University, Tokyo

(Comm. by Kunihiko KODAIRA, M. J. A., Sept. 12, 1975)

§ 1. Let P, denote as usual a number which has at most » prime
factors counting multiplicities. In our previous paper [2] we have
proved that there are numbers such that

P, k1, P,=1 (mod k),

P.« k(og k)™, P,=1 (mod k),
for almost all reduced residue classes [ (mod k). The purpose of the
present note is to study briefly the dual problem in which the reduced
residue class [ is fixed and the modulus % runs over certain interval.
We prove

Theorem. Letl be a fixed non-zero integer. Then there is a P,
such that

P.< k(log k)™, P.=1 (mod k),
for almost all k, (k,)=1.

Our proof depends on two recent results: one from [2] which
concerns to a compact presentation of the sieve procedure of Jurkat
and Richert, and the other from [1] which is a simple variant of the
dispersion method of Linnik. These are embodied in lemmas of the
next paragraph.

Notations. In what follows we always have (k, )=1, and we may
assume that I is a positive integer. =z is a positive and sufficiently
large parameter. ¢(n) denotes the Euler function, and d(n), d,(n) are
divisor functions. (n,m) and [n,m] denote the greatest common di-
visor and the least common multiple between » and m, respectively.

§2. Let 2=2 be arbitrary, and let
Pd=Tlp, Te@=I] (1_1),
sz P

sz
P\k 1343
p being generally a prime number. We introduce another parameter

w such that z<w, and we put, for any non-negative constant ¢,

Vs kLz,w)= > J1—¢ > (1--28P )|,
n=t (inod k) pTn log w

nsx ikl

(n,1)=1 z2sp<w

(n,Pr(2)) =1

S@; kLiz,w= > > 1L
n=l (mod k) p2in

nsx VKL

(n,l)=1 zsp<w
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Also we write
(1) W k1l 2, w)=V (x; k,1; 2,w)—S(x; k, 1; 2, w).
We define the functions f and F by the difference-differential equation

4 ey =Fu—1, - @F@)=ru—1, u=2,
du du

fw=0, Fu)=2¢/u, 0<ug2,
where 7 is the Euler constant, and we put, for any 1<u<w,

T, v)=F(0)—¢ f F(@( ))(1_7) dtt

Then we have, by an easy modification of the argument of [2],
Lemma 1. Let R be a parameter with R< a2, and let

2<z<w=<xz/vVR.
Then there are numbers ®(m)=90,(m ; x,z,w, R) such that
(2) Viasklnwz 3 (3 om).
m|n

n=l (mod k)
1) =
nsz

And these numbers have the properties:
O(m)=0(d;(m))
d(m)=0, for m>xz/v/R.
Moreover we have
(3) 5 d(m) >¢(Z)F (z)w(logx/x/R’ logx/VR)
mE=1 m log w log 2

—O((log x)7),
The next lemma is a slightly generalized presentation of a recent
result of Hooley [1].
Lemma 2. Let c¢(m) be any complex numbers, and let | be a
positive integer. Then we have, uniformly for all involved parameters,

(Z. c(m)>_ pD@E=D s clm) P

E=H<IK Ik (mFD=1 M

(k1) =1

n=l (mod k)
(n,l)=1
nsx

2 ) ? |e(m,)c(m,)|
< <—I?> (méu |c(m) |) +alogz m % - W(d(ml) +d(m,)).

§ 3. We now show a brief proof of our theorem. We set in
Lemma 1

n
msM

r=@/VR”,  w=(@/VR)",

1 10
—=4——"(A4;—9),
: 5 (4;—0)
where
Ay=4— log 27/7
log 3
and § is an arbitrary small positive constant. Then we have, by [3],
log /v R logx/x/R) log 9
4 ¥ ( , S
4 ¢ log w log 2z 2 ¢ log 8"
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On the other hand, writing V®(x; k) for the right side of (2), we
get, from Lemma 2,

W(ne 1y eD@—D d(m) P
< T{ﬁ%(log 20+ z(log 2)".

Hence, noticing (3) and (4), we have
(5)  V&@;H=1+0(og z)-)eD@=D s 2m)

lk (mED=1 M
save for at most

<& (log 2y + X (log »)
R x

modulus k& from the interval [K, 2K).
Also, again appealing to Lemma 2, we see easily

A rpf BN, 0, @
’%f%f:i‘ (S(x; k, 1; 2, w)) <<( 2 )w 2

Thus we have

(6) S(x; k,1; 2, w)<<—1§-(log x)~?

(5 +5 )

modulus k from the interval [K, 2K).
Finally we set

save for at most

R=ux(log x)%,
K=2z(og z)~™.
Then we have, from (1) to (6), that, for sufficiently large z,

We; k,1; 2, w)g%rk(z)ef

save for at most K(log )~ modulus k from the interval [K, 2K). Ac-
cording to [3] this means that there is a P, such that

P,.<x«<XK(log K)*

P.=1 (mod k),
for almost all %.
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