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Let ey, co. .. ... be a sequence of real numbers and ¢4(x), ¢2(¢),......

a sequence of normalized orthogonal functions in the interval (0, 1) ;
then relating to the series
(l) ¥ (x) + Cc2 92 (x) +......
we have the following theorems :
(A) If the series >)(logv)?.c,®2 is convergent, the series (1)
converges almost everywhere in the interval (0, 1).

(B) If the series >)(loglogv)2.¢? is convergent, the series (1)
is Ci-summable almost everywhere in the interval (0, 1)?.

The author proved that (A) and (B) are deducible from the follow-
ing theorem, due to Borgen and Kaczmarz?.

(C) If the series >)(loglog )% ¢,® is convergent, the sequence of
the partial sums

@) sz, 2),s@, 29, ..... ., 80,27, ......

converges almost everywhere in the interval (0, 1), where
s@, p)=cre1(@) + cope(@) +...... + ¢, ¥ (@).

Conversely, it can be shown that the theorem (C) is deducible from
(A), and also from (B).

Thus, we know that each of the theorems (A) and (B) is deducible
from the other; i.e.

The theorems (A) and (B) are equivalent.

Corresponding to Lebesgue’s constants in the theory of trigonome-
tric series, we have for the system of normalized orthogonal functions
o1(x), (), ...... , Lebesgue’s functions
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P () = lim sup rf (y),i",% (@) ¢v () dy n=12....),

0

for any f(x) Buch that |1f(@)1<1, 0<2<1.
Rademacher? has shown that

P (w)=j:|§:¢v(x) ?(y) ldy=0((log ne". n%) ,

almost everywhere in (0, 1), and that

Pp= O(n%_) »

when oy, ps, ...... are independent of z.
We can, however, prove the following

Theorem. FExcept in a null-set, Lebesgue’s functions p.(x) (n=1,
. ) of the normalized orthogonal functions ¢1(x), ¢2(x),.. .. satisfy
the relation

pi@=0 (Qog . wd),  e>o,

in the interval of orthogonality ; and

1
P < m2,
when the functions p,(x) (n=1, 2,..... ) are constants.
As regards the order of the functions
Pul@, Y)=¢1(x) P1(y) + ¢2(x) P2(¥) + . . . .. +¢,(1) Pa(y), (n=1,2,....),

Bossolasco? proved that ¢, (z, y)=o0 (rn) almost everywhere in the square
Q: 021, 0Ly<1. Wecan, however, improve his result to

ealz, y)=o((log . n%> , >0,

almost everywhere in the square Q.
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