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We consider the differential equation
———f @, ), (1)

where f(x,y) is a continuos function of x and y in the domain D
0<z<a, |yl<b). The equation (1) has always at least an integral
curve which passes through =0, y=0. For the uniqueness of the
integral curve of (1) many sufficient conditions are known. Besides
the well-known Lipschitz’s condition |f(x, y))—f(x, y2) | < Klv1—:1, a
sufficient condition

If @, y0)—f @, 4| < Kly1i—ys | log—2— @
ly1i—2el
or more generally
If @, y)—f @, )| << ¢ (ly1—:]), where hm§ -«7:—00 3
was given by Osgood,” and another condition
£, 0~ w < w2l o<y, @

by Rosenblatt.?
Recently Nagumo® without knowing Rosenblatt’s condition (4) has
discovered a more general condition

If @, y)—f @, y) | < m;”—zl ) (5)
Nagumo? and Perron® have extended the condition (5) to
@, @ g < 1wl ©)

Further Perron® has shown by simple examples that
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If @, y)—f (@, yz)|<<1+e)ﬂgﬂ'—, e>0 @

can not be a sufficient condition.

On the other hand Montel”? has given a general condition which
implies (2), (8) and other conditions given by Tonelli and Bompiani.
Recently Iyanaga® discovered a more general criterion for sufficient
conditions which can be expressed as follows: In order that the
equation (1) has in D a unique solution which passes through x=0,
y=0 it is sufficient that we can find a differential equation

dv
W_g (u9 'U) ’ (8)

satisfying the following conditions :
1) ¢(u,v)is defined in the domain D* 0 u<a, 0= v < 2b),
2) the equation (8) has at least one integral curve v (u)=7v (u, uo, Vo)
through any point (s, v0) in 0 <<ue = a, 0<vy=<2b, so that
2a) v (u) exists for 0 <u < u and 0 < v(u) < 2,

and 2Db) lirg v(u) >0 or lin} v(u)=0 and limo g—z >0,
3) For arbitrary y: and y: (y1 > ¥2) in D we have the inequality

9 @, y1—y2) > f (@, y)—f (x, v2) .

The proof can be obtained as follows: Let %1 (x) and y:(x) be two
different solutions of (1) with #:1(0)=%2(0)=0, then putting y:1(x)—y2(x)
=¢(x) we have ¢(0)=0 and ¢’(0)=0. Now suppose that there exist a
point 29, 0 <20 < a, at which ¢(x,) >0, and let v(u)=v(u, uo, vo) be a
solution of (8), where x,=wu,, ¢(x0) ="o.

By 3) v'(w)=g(u,v(w)) > f(w, ys(w) )—f (u, y2(w) ) =y1' @) —yz' () =¢' (w).
By 2) w(e) > ¢(e) for a sufficiently small e. From v(u¢) =vo=¢(uo), we
must have a point %, # < uo, such as v(z)=¢(#%) and v(@—0) > ¢(@u—9).

Thus  lim _"’_(@_‘)_—3@___,,@) <¢'@)=lim @:‘BL@—_B) ,

which contradicts v'(u) > ¢’(u).

This Iyanaga’s criterion is of very general character, from which
all the sufficient conditions above cited can be deduced. Here I will
give some new particular conditions, which seem not without interest.

Theorem : For the uniqueness of the solution of (1) each of the
following conditions is sufficient.

1) Montel, Bull. Scie. Math. France 50 (1926) 215.
2) This will appear in Japanese Jour. of Math. 5 (1928).
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Condition 1.7

|f (x, y1) =S, yo) | < (1+ () )13’—‘;—@ where ¢(z) >0

and lim i:ldx>—M, 0 <M< o, 3>0.
8

%=0,

Condition II.?
Vi, ) —fi, ) | < A%l g1y gopiog 1,
x lyi—el
0=a<l, 03
Condition 1ILI.» 1 1 l
~el " Tyl
Ifie, y) Ao, )| < 10122 0 lylk , 0<I<k, 1Z1.
w Ilog?
Proof. For the proof of Cond. I we may apply Iyanaga’s criterion
and consider the differential equation

-jl’l=(1+e(u) )L =g(u, v) )
U u

and put an indefinite integral je—(u@du=1 (u).

The general solution (9) is v=ueC*™ C being an integration-
constant. By I(u) >—M we have for any C==0, == oo,

lim-%Y = o0+ 100 4 e(u)eC+ 100 >,
u=0 du
Hence Cond. I is proved.

For the proof of Cond. II we consider

—dL=al—ﬂ'vlog V. 10)
du u

Bu
The general solution of (10) is (putting an indefinite integral y—gu—du
=G(u)) v=e"""Gu)+Ce.
On such curves v (4, C) we have

& _, e MG(u)+Ce " +log (—aﬂe‘““G(u) + %—.BCG'““)

log du

1) Compare with (6) and (7).
2) Compare with (2) and (3).
8) From Cond. III we can obtain a sharper condition than Cond. I and (6), for

example, for y < g{loed™, m> lc;—l, Cond. III and for y>w(_'°“”)m Cond. I.
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=ae“"‘G(u)+log—11L—+O .
Putting a =—ii_—r , 7>0, and choosing ¢ < 7 and then J(¢) so that

og 26 < 66E)-6w) < a+9 log "),

we have
10g~ — <1~ 1+;e"" Iog~1~+0(1)—+ +oo .
Hence lim v _ + oo
u=0 du

For the proof of Cond. III we consider

v _ v (“logv) (§5))
du u (—logu)’

The general solution of (11)is, for0 <l < k < 1,

— 1

On such curves v(u, C) we have by I < k&

log {11 Ilc( log u)*~ "+C}' * +log(—log u)*
+Iog{11 =L (- logu)“"+C} = +log—1— —+4 0,
Hence hmi‘lv——+ oo,
u=0 du

Similarly for I < k=1 and 1=l< k.
Remark: During the preparation for this paper I was told that
Mr. Fukuhara® had also given a sufficient condition

“S:k(x)d”< M,

1+4+¢(x)
x

1fx, y1)—f, yo) | < k(x) |ly1—y2|, where lim ze

which is identical with Cond. I, for, putting % (z)= we have

jf%l dz > — M, and conversely, putting e(x:)c_+l =k(x), we have

lim w ¢~ VKM _ gy

z=0

1) This will appear in Japanese Jour. of Math. 5 (1928).



