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Mathematical Institute, Hokkaido Imperial University, Sapporo.
(Comm. by M. FUJIWARA, M.IA,, Oct. 12, 1933.)

I propose, in this paper, to extend the results of my investigation,?
so that a theory on the Finsler space by E. Cartan® can be deduced
from mine by specialization.

1. In a generalized Finsler manifold, whose every element (", ;)”)
is a point 2* (in an n-dimensional manifold) associated to a system of

1 2 r
the line elements 2*, p, ...... , p*, we define a connection from an element

[4 i [
(=", p*) to its consecutive element (x'+dx*, p*+dp*) for an ordinary
vector v* as follows:
L7 % i

a1 Sv'=dv*+ v (Lnda* + 3 AXudp®)
and for a pseudo-vector of the class k: 1’
12  sr=dr+ri(ude* + ALY — ke Fda*

[ 1 r
where I3, I, and A}, depend upon 2°, % --.... , p*. The variations

$

dp’ are independent not only of one another but also of dx’. For a
transformation of coordinate systems z*=z"(x") the new parameters
‘I and ‘T, of the connection have the forms

(1. 8)

o i i Y i
D= PG+ P+ RSN o2 +ip B2,
@ 4) T=@uh+ 2l

ox*

respectively and the other parameters ’/l\K,;
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(1. 5) ,A Xy.= a‘iP:QgQ;/\gT ’
. oz . O
where pP; 2 =

and « is a function of position which appears in the formula of trans-
formation of pseudo-vectors.” (1. 3) shows that 73} are not transformed

as the parameters of an affine connection and (1.5) that /h’u are
affinors of the class —1.
In accordance with the rules of transformation we can derive r

affinors Iz’l“n from the parameters I3, I, ;\X“ and that of the base-
connections :?
i i i i 4 i 3
.6  By=ru-isth~lirish,-SAnda -l
2. There are in this connection not only the covariant derivatives
V,w which are the coefficients of dz* in &v", but also many others

va the coefficients of the covariant differential Bp with respect to
the base-connections :

v : [ . i
@ 1) V0" _%+Iazv*—z%avv(lzz—ii;s;)éﬂ,
i v [
2. 2 6,,1)‘“—— 2 + A0
op*

We haxe namely
2. 3) 8v"=dx“vuv”+2§;)"%7,.v” .
?
These covariant derivatives V,v* as well as 6,;1)” are all affinors, being
contravariant for the upper suffix and covariant for the lower. The

i
affinor V0" is of the class —1%, when 9" is an ordinary vector.
3. There exist many curvature tensors of our connection :

G. 1) Rl‘m,=K2’m..,—zi]ﬁl’m(l?«,—i&%li);f+§}1§Yawp(1‘?u—i5'%ﬂ);0‘

%7 z . 7 j . J iai
—SRu —isel) (e —jsilypep*,

1) For a pseudo-vector rV of the class k
/rv=akPgts .
2) A. Kawaguchi, loc. cit.
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i J

1 A 1 7
G. 2) Rl’M,.,=K.”w..,—%}Rr;p,,(lll&—jaiﬂ)p‘

] & v 3 v ] 1 i 7
3 3) Rne=20 PNe  Ax A, - AnAt,
op® op*
which are all affinors, where

(3. 4) :‘Ml.w= aalx-'il‘- - _aa‘% + I;:)I;?p - I-;TI-I;PN »
g v a[‘lvp a;\l"w iv ]"p I"v i
(3. 5) '“""'=_i—— - W + /\pm Ap T pu/\xm ’

op®

which are not affinors. Ry is of the class —i and R’y of the class
—(2+7). It follows after some calculation

3. 6)  (3B—&&p'={K .”mdlac"dzw'”f?i' it dp — dip*dis?)
+ 3 Bt 4}

= (Rt d+ 3 Ry b5 — S’

J

TR ST N
+i2j nwd1D" 820"}V
for the surrounding of the vector v* about an infinitesimal circuit.
4. On the other hand, we have

(4. 1) (6«,6;:. - 6p6u)’vv=%rluwvx - ;\:«:6«1"' + A ‘:u{?nvv

%3 .'i“ [ i“ 3 j“ Y i“ Y
= (erll.u— Auw/\;n + Aup./\x'u)'v)‘ - (/\p.m*‘:)_‘ — /N\pew :) ) ’
op” op©

(4. 2) (V pVy. - Vpe p)"l’v:.R:‘)q‘,pvA + P‘!pﬁ%}vv - ;\,’:pvxv”
) i i
_2 {7}‘,‘,\( a{;m _js’k‘ a{u );)n ,
! op® op®
(4. 3) (V..,V,., - V,;V..,)’U" = rlpwvl + 2Tolwp,v l”v + ‘2 TQ.X‘:.,"‘;)‘!6A,0V ’
where
j . j 3 3 3 i

8  Th=Ra= S -8 fp A= Pl I

+ iséw(n] - ITII»]) ’
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i 3 Ii? D f' oA j |
4. 5) le‘ﬂLw= w[u —18% E,u — I d G+ Z(f;%u *.73?‘1]&»)1)‘"
2 ox*l o] E]
o 4 con ¥
X— 12 —i8515) .
op~™

T),. and é.’-_u.., are also affinors, of which the former is the torsion
tensor of the connection and the latter are the curvature tensors of
the base-connections.

5. In Cartan’s case we may assume 11,L=0, as there exists an
integral invariant s= SV F(x, 2’), which will be taken as the parameter
ds

1 1 [
for the line element p*= Let Aanv=0rAj” be symmetric and

1 1
NAawp’=0, being g,,=F,2,». For the parameters of the base-connec-
tion we take

1 1 1 1 1 1
k. 1) =10 — NA gp™ = — N ogp™
and assume 8g,,=0. Then the curvature tensors (8.1)-(8.3) are
nothing but those introduced by Cartan. In this case we have

1
5. 2) PXV.= 0,
(5. 3) Tr}-u= 0 ’
1 A 1 1
(5. 4) Q.nmpt = thumpt .

From (5. 3) we can conclude that Cartan’s connection is symmetric or
has no torsion.

1
1) Cartan, loc. cit. Cartan uses the notation C}, for our A}, .



