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27. On a Property of the Fourier Series of an Almost
Periodic Function.

By Shin-ichi TAKAHASHI.
Mathematical Institute, Osaka Imperial University.
(Comm. by M. FUJIWARA, M.LA.,, Mar. 12. 1935.)

In the theory of an analytic almost periodic function Bohr’s
“ Randwertsatz ” plays an important role. It concerns with an analytic
almost periodic function whose Dirichlet exponents have the same sign.
In this paper, we shall prove a theorem which is regarded as an
extension of Randwertsatz to the case where Dirichlet exponents have
not the same sign.”
Theorem. If an indefinite integral of an almost periodic function
of a real variable
f@) ~3 A (—0 <g<w)
is bounded, then the series
S1A,sgn A, - 7%/ nlgt M
where ¢ is any positive number, is the Fourier series of an almost
periodic function.
For the proof,? consider the function
A
SDA(t):*:lr'so ,,x[@ft)&;figtﬁt@,,dx (—o0 <t<w),
where A and o are any positive numbers. Then ¢4(f) is an almost
periodic function. Indeed, taking 7 as a translation-number of f(t)
belonging to e, i.e.
ft+0)—f)|<e, —o<i<ow,

1) In case where Dirichlet exponents have not the same sign, the following
theorem is known:

If f8)~E Age’®, 8=c+1it
is almost periodic in <a,8> and if its integral FY{s) is also almost periodic in <o, 8>
(which is true if F(s) is bounded), then the series

2 Ane/\,ns s 2 Ane /\ns
A <0 Ay >0

are the Dirichlet series of two functions fy(s), almost periodic in <a,+%) and f.(s),
almost periodic in (—o,8>.

2) I owe this method of proof to Mr. Favard’s paper: Sur la fonction conjuguée
d’'une fonction presque-périodique, Matematisk Tidsskrift (1934), p. 57.
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we have:
At +7)— ()

j 2Z[fle+t+7)—fle+t)]—2[(—z+t+7)—f(— x+t)]dac
e P +a?

from which
| palt+7) —@a(t)| < = log (1+ 42)
m o2

Thus a translation-number = of f{(t) belonging to ¢ is a translation-
number of ¢4(t) belonging to er~'log (1+ A%?).
Now consider the Fourier series of ¢4(f). We have

a4(2)=M{pa(t)e "}

_}}_w;fo 2 mz{T f [f@+ ) —f(— x+t)]e-mdt}

and
- [+ -f-z+tle-at
o= L[ foprouar—ee - L[ flgeat.
When T increases infinitely, it is well known that
%;—jj}(t)e"‘”dt , % J ::}(Tt)e-“tdt

tend uniformly to the same limit a(2).
Thus for any positive number ¢, one can find an integer m such
that for T>m the following inequalities hold :

}f j”?(t)e-ﬂtdt:au) +¢ @ T) with |¢ (@ T)|<e,

L Roeotts=a 4@ 1) with 10, DI<e,

‘a () - L ;ﬁz{ ; j:[f(xﬂ) —f(—x+t)]e""“dt}!§_ e

Therefore we have

1 j: xdx {7AJ [Fe+t) —f(— a;+t)]e"'“dt}

o+ o?

_ 2ia(A) (“x sin Az 1 (4 z¢(x, T —xe”(x, Te ™=
- Jo i BF So ot d

X,
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from which

=025 i L (10 2)

But we may take ¢ as small as we please; it immediately follows
_ 21a(2) j 2 sin Az
a4(2) o o2 L a:z dx
so that
~ zsin Auz } i At
e~ 2 24, [" Sin M2 ot
Let F'(t) be an indefinite integral of f(t). Under the hypothesis that
F(t) is bounded for —ow <t<<c, it is easily seen that when A increases
infinitely, ¢4(t) converges uniformly to the limit function ¢(f) which is
itself an almost periodic function. Indeed, taking two positive numbers
A; and A4, (4,<<A4,), we have:

P4,(t)—94,)
l[mF(x+t)+xF( —z+t) T IS“z(d2 )N F@+t)+F(—z+1)] 5
o+ , wla (P+ 2 ’
Let M be the upper boundary of |FY(f)|. Then one can deduce from
the above equality the following inequality :
AM A AM
— < . 1 <
loa®=ea®I< 5 e <0
This shows that ¢4(f) converges uniformly to the limit function ¢(t)
when A increases infinitely.

On the other hand, it is well known that the Fourier series of
the limit function of uniformly convergent sequence of almost periodic
functions is the limit of the Fourier series of the almost periodic
functions in consideration. Therefore we have

L2 x sin A,z At
o)~2 a4, o A 2SI AD gl

But one can easily assure that the following equality holds:

.

“xsin A 5.
0 P+a? do= 2
Then we have

?(t)’”iElAn sgn A\, - 7% Maleint

Thus our theorem is completely proved.
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