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Recently some sufficient conditions for the multivalency of an
analytic function in a simply-connected domain are established.” The
object of the present note is to prove two theorems to this effect.

Theorem 1. Let f(z)=z+az%+------ be analytic and meromorphic
for |2]<p (p>1) and f(z)==0 for z==0 (|]2|=<p). Then f(2) is at
most p-valent in |z|<<1 if

e —
|f(Z) | > 1/ﬁ(;:i)2(p+l) fOl' IZ' ’—P .

This theorem has already been proved by Bieberbach for the special
case p=172

Theorem II. Let f(z)=2+a,42? 1+ be analytic and regular
for |2|<p (p>>1). Then f(z) is p-valent in |z|<<1, if

lfz(j) <~/1+(1—%)2(M) for  |z|=p.

Proof of Theorem I. ¢(2)=f"(2) is regular for 0<<|z|<p and
has in 2=0 a simple pole whose residuum is equal to 1. Therefore
we have

go(z)=~i*+“"l” 5 o1 g i<,

2ei )., &C=2)
Putting
[Zoy 21y -+- - nf1=l L 29 2. 271 flz) 1 2z 2 ... b7
1 2z 2 ... 271 f(z) . 1 2z 2% ... 2F
1 2, 24 ...... 2 f@)| |1 2y 2.l 25
where 2z, 2y, «----- ,%2p, lie in the unit circle, we get by induction the
equality
—1)? —_
[0, 21y +eeee- s Zpy 91 —_zO‘z%‘l)zp +El7;?f Id‘_p C(C—zo)(?i(g)l(c—zp)dc .
Thus ¢(2) and also f(z) are at most p-valent in |z|<<1, if
‘WL?,L% Co(O)—1 o del<1

2t m-,,f&' —2)(&—21)-- .- €=z,

1) Cf. P. Montel: Sur une formule de Weierstrass, Comptes Rendus, 201 (1935),
322.

2) Bieberbach: Eine hinreichende Bedingung fiir schlichte Abbildungen des Ein-
heitskreises, Crelle Journ., 157 (1927), 189.
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for all 2y, 2y, ------ ,%p lying in the unit circle. Now
! ZpRpeenees 2, Co(0)—1 dcl
2t lmp C(E€—20)E—2)- - (€—2,)
[£p()—1| do — g0
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1 1 3
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[ﬁc“’m | 5 =2 B[ C—2 ... [C—2, P ]
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2—-1}do
[f""“’(‘“ l}dj |2 ElC— 2o | E—2, d(’]

<1 [2”(pzM2(p) I)W]J}

_[(pzmm )i |

where Igp(z)|<M(p) for lz|=p.
Thus f(z) is at most p-valent in |2|<<1, if

13 (0— 1)2p+D
Mp)< 1/1+(pp 1)X»D ,

ie. A2 > 1/1_'_( —{y for |z|=p,
and Theorem I is proved.

Theorem II can be proved just in the same way as Theorem I.
It is sufficient to remark that under the hypothesis of the theorem
we have

. fQ)—=¢*
ﬁ(z)—z+2m.lc§o U SIS

and therefore
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