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1. Let f(x) be integrable and periodic with period 27 and let its
Fourier series be

1) Slx) ~ % ao+i}1(a,, cos nx+b, sin nx) .

If f(x)e L, (p>1), then (1) is strongly summable for any positive
index at a Lebesgue set, that is:

@ 33| 8@) —f@) [F=om),

for every k>0, where s, is the partial sums of (1). If f(x) is merely
integrable (2) does not necessarily hold at the Lebesgue set. Pro-
fessors G. H. Hardy and J. E. Littlewood proved, however, the follow-
ing theorem.?

Theorem. If
5 (19t 1du=0(),
then
@ 33| 8/a)— @) P=o(nlog n),
where
®) plu) = {fla+u)+fla—u)~2f@)}

They proved this theorem by power series method. The object of
this paper is to give an elementary proof.

2. We make the ordinary simplifications. Suppose that f(t) is
even and z=0, f(0)=0, so that ¢(u)=s(u). Thus we shall prove, under
the condition

©) [l 1760 du=0)=0(t),
that
(7 ﬁ_osﬁ=o(n logn).

1) This is due to Hardy and Littlewood, The strong summability of Fourier
series, Fund. Math., 25 (1935), 162-189.

2) Hardy-Littlewood, loc. cit. It is unsolved, however, whether (2) holds almost
everywhere,
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We first note that under (6)

®) su Lﬂ;i dt=o(log ),
* @) g,
©) Lm—tz dt=0(n)

which are easily obtained by integration by parts.
Now we have

sin vt sin vu
(10) z:s2 5 j NOECS dts ) S Guyt-0(n)

=?L Mdtjo Jw) ¢ y}_]lsin vt sin vu+o(n)

t U
=J 5 L L L L ot
=i+ Lot 3+J+o(n),
say. We have
an FAES MFCIE I o IO

FAEES j If(t)ldtj 'f‘“)'z»du

/n

which is, by (6) and (8), less than
n? (V" * | fw)]
(12) ?L | feylde |* 2T

1/n
=o(nlogmn).
Similarly we have

(13) | J5|=0(nlogn).

Next we write J;. as

=1 (" SO 4 S ) )
a9 J=; Lm L/,. 3 (cos »(u—1) —cos »(u-+1)) du

1 (" f@) . (* f) /sinn(u—1)
ﬂ'zjlln t at i/m U (

u—t
sin n (u+1t)
—Snnert) )du+o(log’ n)
=§ w2 f(tt) dtj f,(:) sin Z (ut" t) du
1n 1/n -
R
/2 n
_ = f(t) (t) Au) sinn(u+t)
27?2 Un j yn U u+t du+o(log*n)

—L.1+J4,2-J4.s+0(1022 n),
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say. Clearly we have, by (8),
1@l fit) | dtfr 1fw)| du)=o(n logn).

n U

15  Jie=0(n [

n/2

We divide Jy; as follows:

(16) J 1r/2s* 4 1 1 Jn/?
1= 277-2 jl/n lu—t| <1/2n 2712 1/n jlu—tl<l/2n

the first term of which is, in the absolut value, less than
/2
n 5 LA g § 1@ g,

1/n lu-ti<ion W

=nsn/2 lf(t) I dtjul/znlf(L)' du.

1/n t—1/2n u

This does not exceed, using integration by parts in the inner integral,
/2 —
"S f() | {¢(t+1/2n) _ o 1/@} dt

vn t t+1/2n t—1/2n
+nsn/2 |f(t) ] dts-tﬂ/zn (p(u) d'u,
n t-12n U

_ =2 | f(t) | t+1/2n
o(’n]og'n)+njlm ; logt 1/on dt

- 2l 1 1
—o(nlogn)+0< L/ﬂ P 1/2'n " dt)
=o(nlogn).

The second integral of the right hand side of (16) is, in the absolute
value, less than

an a0
LSO g (T @) g4
o 2n? Ss/zn t tL/u w(u— t)

the first term of which is, by integration by parts and (8),
A (RO 0@ T g 1 j”’z If®1 4 tj o) @u—1) 5

= 2712“ t w(u—1t) hion 272 Jym t+yzm  UWU—1)

S e K W A (M W

=0(log n)+o(nlog n)+o (nsmM dt)

1/n
=o(nlogn).
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Similarly we can prove that the second term of (17) is also o(n log n).
Thus we get

(18) Jo1=o(nlogn).
Lastly we shall estimate J,s.
1 (21| " |f(w)| du
19 Jis| <
(19) |4s|_2n,j . dtj ul

< L [P0l [ 110l g,

1/n 1/n

=o(nlogn),
by (9).
Combining (14), (15), (18) and (19) we have
(20) Ji=o(nlogn).

Thus by (11), (12), (13) and (20) the proof is complete.



