Strong topological transitivity of some classes of
operators
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Abstract

In this paper, we investigate the strong topological transitivity of some
well-known classes of topologically transitive operators. Also, topological
largeness of the set of all strongly topologically transitive operators on a
second countable Baire locally convex space is investigated.

1 Introduction

Let X be a topological vector space and L(X) be the space of all continuous lin-
ear operators on X. By an operator T, we always mean T € L(X). An operator
T is said to be hypercyclic if there is some x € X for which orb(T,x) = {T"x :
n € INp} is dense in X. In that case, x is called a hypercyclic vector for T. Here
No = {0,1,2,3,---} and T° = I, the identity operator on X. Two historic exam-
ples of hypercyclic operators are the derivative operator on H(C) which is due to
Maclane [6], and T = 2B, twice the backward shift on #2, due to Rolewicz [8].

The set of all hypercyclic vectors for T is denoted by HC(T) and it is known
that, if T is hypercyclic then HC(T) is dense in X. If HC(T) = X\{0} then T
is called hypertransitive. It is clear that T is hypertransitive if and only if T lacks
nontrivial closed invariant subsets. The Read operator on ¢! is an example of
such operators [7].

An operator T is called topologically transitive if, for any nonempty open sets
U,V C X, there is some n € INg such that T"(U) NV # @. It is well-known
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that, on any second countable Baire topological vector space, an operator T is
topologically transitive if and only if it is hypercyclic [3]. Also, it can be readily
seen that T is topologically transitive if and only if, for any nonempty open set

UcC X, theset U T"(U) is dense in X.
n€lNp

Recently, the authors in [1] have introduced a new type of transitivity which
is strictly stronger than topological transitivity:

Definition 1.1. Let X be a topological vector space. An operator T € L(X) is

called strongly topologically transitive if X\{0} C | T"(U) for any nonempty
n€Ny
openset U C X.

That the strong topological transitivity implies topological transitivity is
apparent from the above definition. We will see in section 2, that there are topo-
logically transitive operators which are not strongly topologically transitive. The
difference of topological transitivity and strong topological transitivity can be
explained in the language of equations. Given a nonzero point xp € X and an
open set U C X, is there a solution (19, yp) € No x U for the equation T"y = x?
Topological transitivity of T can only give approximate solutions for this equation.

Indeed, since |J T"(U) = X there are sequences (ny); in Ng and (yx); in U
n€Ny

such that Ty, — xp as k — oo. Then for large enough k, the pair (ny, yx) could
be considered as a desirable approximate solution for the equation T"y = xo.
Now, if T is strongly topologically transitive then the mentioned equation has
exact solutions by the definition of strong topological transitivity.

Proposition 1.2. (Proposition 4 of [1]) Every strongly topologically transitive operator
is surjective.

Proposition 1.3. (Proposition 6 of [1]) An invertible operator T is strongly topologically
transitive if and only if T~ is hypertransitive.

Proposition 1.4. (Theorem 5 of [1]) An invertible Hilbert space operator T is strongly
topologically transitive if and only if T* is strongly topologically transitive.

Remark 1.5. The above proposition is also true for invertible operators on locally
convex spaces. Suppose X is a locally convex space and T € L(X) is invert-
ible. If M C X is a nontrivial closed T-invariant set then it is easy to see that
M* = {f € X*: f(M) = {0} } is a nontrivial closed invariant set for T*. Thus, T
is hypertransitive if and only if T* is. Now, the result follows by Proposition 1.3
and the fact that (T*)~1 = (T~ 1)*.

In section 2, a necessary and sufficient condition for strong topological tran-
sitivity of an operator acting on a topological vector space is presented. Then
we investigate strong topological transitivity of some well-know topologically
transitive operators. We show that: the derivative operator on H(C) is strongly
topologically transitive but translation operators on H(C) are not; multiples of
backward shift on ¢¥ and cy are strongly topologically transitive if they are topo-
logically transitive (or equivalently hypercyclic); the adjoint of an invertible mul-
tiplication operator on H? is not strongly topologically transitive but, if the multi-
plication operator is not invertible, we may have strongly topologically transitive
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adjoints; no composition operator on a Banach space of analytic functions on the
disk is strongly topologically transitive. Also, we give a sufficient condition and
a necessary condition for strong topological transitivity of weighted backward
shifts on /7 and cy.

In the last section, we see that strong topological transitivity is preserved
under similarity. In other words, if X is a topological vector space and T € L(X)
is strongly topologically transitive then for any invertible operator | € L(X), the
operator ]~ !T] is also strongly topologically transitive. We use this result to
prove that on a second countable Baire locally convex space X, the set of all
strongly topologically transitive operators is either empty or SOT-dense in L(X).

2 Main theorem and results

Theorem 2.1. Let X be a first countable topological vector space and T € L(X) be
surjective with a right inverse map S. Then T is strongly topologically transitive if and
only if, for every nonzero vector x € X and any y € X, there exist sequences (ny)y in
N and (wy )y in X such that wy, € KerT" and S"x + wy — y as k — oo.

Proof. Suppose T is strongly topologically transitive. Let x # 0 and y be arbitrary
vectors in X. Plck a countable neighborhood basis {Uy : k = 1,2,--- } aty. Re-

placing Uy by ﬂ U,, where necessary, we may assume that U; D U, D Uz D -

Then for each k E N, there is some yx € U and n; € INg such that x = T"y.
Clearly, yx — y as k — oo. On the other hand, for each k € IN we have S"x =
Yk + t; for some t; € KerT" (it is easy to see that S"T"x — x € KerT™). Thus,
S"x + wy — y as k — oo, where wy = —t;.

For the converse, assume that x is a nonzero vector in X and U C X is
a nonempty open set. Choose y € U and suppose S"x + wy — y for some
sequences (1y)x in INg and (wy ), in X satisfying T"w; = 0. Then, for large
enough k, we have S"x + w;, € U. If we put z = S"x + wy then Tz = x
and so x € T"(U). u

Remark 2.2. Theorem 2.1 is true for all topological vector spaces. The only change
that we should apply in the statement and the proof of the theorem, is to replace
“sequences” by "nets”. Meanwhile, we should note that the proof of the theorem
is independent of the chosen right inverse for T. In other words, if R and S are
different right inverse maps for T then for any n; € IN, Ran(R" — §") C KerT".
Thus, for every x € X there is some u; € KerT"* such that R"x = S"x 4 uy.
Therefore, for any nonzero x € X and any y € X, S"x + wy — y for some
sequence (wy ), such that wy, € KerT", if and only if R"x + w; — y for some
sequence (w; )i such that w; € KerT" (w} = wy — uy).

The following corollary is a direct consequence of Theorem 2.1.

Corollary 2.3. Let X be a first countable topological vector space and T € L(X) be

surjective with a right inverse map S. If |J KerT" is dense in X and, for all nonzero
nelNy

vector x € X, the sequence (S™x)y, is convergent then T is strongly topologically tran-
sitive.
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Proof. Let x # 0 and y be arbitrary vectors in X, and suppose that S"x — z as
m — oo. Since |J KerT" is dense in X, there is a sequence (wy ), in U KerT"

n€lNy ne€lNg
such that wy — y — z. Assuming wy € KerT", it is clear that S"*x + wy — y as
k — oo, and we are done by Theorem 2.1. m

2.1 Derivative and translation operators

Recall that H(C) is the space of all entire functions on C endowed with the topol-
ogy of uniform convergence on compact sets. The derivative operator T on H(C)
is defined by Tf = f’. It is known that T is topologically transitive [6]. We im-
prove this result by showing that T is strongly topologically transitive.

Theorem 2.4. The derivative operator on H(C) is strongly topologically transitive.

Proof. Let T be the derlvatlve operator on H(C). If S : H(C) — H(C) is the map
defined by S(h fo ¢)d¢ then TS = I. Suppose f, g are any functions in
H(C) and f is not the zero function. There is a sequence of polynomials (wy )k
such that wy — ¢ in H(C) and, meanwhile, If n, = 1+ degwy then T™w; =

0. Therefore, |J KerT” is dense in H(C). On the other hand, we prove that
ne€lNg

S"f — 0in H(C) and then, we are done by Corollary 2.3. To this end, it is not
difficult to show that, for any m € N, S"T"f = f — pyu—1(f). Thus, S"f =
S"T™(S"f) = S"f — pm—1(S"f) which gives p,,,—1(5"f) = 0 for all m € IN, and
then we have

grp = § EONOL,_ P @SN,
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Since for all z € C we have %m' — 0in H(C), OZO; f((r:)(?)z” = f(z), and mean-
. =,

while (n+1)(n+"§)___(n+m) < 1for all n > 0, we conclude that S"f — 0in H(C) as

m — 00. |
Let a be a nonzero complex number. The translation operator T, on H(C) is
defined by T,f(z) = f(z + a). It is known that T, is hypercyclic [4].

Proposition 2.5. Translation operators are not strongly topologically transitive.

Proof. Since translation operators are invertible (T, ! = T_,) and the constant
map f(z) =1 (z € C) can not be a hypercyclic vector for any translation operator,
we conclude that no translation operator is hypertransitive and so, no translation
operator is strongly topologically transitive by Proposition 1.3. m
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2.2 Multiples of backward shift and weighted backward shifts

The backward shift operator on X = ¢7 (1 < p < o0) or cq is defined by Beg = 0
and B(e,) =e,—1 (n =1,2,3,---), where (e,) is the canonical basis of X. Clearly,
if |[A| <1 then ||AB|| < 1and so AB can not be hypercyclic. It is known that AB is
hypercyclicif |A| > 1[8]. We show that this condition gives the strong topological
transitivity of AB. In other words, AB is strongly topologically transitive if and
only if it is hypercyclic.

Proposition 2.6. The operator T = ABon X = (P (1 < p < o0) or cq is strongly
topologically transitive if |A| > 1.

Proof. If S : X — X is defined by Se, = +e,41 (1 = 0,1,2,3,--) then TS = I.
Suppose x # 0and y = (bo, by, - - - ) are arbitrary vectors in X. Choose (1) = (k),
the full sequence of natural numbers, and wy = (bg, b1, - -+ ,bx_1,0,0,0,---). Then

wy € KerT* and wy, — y. Thus, (U KerT" is dense in X. On the other hand, it
n€Ny

is clear that ||S™x|| — 0 as m — oco. Therefore, the result follows by Corollary
2.3. |

The weighted backward shift By on X = ¢7 (1 < p < o) or ¢q is defined by
Bw(eg) =0,and By(e,) = wpe,—1 (n =1,2,3,---) where W = (w,,) is a bounded
sequence of positive numbers. It is known that By is hypercyclic if and only if
lim sup(wyws - - - wy) = oo [9].

k—o0
Now, we give a sufficient condition for strong topological transitivity of By.

Before it, we present the following remark.

Remark 2.7. In Theorem 2.1, it suffices to check the condition S"(x) 4+ w; —
y for those vectors y coming from a dense subset of X. Indeed, assume that
D = X and the condition holds for any 0 # x € X and all y € D. Now, con-
sider a vector y’ € X\D with a neighborhood basis {Uy : k = 1,2, - - -, } such that
Uy D Uy D Uz O ---. Then for any j € N, there is some y; € D N U; and so
y; — y'. On the other hand, for any y;, there are sequences (1) and (wj; ) such
that wj, € KerT"* and §"*(x) + wjx — y; as k — oo. Thus, for any j, there is some
k(j) such that S"*0)(x) 4wy, € U;. Now, it is clear that §"*0) (x) + wje(jy — ¥
as j — oo.

Proposition 2.8. Let X = cpor £¥ (1 < p < o0) and By be a hypercyclic weighted
backward shift on X. Then By is strongly topologically transitive if there is a positive
number r such that wy, - - - w,, 1 > r for every n,k € IN.

Proof. For simplicity in notations, we put T = By and MK =w, - -w, 1_1. Then
we are assuming that MK > r for all n,k € N. If S : X — X is defined by
Se, = ﬁenﬂ (n=0,1,2,3,---)then TS = I. Let x = (ag, a1, - - - ) be a nonzero

vector and y = (bp, by, - - - ) be a hypercyclic vector for T (regarding Remark 2.7,
we choose the dense set D = HC(T)). Then there is a sequence (1), such that
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T"y — x. Now, if we put vy = (bo, b1, -+ ,by,-1,0,0,0,- - -) then T"v; = 0, and

1 1
|$"x+ o=yl = 1(0,0,0,---,0, 3% ~ b 3@t — b,
1 2
1 " 1 ,
- H( (aO_M1kbn )r—(al—Mzkbn +1)"")||
M KMo k

1
< STy =) 0.

Hence, T is strongly topologically transitive by Theorem 2.1 and Remark 2.7. =
Example 2.9. Let By be the operator with the weight sequence

151%121212 1 1 1 212121211 1 1 21212121211 1 1

212 /EIE/E/ 215/5/ 2/515/"'

Then By is hypercyclic since limsup M¥ = oo. Also, we have Mk > % for all
k—o0

n,k € IN. Thus, By is strongly topologically transitive on ¢ (for all p € [1,00))
and ¢p.

The next proposition gives a necessary condition for strong topological tran-
sitivity of By.

Proposition 2.10. Let X = cg or ¢P (1 < p < o) and By be a weighted backward shift
on X. If there is an increasing sequence (my )y in IN such that )" (Mﬁk)lf’ < oo then By
k=1

is not strongly topologically transitive on co and £F. The weaker condition klim Mﬁik =0
—00

is also sufficient when X = cy.

Proof. Let U be the open unit ball of X and x = (a9, a1, - --) be the vector in X
defined by

1 n=20
a, = Mﬁik n:mk(kzllzl...)
0 otherwise.

Clearly x ¢ U = T°(U). Now, let z = (cy), € U and fix k > 1. Then
Tkz = (Mll‘ck, M&ci. 1, -+ ) and the my'th coordinate of Tz is M%kck—Hmk which is

not equal to Mﬁqk, the my th coordinate of x. So, x # T¥z and hence x ¢ | T*(U)
k=0

since k and z were arbitrary. m

Example 2.11. Let W = (wy,),, be the sequence

1 11 111 1111
2/2/ 512/2/2/ E/ 512/2/2/2151 E/ 512/2/2/2/2151 E/ E/ E/' T
Then By is hypercyclic, but, since there is an increasing sequence (my )k
(my = 3,my = 7,m3 = 13,---) such that Mﬁ,lk = zl—k for all k > 1, by the above
proposition By is not strongly topologically transitive on ¢7 (for all p € [1,0))
and ¢p.
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2.3 Multiplication and composition operators

Recall that the Hardy Hilbert space H? is the set of all f € H(ID) for which

2 .
sup |f(re®)2d6 < oo.

0<r<170

Let ¢ € H(ID) be a bounded analytic function and M, be the multiplication
operator on H? defined by Myf = ¢f. It is known that M, is never hypercyclic
but Mg, the adjoint of My, is hypercyclic if and only if ¢ is non-constant and
¢(ID) NoD # @ [5]. Note that M is invertible if and only if (M is invertible and
My is invertible if and only if) ¢ is bounded from bellow, i.e., there is a positive
number 7 such that |¢(z)| > r for all z € D. In that case, (Mjl‘,)_1 = M; By using

Proposition 1.4, we can give the following result.

Proposition 2.12. For any invertible multiplication operator My on H?, the adjoint

operator M, is not strongly topologically transitive.

But, if M is not invertible then Mg may have the chance to be strongly topo-
logically transitive.

Proposition 2.13. If ¢(z) = Az for some A € C then M is strongly topologically
transitive if and only if |A| > 1.

Proof. If [A| < 1 then ¢(ID) does not intersect dD which shows that M is not
hypercyclic and hence it can not be strongly topologically transitive. For the
converse, assume that [A| > 1. Identifying ¢*> and H? in the usual way, the
operator My for ¢(z) = Az corresponds to the operator AB. Hence, it follows

*

from Proposition 2.6 that Mg is strongly topologically transitive. m

Let ¢ : D — ID be an analytic function and X be a Banach space of analytic
functions on ID. The composition operator Cy on X is defined by Cy(f) = f o ¢.
The well-known examples of such spaces are the Hardy spaces H? (1 < p < o)
and the weighted Bergman spaces A} (1 < p < o0, & > —1).

Proposition 2.14. There is no strongly topologically transitive composition operator on
a Banach space X of analytic functions on the disk.

Proof. 1f Cy is strongly topologically transitive then it is clear that ¢ is not a con-
stant map. Hence, Cy is one-to-one. On the other hand, Cy is surjective by Propo-

sition 1.2 and hence Cy is invertible. Then Cj !is hypertransitive by Proposition
1.3, but this is not true since the constant function f(z) = 1 (z € C) is not a
hypercyclic vector for C;l. m
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3 The size of the set of strongly topologically transitive opera-
tors

Let X be a topological vector space. For an operator T € L(X), the similarity orbit
of T which is denoted by Sim(T) is the set {J1TJ : ] € L(X),] invertible}. In the
next proposition, we show that if T is strongly topologically transitive then so is
every operator in Sim(T).

Proposition 3.1. Assume that X is a topological vector space, T € L(X) is strongly
topologically transitive, and | is any invertible operator on X. Then J~'T] is strongly
topologically transitive.

Proof. Let S be a right inverse map of T and 0 # x,y be arbitrary vectors in X.
By Theorem 2.1, for the nonzero vector Jx and the vector [y there exist sequences
(ng)r in Ng and (wy)g in X with T"w, = 0 (k = 1,2,---) such that S"(Jx) +
wy —Jy — 0as k — co. Now, J71S] is a right inverse map of J7ITT and if
we put w'y = ] lwy then w|, € Ker(J~'T])". Then (J1S])"(x) + w;( -y =
J7H(S™(Jx) + wy — Jy) — 0as k — oo and hence ] ~!T] is strongly topologically
transitive by Theorem 2.1. m

If the underlying topological vector space is second countable and Baire then
strong topological transitivity implies hypercyclicity. On the other hand, it is
known that on a locally convex space X, the similarity orbit of any hypercyclic
operator is SOT-dense in L(X) [2, Proposition 2.20]. Denote by L (X) the set of
all strongly topologically transitive operators on X. By the above proposition, if
T is strongly topologically transitive then Sim(T) C Lsx(X) and hence we have
the following result.

Corollary 3.2. If X is a second countable Baire locally convex space then Lg (X) is either
empty or SOT-dense in L(X).

References

[1] M. Ansari, K. Hedayatian, B. Khani-Robati, On the density and transitivity of
sets of operators, Turk. J. Math. 42 (1) (2018), 181-189.

[2] E Bayart, E. Matheron, Dynamics of linear operators, Cambridge University
Press, 179, 2009.

[3] G. Birkhoff, Surface transformations and their dynamical applications, Acta Math.
43 (1922), 1-119.

[4] G. Birkhoff, Démonstration d’un théoréme élémentaire sur les fonctions entieres, C.
R. Acad. Sci. Paris, 189 (1929), 473-475.

[5] G. Godefroy, J. Shapiro, Operators with dense invariant cyclic vector manifolds,
J. Funct. Anal. 98 (1991), 229-269.



Strong topological transitivity of some classes of operators 685

[6] G. Maclane, Sequences of derivatives and normal families, J. Analyse Math. 2
(1952), 72-87.

[7] C.Read, The invariant subspace problem for a class of Banach spaces II. Hypercyclic
operators, Israel ]. Math. 63 (1988), 1-40.

[8] S. Rolewicz, On orbits of elements, Studia Math. 32 (1969), 17-22.

[9] H. Salas, Hypercyclic weighted shifts, Trans. Amer. Math. Soc. 347 (3) (1995),
993-1004.

Department of Mathematics
Azad University of Gachsaran
Gachsaran, Iran

email: m_ansari@shirazu.ac.ir



