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Abstract

In this paper, we investigate the strong topological transitivity of some
well-known classes of topologically transitive operators. Also, topological
largeness of the set of all strongly topologically transitive operators on a
second countable Baire locally convex space is investigated.

1 Introduction

Let X be a topological vector space and L(X) be the space of all continuous lin-
ear operators on X. By an operator T, we always mean T ∈ L(X). An operator
T is said to be hypercyclic if there is some x ∈ X for which orb(T, x) = {Tnx :
n ∈ N0} is dense in X. In that case, x is called a hypercyclic vector for T. Here
N0 = {0, 1, 2, 3, · · · } and T0 = I, the identity operator on X. Two historic exam-
ples of hypercyclic operators are the derivative operator on H(C) which is due to
Maclane [6], and T = 2B, twice the backward shift on ℓ2, due to Rolewicz [8].

The set of all hypercyclic vectors for T is denoted by HC(T) and it is known
that, if T is hypercyclic then HC(T) is dense in X. If HC(T) = X\{0} then T
is called hypertransitive. It is clear that T is hypertransitive if and only if T lacks
nontrivial closed invariant subsets. The Read operator on ℓ1 is an example of
such operators [7].

An operator T is called topologically transitive if, for any nonempty open sets
U, V ⊂ X, there is some n ∈ N0 such that Tn(U) ∩ V 6= ∅. It is well-known
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that, on any second countable Baire topological vector space, an operator T is
topologically transitive if and only if it is hypercyclic [3]. Also, it can be readily
seen that T is topologically transitive if and only if, for any nonempty open set
U ⊂ X, the set

⋃

n∈N0

Tn(U) is dense in X.

Recently, the authors in [1] have introduced a new type of transitivity which
is strictly stronger than topological transitivity:

Definition 1.1. Let X be a topological vector space. An operator T ∈ L(X) is
called strongly topologically transitive if X\{0} ⊂

⋃

n∈N0

Tn(U) for any nonempty

open set U ⊂ X.

That the strong topological transitivity implies topological transitivity is
apparent from the above definition. We will see in section 2, that there are topo-
logically transitive operators which are not strongly topologically transitive. The
difference of topological transitivity and strong topological transitivity can be
explained in the language of equations. Given a nonzero point x0 ∈ X and an
open set U ⊂ X, is there a solution (n0, y0) ∈ N0 × U for the equation Tny = x0?
Topological transitivity of T can only give approximate solutions for this equation.

Indeed, since
⋃

n∈N0

Tn(U) = X there are sequences (nk)k in N0 and (yk)k in U

such that Tnkyk → x0 as k → ∞. Then for large enough k, the pair (nk, yk) could
be considered as a desirable approximate solution for the equation Tny = x0.
Now, if T is strongly topologically transitive then the mentioned equation has
exact solutions by the definition of strong topological transitivity.

Proposition 1.2. (Proposition 4 of [1]) Every strongly topologically transitive operator
is surjective.

Proposition 1.3. (Proposition 6 of [1]) An invertible operator T is strongly topologically
transitive if and only if T−1 is hypertransitive.

Proposition 1.4. (Theorem 5 of [1]) An invertible Hilbert space operator T is strongly
topologically transitive if and only if T∗ is strongly topologically transitive.

Remark 1.5. The above proposition is also true for invertible operators on locally
convex spaces. Suppose X is a locally convex space and T ∈ L(X) is invert-
ible. If M ⊂ X is a nontrivial closed T-invariant set then it is easy to see that
M∗ = { f ∈ X∗ : f (M) = {0}} is a nontrivial closed invariant set for T∗. Thus, T
is hypertransitive if and only if T∗ is. Now, the result follows by Proposition 1.3
and the fact that (T∗)−1 = (T−1)∗.

In section 2, a necessary and sufficient condition for strong topological tran-
sitivity of an operator acting on a topological vector space is presented. Then
we investigate strong topological transitivity of some well-know topologically
transitive operators. We show that: the derivative operator on H(C) is strongly
topologically transitive but translation operators on H(C) are not; multiples of
backward shift on ℓp and c0 are strongly topologically transitive if they are topo-
logically transitive (or equivalently hypercyclic); the adjoint of an invertible mul-
tiplication operator on H2 is not strongly topologically transitive but, if the multi-
plication operator is not invertible, we may have strongly topologically transitive
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adjoints; no composition operator on a Banach space of analytic functions on the
disk is strongly topologically transitive. Also, we give a sufficient condition and
a necessary condition for strong topological transitivity of weighted backward
shifts on ℓp and c0.

In the last section, we see that strong topological transitivity is preserved
under similarity. In other words, if X is a topological vector space and T ∈ L(X)
is strongly topologically transitive then for any invertible operator J ∈ L(X), the
operator J−1TJ is also strongly topologically transitive. We use this result to
prove that on a second countable Baire locally convex space X, the set of all
strongly topologically transitive operators is either empty or SOT-dense in L(X).

2 Main theorem and results

Theorem 2.1. Let X be a first countable topological vector space and T ∈ L(X) be
surjective with a right inverse map S. Then T is strongly topologically transitive if and
only if, for every nonzero vector x ∈ X and any y ∈ X, there exist sequences (nk)k in
N0 and (wk)k in X such that wk ∈ KerTnk and Snk x + wk → y as k → ∞.

Proof. Suppose T is strongly topologically transitive. Let x 6= 0 and y be arbitrary
vectors in X. Pick a countable neighborhood basis {Uk : k = 1, 2, · · · } at y. Re-

placing Uk by
k
⋂

n=1
Un where necessary, we may assume that U1 ⊃ U2 ⊃ U3 ⊃ · · · .

Then for each k ∈ N, there is some yk ∈ Uk and nk ∈ N0 such that x = Tnkyk.
Clearly, yk → y as k → ∞. On the other hand, for each k ∈ N we have Snk x =
yk + tk for some tk ∈ KerTnk (it is easy to see that SmTmx − x ∈ KerTm). Thus,
Snk x + wk → y as k → ∞, where wk = −tk.

For the converse, assume that x is a nonzero vector in X and U ⊂ X is
a nonempty open set. Choose y ∈ U and suppose Snk x + wk → y for some
sequences (nk)k in N0 and (wk)k in X satisfying Tnk wk = 0. Then, for large
enough k, we have Snk x + wk ∈ U. If we put z = Snk x + wk then Tnkz = x
and so x ∈ Tnk(U).

Remark 2.2. Theorem 2.1 is true for all topological vector spaces. The only change
that we should apply in the statement and the proof of the theorem, is to replace
”sequences” by ”nets”. Meanwhile, we should note that the proof of the theorem
is independent of the chosen right inverse for T. In other words, if R and S are
different right inverse maps for T then for any nk ∈ N, Ran(Rnk − Snk) ⊂ KerTnk .
Thus, for every x ∈ X there is some uk ∈ KerTnk such that Rnk x = Snk x + uk.
Therefore, for any nonzero x ∈ X and any y ∈ X, Snk x + wk → y for some
sequence (wk)k such that wk ∈ KerTnk , if and only if Rnk x + w′

k → y for some
sequence (w′

k)k such that w′
k ∈ KerTnk (w′

k = wk − uk).

The following corollary is a direct consequence of Theorem 2.1.

Corollary 2.3. Let X be a first countable topological vector space and T ∈ L(X) be
surjective with a right inverse map S. If

⋃

n∈N0

KerTn is dense in X and, for all nonzero

vector x ∈ X, the sequence (Smx)m is convergent then T is strongly topologically tran-
sitive.
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Proof. Let x 6= 0 and y be arbitrary vectors in X, and suppose that Smx → z as
m → ∞. Since

⋃

n∈N0

KerTn is dense in X, there is a sequence (wk)k in
⋃

n∈N0

KerTn

such that wk → y − z. Assuming wk ∈ KerTnk , it is clear that Snk x + wk → y as
k → ∞, and we are done by Theorem 2.1.

2.1 Derivative and translation operators

Recall that H(C) is the space of all entire functions on C endowed with the topol-
ogy of uniform convergence on compact sets. The derivative operator T on H(C)
is defined by T f = f ′. It is known that T is topologically transitive [6]. We im-
prove this result by showing that T is strongly topologically transitive.

Theorem 2.4. The derivative operator on H(C) is strongly topologically transitive.

Proof. Let T be the derivative operator on H(C). If S : H(C) → H(C) is the map
defined by S(h)(z) =

∫ z
0 h(ξ)dξ then TS = I. Suppose f , g are any functions in

H(C) and f is not the zero function. There is a sequence of polynomials (wk)k

such that wk → g in H(C) and, meanwhile, If nk = 1 + deg wk then Tnkwk =
0. Therefore,

⋃

n∈N0

KerTn is dense in H(C). On the other hand, we prove that

Sm f → 0 in H(C) and then, we are done by Corollary 2.3. To this end, it is not
difficult to show that, for any m ∈ N, SmTm f = f − pm−1( f ). Thus, Sm f =
SmTm(Sm f ) = Sm f − pm−1(S

m f ) which gives pm−1(S
m f ) = 0 for all m ∈ N, and

then we have

Sm f =
∞

∑
n=m

(Sm f )(n)(0)

n!
zn =

∞

∑
n=m

(TnSm f )(0)

n!
zn

=
∞

∑
n=m

f (n−m)(0)

n!
zn =

zm

m!

∞

∑
n=m

m! f (n−m)(0)

n!
zn−m

=
zm

m!

∞

∑
n=m

m!

(n − m + 1)(n − m + 2) · · · n
.
f (n−m)(0)

(n − m)!
zn−m

=
zm

m!

∞

∑
n=0

m!

(n + 1)(n + 2) · · · (n + m)
.
f (n)(0)

(n)!
zn.

Since for all z ∈ C we have zm

m! → 0 in H(C),
∞

∑
n=0

f (n)(0)
(n)!

zn = f (z), and mean-

while m!
(n+1)(n+2)···(n+m)

≤ 1 for all n ≥ 0, we conclude that Sm f → 0 in H(C) as
m → ∞.

Let a be a nonzero complex number. The translation operator Ta on H(C) is
defined by Ta f (z) = f (z + a). It is known that Ta is hypercyclic [4].

Proposition 2.5. Translation operators are not strongly topologically transitive.

Proof. Since translation operators are invertible (T−1
a = T−a) and the constant

map f (z) = 1 (z ∈ C) can not be a hypercyclic vector for any translation operator,
we conclude that no translation operator is hypertransitive and so, no translation
operator is strongly topologically transitive by Proposition 1.3.
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2.2 Multiples of backward shift and weighted backward shifts

The backward shift operator on X = ℓp (1 ≤ p < ∞) or c0 is defined by Be0 = 0
and B(en) = en−1 (n = 1, 2, 3, · · · ), where (en) is the canonical basis of X. Clearly,
if |λ| ≤ 1 then ‖λB‖ ≤ 1 and so λB can not be hypercyclic. It is known that λB is
hypercyclic if |λ| > 1 [8]. We show that this condition gives the strong topological
transitivity of λB. In other words, λB is strongly topologically transitive if and
only if it is hypercyclic.

Proposition 2.6. The operator T = λB on X = ℓp (1 ≤ p < ∞) or c0 is strongly
topologically transitive if |λ| > 1.

Proof. If S : X → X is defined by Sen = 1
λ en+1 (n = 0, 1, 2, 3, · · · ) then TS = I.

Suppose x 6= 0 and y = (b0, b1, · · · ) are arbitrary vectors in X. Choose (nk) = (k),
the full sequence of natural numbers, and wk = (b0, b1, · · · , bk−1, 0, 0, 0, · · · ). Then
wk ∈ KerTk and wk → y. Thus,

⋃

n∈N0

KerTn is dense in X. On the other hand, it

is clear that ‖Smx‖ → 0 as m → ∞. Therefore, the result follows by Corollary
2.3.

The weighted backward shift BW on X = ℓp (1 ≤ p < ∞) or c0 is defined by
BW(e0) = 0, and BW(en) = wnen−1 (n = 1, 2, 3, · · · ) where W = (wn) is a bounded
sequence of positive numbers. It is known that BW is hypercyclic if and only if
lim sup

k→∞

(w1w2 · · ·wk) = ∞ [9].

Now, we give a sufficient condition for strong topological transitivity of BW.
Before it, we present the following remark.

Remark 2.7. In Theorem 2.1, it suffices to check the condition Snk(x) + wk →
y for those vectors y coming from a dense subset of X. Indeed, assume that
D = X and the condition holds for any 0 6= x ∈ X and all y ∈ D. Now, con-
sider a vector y′ ∈ X\D with a neighborhood basis {Uk : k = 1, 2, · · · , } such that
U1 ⊃ U2 ⊃ U3 ⊃ · · · . Then for any j ∈ N, there is some yj ∈ D ∩ Uj and so
yj → y′. On the other hand, for any yj, there are sequences (njk)k and (wjk)k such
that wjk ∈ KerTnjk and Snjk(x) + wjk → yj as k → ∞. Thus, for any j, there is some

k(j) such that Snjk(j)(x) + wjk(j) ∈ Uj. Now, it is clear that Snjk(j)(x) + wjk(j) → y′

as j → ∞.

Proposition 2.8. Let X = c0 or ℓp (1 ≤ p < ∞) and BW be a hypercyclic weighted
backward shift on X. Then BW is strongly topologically transitive if there is a positive
number r such that wn · · ·wn+k−1 ≥ r for every n, k ∈ N.

Proof. For simplicity in notations, we put T = BW and Mk
n = wn · · ·wn+k−1. Then

we are assuming that Mk
n ≥ r for all n, k ∈ N. If S : X → X is defined by

Sen = 1
wn+1

en+1 (n = 0, 1, 2, 3, · · · ) then TS = I. Let x = (a0, a1, · · · ) be a nonzero

vector and y = (b0, b1, · · · ) be a hypercyclic vector for T (regarding Remark 2.7,
we choose the dense set D = HC(T)). Then there is a sequence (nk)k such that
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Tnk y → x. Now, if we put vk = (b0, b1, · · · , bnk−1, 0, 0, 0, · · · ) then Tnkvk = 0, and

‖Snk x + vk − y‖ = ‖(0, 0, 0, · · · , 0,
1

M
nk
1

a0 − bnk
,

1

M
nk
2

a1 − bnk+1, · · · )‖

= ‖
( 1

M
nk
1

(a0 − M
nk
1 bnk

),
1

M
nk
2

(a1 − M
nk
2 bnk+1), · · ·

)

‖

≤
1

r
‖Tnk y − x‖ → 0.

Hence, T is strongly topologically transitive by Theorem 2.1 and Remark 2.7.

Example 2.9. Let BW be the operator with the weight sequence

2, 2,
1

2
,

1

2
, 2, 2, 2,

1

2
,

1

2
,

1

2
, 2, 2, 2, 2,

1

2
,

1

2
,

1

2
, 2, 2, 2, 2, 2,

1

2
,

1

2
,

1

2
, · · · .

Then BW is hypercyclic since lim sup
k→∞

Mk
1 = ∞. Also, we have Mk

n ≥ 1
8 for all

n, k ∈ N. Thus, BW is strongly topologically transitive on ℓp (for all p ∈ [1, ∞))
and c0.

The next proposition gives a necessary condition for strong topological tran-
sitivity of BW.

Proposition 2.10. Let X = c0 or ℓp (1 ≤ p < ∞) and BW be a weighted backward shift

on X. If there is an increasing sequence (mk)k in N such that
∞

∑
k=1

(Mk
mk
)p < ∞ then BW

is not strongly topologically transitive on c0 and ℓp. The weaker condition lim
k→∞

Mk
mk

= 0

is also sufficient when X = c0.

Proof. Let U be the open unit ball of X and x = (a0, a1, · · · ) be the vector in X
defined by

an =











1 n = 0

Mk
mk

n = mk (k = 1, 2, · · · )

0 otherwise.

Clearly x /∈ U = T0(U). Now, let z = (cn)n ∈ U and fix k ≥ 1. Then
Tkz = (Mk

1ck, Mk
2ck+1, · · · ) and the mk

,th coordinate of Tkz is Mk
mk

ck−1+mk
which is

not equal to Mk
mk

, the mk
,th coordinate of x. So, x 6= Tkz and hence x /∈

∞
⋃

k=0
Tk(U)

since k and z were arbitrary.

Example 2.11. Let W = (wn)n be the sequence

2, 2,
1

2
, 2, 2, 2,

1

2
,

1

2
, 2, 2, 2, 2,

1

2
,

1

2
,

1

2
, 2, 2, 2, 2, 2,

1

2
,

1

2
,

1

2
,

1

2
, · · · .

Then BW is hypercyclic, but, since there is an increasing sequence (mk)k

(m1 = 3, m2 = 7, m3 = 13, · · · ) such that Mk
mk

= 1
2k for all k ≥ 1, by the above

proposition BW is not strongly topologically transitive on ℓp (for all p ∈ [1, ∞))
and c0.
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2.3 Multiplication and composition operators

Recall that the Hardy Hilbert space H2 is the set of all f ∈ H(D) for which

sup
0<r<1

∫ 2π

0
| f (reiθ)|2dθ < ∞.

Let φ ∈ H(D) be a bounded analytic function and Mφ be the multiplication

operator on H2 defined by Mφ f = φ f . It is known that Mφ is never hypercyclic
but M∗

φ, the adjoint of Mφ, is hypercyclic if and only if φ is non-constant and

φ(D)∩ ∂D 6= ∅ [5]. Note that M∗
φ is invertible if and only if (Mφ is invertible and

Mφ is invertible if and only if) φ is bounded from bellow, i.e., there is a positive

number r such that |φ(z)| > r for all z ∈ D. In that case, (M∗
φ)

−1 = M∗
1
φ

. By using

Proposition 1.4, we can give the following result.

Proposition 2.12. For any invertible multiplication operator Mφ on H2, the adjoint
operator M∗

φ is not strongly topologically transitive.

But, if Mφ is not invertible then M∗
φ may have the chance to be strongly topo-

logically transitive.

Proposition 2.13. If φ(z) = λz for some λ ∈ C then M∗
φ is strongly topologically

transitive if and only if |λ| > 1.

Proof. If |λ| ≤ 1 then φ(D) does not intersect ∂D which shows that M∗
φ is not

hypercyclic and hence it can not be strongly topologically transitive. For the
converse, assume that |λ| > 1. Identifying ℓ2 and H2 in the usual way, the
operator M∗

φ for φ(z) = λz corresponds to the operator λB. Hence, it follows

from Proposition 2.6 that M∗
φ is strongly topologically transitive.

Let φ : D → D be an analytic function and X be a Banach space of analytic
functions on D. The composition operator Cφ on X is defined by Cφ( f ) = f ◦ φ.
The well-known examples of such spaces are the Hardy spaces Hp (1 ≤ p ≤ ∞)
and the weighted Bergman spaces A

p
α (1 ≤ p < ∞, α > −1).

Proposition 2.14. There is no strongly topologically transitive composition operator on
a Banach space X of analytic functions on the disk.

Proof. If Cφ is strongly topologically transitive then it is clear that φ is not a con-
stant map. Hence, Cφ is one-to-one. On the other hand, Cφ is surjective by Propo-

sition 1.2 and hence Cφ is invertible. Then C−1
φ is hypertransitive by Proposition

1.3, but this is not true since the constant function f (z) = 1 (z ∈ C) is not a

hypercyclic vector for C−1
φ .
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3 The size of the set of strongly topologically transitive opera-

tors

Let X be a topological vector space. For an operator T ∈ L(X), the similarity orbit
of T which is denoted by Sim(T) is the set {J−1TJ : J ∈ L(X), J invertible}. In the
next proposition, we show that if T is strongly topologically transitive then so is
every operator in Sim(T).

Proposition 3.1. Assume that X is a topological vector space, T ∈ L(X) is strongly
topologically transitive, and J is any invertible operator on X. Then J−1TJ is strongly
topologically transitive.

Proof. Let S be a right inverse map of T and 0 6= x, y be arbitrary vectors in X.
By Theorem 2.1, for the nonzero vector Jx and the vector Jy there exist sequences
(nk)k in N0 and (wk)k in X with Tnk wk = 0 (k = 1, 2, · · · ) such that Snk(Jx) +
wk − Jy → 0 as k → ∞. Now, J−1SJ is a right inverse map of J−1TJ and if

we put w′
k = J−1wk then w′

k ∈ Ker(J−1TJ)nk . Then (J−1SJ)nk(x) + w
′

k − y =

J−1
(

Snk(Jx) + wk − Jy
)

→ 0 as k → ∞ and hence J−1TJ is strongly topologically
transitive by Theorem 2.1.

If the underlying topological vector space is second countable and Baire then
strong topological transitivity implies hypercyclicity. On the other hand, it is
known that on a locally convex space X, the similarity orbit of any hypercyclic
operator is SOT-dense in L(X) [2, Proposition 2.20]. Denote by Lstt(X) the set of
all strongly topologically transitive operators on X. By the above proposition, if
T is strongly topologically transitive then Sim(T) ⊂ Lstt(X) and hence we have
the following result.

Corollary 3.2. If X is a second countable Baire locally convex space then Lstt(X) is either
empty or SOT-dense in L(X).
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