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Abstract

In the present article we prove direct, simultaneous and converse approx-
imation theorems by trigonometric polynomials for functions f and (¢, B)-
derivatives of f in weighted Lorentz spaces.

1 Introduction

In the 1980’s, the concept of (i, ) derivative was formed for a given function
f by a given sequence (¢;) and numbers  [23, 24, 25]. For r = 1,2,... the
r-th derivative of a periodic function f is a particular case of the (1, §)-derivative
for the sequence (y) = (k™") and B = r. For () = (k) and B > 0, we
have the Weyl fractional derivative f(f) of f [28]. When we take the sequence
(yx) = (k"PIn""k) and B,& € R, we obtain the power logarithmic-fractional
derivative f (Ba) of f [17]. In [26], some relations were established between the
sequences of best approximations of continuous 27-periodic functions f (and
also f € Lp) by trigonometric polynomials of order < 7 and the properties of
their (¢, B)-derivatives. Thus, they extended the well known results of Stechkin
and Konyushkov [16, 22] to the case of generalized (¢, B)-derivatives. In [20, 21],
for Lebesgue spaces L,, some estimates were obtained for the norms and mod-
uli of smoothness of transformed Fourier series which coincides up to notation
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with the Fourier series of the (i, f)-derivatives. Also there are some estimates of
best approximation and modulus of smoothness in Lebesgue spaces of periodic
functions with transformed Fourier series in [13]. Approximation properties of
functions having (1, B)-derivatives in variable exponent Lebesgue spaces which
is a generalization of Lebesgue spaces was investigated in the papers [1, 2, 7].

Lorentz spaces were first introduced by G. G. Lorentz in [18]. Since these
spaces are the generalization of the Lebesgue spaces, many mathematicians are
interested in the problems of these spaces. Also there are many results of the
approximation theory obtained in these spaces. Especially, approximation by
trigonometric polynomials in the weighted Lorentz spaces was considered in
the papers [3, 4, 15, 29, 30]. But these papers do not have results about the
approximation properties of (¢, B)-derivatives. In this paper, we obtain some
results about approximation by trigonometric polynomials of functions having
(1, B)-derivatives in weighted Lorentz spaces.

2 Auxiliary Results

We start by giving some necessary definitions.

Let T := [—7, 7] . A measurable 27r-periodic function w : T — [0, c0] is called
a weight function if the set w~1({0, c}) has the Lebesgue measure zero. Given a
weight function w and a measurable set ¢ we put

w(e) = /w(x)dx. (2.1)
e
We define the decreasing rearrangement f;(t) of f : T — R with respect to
the Borel measure (2.1) by
fot)=inf{t >0:w(xeT:|f(x)| >1) <t}.
The weighted Lorentz space L}, (T) is defined [10, p.20], [5, p.219] as

1/q
o 1 dt
LE(T) = { f e M) fll g = | [0V 0T ] <o 1<pg<cor,
T

where M(T) is the set of 27 periodic integrable functions on T and

If p = g, L] (T) turns into the weighted Lebesgue space LY, (T) [10, p.20].

The generalized modulus of smoothness of a function f € L{(T) is defined
[11] as
l

1.1;[1 (I- Ahz’) f

Q (f’é)pq,a) = Ssup

0<h;<d pq,.w
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where [ is the identity operator and

X+hl‘

(Af) () = 5 [ Fladu.
x—h;

The modulus of smoothness ; (£, 6)
properties:

(1) Qu(f,0)pg. is a non-negative, non-decreasing function of 6 > 0 and
sub-additive in f,

() 1m0, (£, ) 1, = O,

(ZZZ) 0) (fl + le ')pq,w < (fl/ ')pq,a) + 0y (le ')pq,a) :
The weight functions w used in the paper belong to the Muckenhoupt class

Ap(T) [19] which is defined by

P, 6 > 0,1 =1,2,... has the following

p—1
sup i/a)(x)dx i/cul_p/(x)dx < oo, p = %, 1<p<oo
1) 1) p-1

where the supremum is taken with respect to all the intervals I with length < 27
and |I| denotes the length of I.

The function w(x) = |x|* can be given as an example of the weight functions,
where w(x) € Ay ifand only if —n < a < n(p —1),1 < p < co. More examples
can be found in [9].

Ifw e Ay(T), 1 < p,s < oo, then the Hardy-Littlewood maximal function of
f € LE/(T) is bounded in LJJ(T) (I8, Theorem 3]). Therefore the average Ay, f

belongs to L (T). Thus O (f, 6) g, makes sense for w € A,(T).

We know that the relation L.} (T) C L' (T) holds (see [15, the proof of
Prop. 3.3]). For f € L] (T) we have the Fourier series

[e0]

f(x) ~ %0 + Y (ax coskx + by sinkx) (2.2)
k=1
and the conjugate Fourier series
f(x) ~ Y (agsinkx — by coskx).
k=1

It is said that a function f € L{J(T),1 < p,q < o0, w € A,, hasa (¢, B) —deri-

vative f£ if the series

i ()" <ﬂk cosk (x + %) + by sink <x + 52—7;)) (2.3)

k=1

is the Fourier series of the function f£ for given a sequence (¢;), and a number
B €R.
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Definition 1. A sequence of real numbers () is said to be convex downwards if

¥k = 2¥k1 + Prr2 2 0.
We denote by ¥ the set of convex downwards sequences () for which

lim ka =0.

k— o0

Let ¢ € ¥. Then we denote by #(t) = 5(y;t) the function connected with ¥
by the equality 7(t) = ¢~ (¢ (t) /2), t > 1. The function u(t) is defined by the
equality p(t) =t/ (y(t) —t). We set

Yo:={pe¥:0<u(t) <K t>1},
where K is a certain positive constant independent of the quantities which are
parameters in the case under investigation. These classes were intensively
studied in [25, 26].

By E,(f) ps we denote the best approximation of f € LI (T) by trigonometric
polynomials of degree < n, i.e.,

Bl = i I ~Toliy
where T), is the class of trigonometric polynomials of degree not greater than n.
Now we give the multiplier theorem for the weighted Lorentz spaces.
Lemma 1. Let Ag, Ay, ... be a sequence of real numbers such that

2l 1
A<M, Y A=A <M

y=2-1
foralll e N.If1< p,q < oo, w € Apand f € LI (T) with the Fourier series
Y (ay cosvx + by sinvx),
0
T) such that the series

&‘gﬁ

then there is a function h € L

gk

Ay (ay cosvx + by sinvx)

v=0

is Fourier series for h and

< CliAl (2.4)

where C does not depend on f.

Proof. We define a linear operator
Tf(x) := ) Ay (aycosvx + by sinvx)
v=0
for f € L!] (T) which is bounded (in particular is of weak type (p, p)) in L? (T, w)
for every p > 1 by [6, Th. 4.4]. Therefore the hypothesis of the interpolation
theorem for Lorentz spaces [5, Th. 4.13] fulfills. Applying this theorem we get
the desired result (2.4). [ |
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We prove a generalized Bernstein inequality in L., (T).

Lemma2. Let 1 < p,q < o0, w € Ay, f € L] (T) and

2g+1
sup Yo (i () = (e ()7 < C ()T
k=24
where
(w0, 1<k<n,
(Y (n)) ~ =
0, k>n

Then for T, € T,
-1
[T e < o) Tl

where the constant c is independent of n.

Proof. We have
i (akcosk<x—|—’62—k) #bysink (x+£7))
i (cos BBy (1) —sin BBy (T, ).

(Tn)i =

If we define the multipliers

and the operators

then we have ; »
(Tu)y (-) = (BTw) () = (BTw) () -
Using the hypothesis we get

sup k| < ()", 51;P|l/~‘k| < (¢u) ",

357
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2q+1
-1
sup ) |1 — el < C(gn) ™,
q k=29
2q+1

sup ¥ |k — ikl < C(yn) "
q k=21

If we apply the multiplier theorem for the weighted Lorentz spaces we get

|@f]| .0 = 1BT) = (BTa) [ pn < BTl s + | BTull
1 n n ~
< C(¢n)~ Y By (T, x)||  + || Y Bk (Ty, x) .
k=1 L [lk=1 L

The boundedness of the conjugate operator [15] implies the required inequality

= C(¢n) " I Tall s m

LE]

(Ta)l[ g < C ()"
|g],

n
ZBk (TYZ/ .X')
k=1

Remark 1. In this Lemma, one can assume that the parameter B equals zero because of
the boundedness of the conjugate operator.

Remark 2. The condition on (1pn)_1 is similar to so-called general monotonicity, see
[27].

3 Main Results

Theorem 1. Let 1 < p,q < o0, w € Ay(T), and f, ff; c LI (). If () is an

arbitrary sequence such that for every k € IN, ¢ > 0, P11 < ¢y and () — 0 as
k — oo, then forn = 0,1,2, ... the inequality

n €N

1f = Sn(F)llp < e Hf£ - S, (rf£>

7
LY

holds with a constant ¢ > 0 independent of n, where S,,(f) denotes the n—th partial sum
of the Fourier series (2.2) of f.

Corollary 1. Under the conditions of Theorem 1, there is a constant ¢ > 0 independent
of n such that the inequality

Ey (f)Lffﬁ < cppi1Ey (f{;)

LYy
holds.

Using corollary 1 and Theorem 2 of [3] we get the following Jackson type
direct Theorem.
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Theorem 2. Let1 < p,q < oo, w € Ay, and f, £ e LPI(T). If (yy) is an arbitrary
sequence such that for every k € IN, iy > 0, Py < Py and (Pr) — 0as k — oo, then
foreveryn =1,2,3, ... there is a constant ¢ > 0 independent of n such that

1
Ev (i < e (£,7)

LY

Theorem 3. Let 1 < p,q < oo, w € Ay, f € L] (T), ¢ € ¥o. Assume that

Y (k) Ex(f)ym < o0,

k=1

then f£ € L7 (T) and for n = 0,1,2, ... the estimate

En(fg)mq <c {(an)_l qu + Z (kyy) ™ f)L(rj}q}

k=n+1
holds with a constant ¢ > 0 independent of n and f.
Corollary 2. Under the conditions of Theorem 3 if r € IN and

i(wp (v))_l E, (f)ijq < 00,

there are the constants c1,cp > 0 independent of n and f such that the inequality

1 d _
O () o S B @0 B P B 00 B

holds.

Theorem 4. Let 1 < p,q < o0, w € Ay, f, e LB(T), B e [0,00) and ¢ € ¥y.
Assume that () is an arbitrary non-increasing sequence of nonnegative numbers that
(x) — 0as k — oo. Then thereisa T € Ty, n = 1,2,3,... and a constant C > 0
independent of n and f such that

88 =78 g = B0 () -

Particularly, in the case ¢, = kPIn%k, k =1,2,.., B, a € RY, we get the
following new results for the power logarithmic-fractional derivatives f(F%) of f.

Theorem 5. Let 1 < p,q < o0, w € Ap(T), o, p € Rand f, f(B*) € LI (T) .Then

foreveryn =1,2,3,...thereis a constant ¢ > 0 independent of n such that the estimate

If = Su(l < 6 s, (-, /6|, meN

7
LY

nb ln (n+1) ’
holds.
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Corollary 3. Under the conditions of Theorem 5 we have the inequality

¢ (Bw)
En (f)ijﬂ = nPIn® (n+1) B <f >Lff’

with a constant ¢ > 0 independent of n.

Theorem 6. Let 1 < p,q < o0, w € Ay, a, B € Rand f, fP%) € L] (T). Then for
everyn =1,2,3,...and r € IN, there is a constant ¢ > 0 independent of n such that

c 1
< - - (Ba) — .
En(f)ip < nP In® (n—l—l)Qr (f ’n)Lzﬁ

Theorem 7. Let 1 < p,q < o0, w € Ay, f € LIJ (T), B € Rand

[e0]

Z yP-1 In* vE, (f)Lff,q < o0.

v=1

Then fB%) € LIT (T) and we have

E, (f(ﬁr"‘))qu <c (nﬁ In* nE, (f)Lff,q + Z vP 1 In" vE, (fhfﬁ) ’

w v=n+1
where the constant ¢ > 0 independent of n and f.

Corollary 4. Under the conditions of Theorem 7 if r € IN and

1//8_1 In* vE, (f)Lff,q < o,
v=1

there are the constants c1,cp > 0 independent of n and f such that

n oo
Q, ( f), 1 < a ). VTP n* VE, (f)mm+ca ) v~ In" vE, ITE
n L n’ —1 « v=n+1 ¢

Theorem 8. Let 1 < p,q < o0, w € Ay, f, f,,lf € LP](T) and B € [0,00). Then there
isaT € Ty,n=1,2,3,...and a constant ¢ > 0 independent of n and f such that

Pa = cEy (f(ﬁ'a)> Lh

H FB) _ T(Ba) y

Theorem 7 and Corollary 4 were proved in LP (w = 1, constant p € (1,0)) in
[21].

Proof of Theorem 1. Let
Ay (f,x) = ag (f) coskx + by (f) sinkx,

where ai (f), by (f), k = 1,2, ... are Fourier coefficients of f. We know that the
relation L!} (T) C L' (T) holds [15]. Let S,(f) be the n.th partial sum of Fourier
series of f. The inequalities

1Sn (W gzr S gz, Al S UFI g s (3.1)
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hold (see [14, Theorem 6.6.2], [15]). By [25, p. 120] we have

@) -Su(rf)= Y %/(f{;(t)—sn (t.75)) cos (k(x—t)—%”) dt.
T

k=n+1
Then
£() = S0 (- f) = cos %”k ¥ v (=50 (1)) +
+
o —k Z;rllpkAk ( = Sn (f‘ﬁ) ’ ) '
By (3.1) and the equalities
Y e (755 (75) )

k=n+1

o0

= L et S (o fs =50 (7)) —vneaS (£ =50 ().

k=n+1
k—;HLIJkAk (ﬁf — Sn (ﬁf) : )
= k_iﬂ (W= ) Sk (o Fp = S0 (7)) = 9usaSu (=50 (7}))

we obtain

1FC) = Su G )l

[ee]

< Y (P — ) Hsk ( /S—Sn (flf))HJranH

k= n+1

5. (155 (1))
5 (15 ()]

e £ e (A0 () |+

[e0]

< k;q(l/)k_ll)kﬂ 17 =50 (£) ||+ wnsa || £ — 50 (£) | +
R e R e

k=n+1

[ee]

=% () + o) (5 -5 ()| + |75 -5 (7))

k=n+1

=< pus ||y = e ()]

Theorem 1 is proved. [



362 R. Akgiin - Y. E. Yildirir

Proof of Theorem 3. Let T, be the best approximating polynomial for f € L[
Wesetng =n,ny :=[n(n)]+1,...,n:= [ (ng_1)] +1,..., here [y (n)] denotes
the integer part of the nonnegative real number # (1) . In this case the series

[e0]

T () + 2 (T () = T, ()

k=1

converges to f in norm in L}. We consider the series

[ee]

(Tg (D) + Y (T () = Ty, () (3.2)

k=1

Applying generalized Bernstein inequality for the difference uy (-) := Ty, (-) —
Tu,, (+) we get

H (uk)gHLfﬂ < CE e (N (9 (mi)) ™

Hence
,i | @], < <En+l (Fgs (0 (m) ™"+ ki Ener () (9 (nk))_1> .

Since p € ¥y, we have ¢ (1) > ¢ (n(t)) = ¢(t)/2 for any T € [t,1(t)],
T > 1 (1). Without loss of generality one can assume # (t) —t > 1. In this case
we get

Enct Dy A" Eent D
P (nk) B v=nr_4 oY (U) '

Therefore

k;il H(uk)iHLﬁﬁ <c (En+1 (f)pra (9 (n)) 1+ i Ey (f)pra (09 (v))_1> ,

v=n+1

Right hand side of last inequality converges and hence the series (3.2) is converges
in norm to some function g (-) from L.. It is easily seen that the Fourier series of

g is of the form (2.3). This means that the function f has a (¢, §)-derivative f£ of

class L"! and
o

= (T)h+ ¥ (w)

k=1

(3.3)

<™

holds in norm in Lw('). Therefore from (3.3)

E, (ff)wgc<<¢<n>>—lrsn D+ & @) E( )Lff’) ]

v=n-+1
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Proof of Corollary 2. We note that the sharp inverse inequality to the Jackson-
Stechkin type inequality was proved in [15, Th. 1]. In the sequel we use a weak
version of inverse estimate: Let 1 < p,q < oo and let w € Ay(T). Then there exists
a positive constant c such that

C o
Qu(f,6) 1 < ﬁzkm "B 1 (f) s
k=1

for an arbitrary f € L (T) and every natural n [15, Prop. 4.1]. Using Theorem 3 we
have

n

p 1 ¢ 2r—1 B
Q (flplﬁ)qu = n2r ZV TRy (flp)Lf,q

v=1

< —2{21“ (¥ (0)) " Eo ()0 + ilvz“ Y oy ()" B (f)m}
V= V= m=v+
< VT E) B (F+C Y 90 E () .
=0 v=n+1
Proof of Theorem 4. We define W, (f) = Wy(-,f) := Ll;n v(+, f) for

n=20,1,2,.... Since

we obtain that

Hf£<-> — (Sa( f>>{i
o) -

Wl £ o + [ (S0 C WP = (SuCo DS

p =l Lt

In this case, the boundedness of the operator S, in L) implies the boundedness
of operator W, in L} and we get

L < Hflp —Su(s, +’Sn f¢) Wi (- f¢) L
< cEy (flP)LZ]q+“Wn K n(flp) fq;) qu— (fIIJ) pa-

Using Lemma 2 we obtain

L <c($(n) " [1Su( Walf)) — Suls )l
and

I < e ( (m) " IWals f) = SuCo WalF) s < e (@ (0)) ™" En (Waalf))
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Now we have

150 (-, W (f)) — Sn('rf)Hijﬁ
< 1S (oWl £)) = W (s )l ppr + IIWa 0 f) = £ Ollppr +11F ) = Su (o )
< cEy (Wn(f))ijﬁ + cEy (f)ijﬁ + cEy (f)Lfff .
Since

E, (Wn(f))LZﬂ < cEy (f)Lqu

we obtain

|70 = (a1

S B (£9) g+ 00 007 B (W) g+ (g

< cEn (fy) et e @) En (Fg-

Since by Theorem 1
En () < cp (n+ D En (£})
we get
|£0C) = S G| o < En (£5)
and the proof is completed. n
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