Positive solutions for semilinear elliptic
equations with critical weighted Hardy-Sobolev
exponents *

Hai-Yan Liu Chun-Lei Tang!

Abstract

In this paper, we study a class of semilinear elliptic equations with critical
weighted Hardy-Sobolev exponents and superlinear nonlinearity. By means
of the variational methods and some analysis techniques, positive solution is
obtained.

1 Introduction and main results

Consider the following semilinear elliptic problem

_

_A; —2a o u
dio(|x| V) =yt = Moru+ fxw), xe0 "
u=020, x € Q)

where Q) is an open bounded domain in RN (N > 3) with smooth boundary 9Q)
and0€0,0<a< VEO<p< (VE—a)lwithg 2 X2° 5 <p<aqtr,

p = p(ab) = % is the Hardy-Sobolev critical exponent. And note that
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p(a,a) = #~5 = 2* is the Sobolev critical exponent. f € C(Q x R,R), F(x,t) isa

primitive function of f defined by F(x,t) = fotf(x, s)dsforx € O, t € R.
In the case p = 0, problem (1) is related to the well known Caffarelli-Kohn-
Nirenberg inequalities in [1],

2
(/ |x|—bp|u|de)p < Cub/ x| 72| Vul*dx, forallu € CP(RYN), (2
RN " JRN

where 0 < a < \f, a<b<a+lp= %. As well known, Caffarelli-

Kohn-Nirenberg inequalities contain the classical Sobolev inequality (2 = b = 0)
and the Hardy inequality (@ = 0,b = 1) as special cases and have played a crucial
role in many applications by virtue of the complete knowledge about the C,,
thus it is a fundamental task to study problem (1). Asb=1+aand p = 2in (2),
there is the following weighted Hardy- inequality [2],

2 2
/ L NP | VU forallue CPRY).  (3)
RN |x|2(1+a) (\/ﬁ—a) RN |x| a

Moreover, as a = 0, (3) becomes the well known Hardy inequality,

2
/ gy < i/ |Vul?dx, forallu € CJ(RN).
R RN

Nx2TT T T

For p € [0, (V7 — a)z), we use H = H}(Q, |x|7%") to denote the completion
of Ci°(Q) with respect to the norm,

A ~2a|v7,|2 u? d ’
& (f, (72190 = s ) )

which is equivalent to the usual norm of H}(Q), |x|72*) due to (3). And also we
can define the best Hardy-Sobolev constant:

]2

A=Au,(Q) & inf 5
ueH\{0} (fﬂ \de)p

x|

In recent years, people have paid much attention to the existence of solutions
for this singular problems concerning the operator —A - —%5 - (0 < u < %)
|x]

with Sobolev critical exponents (the case thata = b = 0 see [3,12 — 16] and
there references). Some authors also studied the singular problems with Hardy-
Sobolev critical exponents(the case that a = 0, b # 0 see [5,11,17 — 21]). In
[19, 22, 23] the authors only studied the special cases of f(x,t), for example, in
[19], f(x,t) = A|t|17~2t with suitable g and in [22, 23], f(x,t) = At. Besides, there
are some authors who studied the general form. In [17] Ding and Tang discussed
the case of 2 = 0 and b # 0. After that, in [4] Huang, Wu and Tang discussed
the problem with 2 # 0 and b # 0 concave-convex nonlinearities. It should be
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mentioned that in the case « = b = u = 0, Brezis and Nirenberg discussed the
problem (see [9])

u>0, on () (4)

—Au=u*"14 f(x,u), on Q
u=20, on 0()

and obtained one positive solution for suitable f.
In the casea = 0, b # 0, 4 # 0, Kang and Peng discussed the problem (see [19])

|x[*
u=020, x € 0Q)

A=ty = a2y €0
{ V|x‘2 u+Aul%u, x (5)

for0 <pu<u,0<s<2A>0,2<g < 2*and obtained the following results.
Theorem 1.(Theorem 1.1 in [19]) Suppose that 0 < s < 2,0 < u <5, A > 0, and

max{ N 2\%7}<q<2*.

Then problem (5) has a one positive solution in H}(Q2).
After that, in [17], Ding and Tang deal with the following problem with general
form

{ _Au_yﬁ:WTu-q-f(x,u), x € 0\ {0} 6)

for 0 < u < 7,0 <s < 2 and obtained one positive solution as following
Theorem 2.(Theorem 1 in [17]) Suppose that N > 3,0 < p < \f, 0<s<?2,

(f1) f € C(Q xR, R), lim flat) 0, and lim flat) 0, uniformly for

t—ot ttoo $27-1
x € Q)
(f2) There exists a constant p, p > 2, such that 0 < pF(x,t) < f(x,t)t forall x € Q,
t e RT\ {0}.

Assume that

N—-2\/u
0 > max { N } .
VEHVE-E VR
Then problem (6) has at least one positive solution.

By the same methods, the case 4 # 0, a # 0, b # 0, Huang, Wu and Tang
discussed the problem (see [6])

_ u?

—div(|x|"2"Vu) — P‘|x‘z?1+a) = u+f(x,u), xe€Q\{0}
u=20, x € 0Q)

7)

for0 <a < \f,O <u< (\/ﬁ—a)z,a < b < a+1 and obtained one positive
solution as following
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Theorem 3.(Theorem 1 in [6]) Suppose that N > 3(1+4a),0 <a < /i, 0 < u <
(VI —a)? a <b<a+1,and there exists a constant p > 2 such that

— . x,t . X, t .
(fs) f € C(Q xRT,R), t1_1>r(1)n+ ft(p_l) =0 >0,and tEToo ftg*_l) = 0, uniformly
forx € Q;

(fy) 0 < pF(x,t) < f(x, t)tforallx € O, t € RT\ {0}.
Assume that

> max-< 2 E N —2p
P ”)/,\/ﬁ—a 7

where B = \/(\/ﬁ —a)2 —pand v = \/fi — a+ B. Then problem (7) has at least one
positive solution.

Note that the Ambrosetti-Rabinowitz condition is crucial importance to the
existence of weak solutions in [6] and [17]. In fact, [9] has obtained the existence of
solutions without Ambrosetti-Rabinowitz condition. It is natural to ask whether
problem (1) admits one solutions without the Ambrosetti-Rabinowitz condition.
In this present paper, we use a variational method to deal with problem (1) with
general form and superlinearities, we give a positive answer.

The main difficulty in dealing with problem (1) is that the corresponding func-
tional does not satisfy the (PS) condition due to the lack of compactness of the
embedding in H < L? (Q) and the computation of sup;>oI(tu). Hence we could
not use standard variational methods. However, a local (PS) condition can be
established in a suitable range. Then the existence result is obtained via con-
structing a minimax level within this range, and the Mountain Pass Lemma due
to Rabinowitz [7].

Throughout this paper, we will denote the norms on H and L7(Q)) respectively
by || - ||, || - ||rs. Different positive constants will be denoted by the M, M; or
Ci(i=1,2,- ) for convenience.

Here are the main results of this paper:

Theorem 4. Suppose that 0 < a < \/j, p = Wﬁ;_b), 0<pu< (Vu—-a)P?

a<b<a+1,0<A< Ay A is thefirst eigenvalue of —div(|x|~2*V-) — u|x|~2(0+2)
and f satisfies the conditions

— , F(x,t) 1 . F(x,1t) ,
+ L _
(fs) f € C(Q x RT,R), lutn ?)l:p 7 < ZA, and thI—il—loo o 0, uniformly

for x € Q).
Then problem (1) has at least one positive solution for every f under one of the following
conditions:

(a) For N > 2a + 2+ 2+/u + (1 + a)?, there exist positive constant o, a nonempty
open subset w with 0 € w C Q and a nonempty open interval I C (0, +0c0), so that
f(x,t) > 0 for almost everywhere x € w and forall t > 0, f(x,t) > ¢ > 0 for almost
everywhere x € w and forall t € I;

(b) For N = 2a + 2+ 2\/u+ (1+a)?, there exist positive constants o, D and a
nonempty open subset w with 0 € w C Q, so that f(x,t) > 0 for almost everywhere
x € wand forallt > 0; f(x,t) > ot for almost everywhere x € w and for all t € [0, D]
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or f(x,t) > ot for almost everywhere x € w and for all t € [D, +oo];

(c) For 3(14+a) < N < 2a+ 2+ 2\/p+ (1+a)?, there exists a nonempty open
subset w with 0 € w C ), so that f(x,t) > 0 for almost everywhere x € w and for all

L flot) :
t > 0and tgrfoo Nﬂ,?ﬁ = o0 uniformly as x € w.
£

Remark 1. In this paper, we obtain the similar results as those in [6], while the
conditions of f are different from [6], and the conditions of f are better than [6]
when b = a, p = 2%, it also extended [17] and [19] when s = 0. Besides, we see the
results of this paper, find it contains [9) whenb =a =0, p = 2" and p = 0. There
are some functions f satisfying the assumptions of our paper but not satisfying
those in [6]. For example, let

o+ wi(x)|t|172, for all N >2a+2+2/u+ (1+a)?,
ot +wy(x)|t|172t, for all N =2a+2+2/u+ (1+a)?

w1 (x) [ 72+ wa (x) 272,

for all 3(14+a) < N <2a+2+4+2y/pu+ (1+a)?

where wy,wp > 0and wy,wp € C(Q), 0 > 0,and2 <11 < p, 3 < 1y < p.
Moreover, we obtain the existence of positive solutions for problem (1) by the
Mountain Pass Theorem of Ambrosetti and Rabinowitz without the (PS) condi-
tion.

flxt) =

2 Proof of theorem

It is obvious that the values of f(x,t) for t < 0 are irrelevant in Theorem 4, and
we may define
f(x,t) =0, for xeQ, t<0.

In order to study the existence of positive solutions for problem (1), we shall
tirstly consider the existence of nontrivial solutions to the problem

. o u el
~div (|x|~*'Vu) — Hixpma = ( ‘x|)bp + flx,u™), x € O\ {0}, (8)
u = 0, X 6 aQ,

where u™ = max{u,0}. The energy functional corresponding to problem (8) is
given by

1 _ u? 1 [ (ut)?
I _ 2z 2a 2 d __/ dx—
) =5, (1219w u|x|2(1+a)) v [

/ F(x,u")dx, forany u € H.
Q

By the weighted Hardy-Sobolev inequality and (fs), I € C!(H,R). Now it is well
known that there exists a one to one correspondence between the weak solutions
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of problem (8) and the critical points of I on H. More precisely we say that u € H
is a weak solution of problem (8), if for any v € H, there holds

(I'(u),v) = /Q <|x|_2“(Vu, Vo) — y|x|2u++a) dx—

/Q(MTX);P x—/fxu Jodx = 0.

Let {u,} be a sequence in H and ¢ € R, {u,} is called to be a (PS), sequence in
Hif I(uy) — ¢, I'(uy) — 0in H* as n — oo, where H* is the dual space of H.
We say that [ satisfies the (PS). condition if any (PS). sequence {u,} C H has a
convergent subsequence.

Recently, it has been proved that problem (1) has positive solutions in [10] for
suitable parameters a, b and . Moreover, they proved that A is attained when
Q) = RN by the functions

ye(x) = (2epp?) 72 :
X[ (e 4 [x|(P-26) 72

foralls>00<a<\/: O<pt<(\/ﬁ—a)z,aﬁb<a+1,andwhere

Y EVi-a—B B= \/ — a)? — p. Moreover, the function y,(x) solves the
equatlon

DI
2(1 - b
[P ]

—div(|x| 7 Vu) — u, in RM\ {0}.

Let 1
Ce = (2‘€pﬁ2>ﬂ , Ue= Je.

Define a cut-off function ¢ € C°(w) such that ¢(x) = 1 for [x| < R, p(x) =0
for |x| > 2R, 0 < (x) < 1, where Bor(0) C Q. Set ug(x) = (x)Ue(x), ve(x) =
e (x) , so that [ |ve( (x)|P|x|~tPdx = 1. Then the following results

(Jo lue(x)[P]x|~ b”dX)
can be obtained by the methods used in [11]:

2 2
A4 Crer? < |jve|* < A+ Cper?, )
and

& &
Cae? 2 < [q lve(x)[Sdx < Cper?, 1< < &,

& g

Cae?2|Ine| < [o |ve(x)[fdx < Cyer2|Ine|, & = % (10)
fo;‘(\/;:tfu) N*f:(\/F:‘*”)

G PI < [ foe(lfdx < G I, N <p<2,
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where ¢ £ VJi —a+ B. Moreover, since H < LP(Q)(2 < p < 2%), by (9), we

have
/Q|vg(x)|de < C(/Q|va(x)|2dx)§

N
< C (A I Czeﬁ) N—2(1+a—b)

N
< Cs(2A)N20+D) (g — 0+),
so we obtain
N
/ l0e(x)|Pdx < Cs (2A)¥207 T, ase — 0%, (11)
Q

Furthermore, we can get

/ |1e (x)|P| x| ~Pdx
_/ PP(x) 5 dx
| |p7+b €+|x|p2 )72
p _
_/ dx + gr(x) —1 dx

2p 2p
||p'y+b €+|x|p2) 3 0O\Bg(0 |x|p7+b)(€+|x|p2) -2

1
_/| —_

|p7+b €_|_|x|p 2)B )

/N L —dx +0(1)
REND |y p(r'+0) (g 4 |x|(P=2)B) =2

1 1
</ dx—/ - dx +O(1)
RY |x|POHD) (e 4 |x|(P=2)B ) RN\Q 252 | x| P(7'+b+26)

1 ) TN_l
/]RN dx—/ ST dr+0(1)
|x|[POHD) (e 4 |x|(P=2)B ) ¢ 2p2pp(v'+0+2p)

Zp

/ L dx—/ 2 pildr—i—O(l)
]RN||p'y+b €_|_|x|p2) ¢ rPBt

e(p—2)B
- (/+b) _ 2p 2p
RN grzlf’v;) p— 7—|5|P’7+b) (1—|-|5| p— 2),3)
_ p(/+b+28)-N 1
e / —ds+0(1)
[s[P ) (1 4 [s|(P=2)F )

) N 1
_ e‘m/ —dr+0(1)

0 Lp(v'+b) (14 7P~ 2)/3)

<o ([Tl y —dr) +0(1
<e /()rlpﬁr+/ r) +0(1)

ds+ 0O(1)
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where c is some positive constant. Using the same method, we can also obtain
| eGPl

1
-/ : e

|p7+b €_|_|x|p 2)B )

/N L —dx+0(1)
RN || p(r'+0) (¢ + |x|(P-2)B) -2
1 1
2/ dx—/ ——————dx + O(1)
RN |x|p(,},/+b) (€+ |x|(p_2)ﬁ)% ]RN\Q |x|p('7 +b—|—2ﬁ)
_p(y +b+28)— 1
B T / 5-ds — C +O(1)
[s[PO'0) (1 |s|(P=2)F )
. ) N 1
—¢ p—z/ dr — C+0(1)
0

PPV +0) (1 4 p(p-2)B) 7 =

> e 12_;@01 wz_’%d c+o(1
= & /Orl_—pﬁr‘i‘/l WV —-C+ ()

So, one has

Cﬁv%g/hmmvm%mxSQJ%: (12)
QO

Lemma 1. Suppose 0 < a < /T, a <b <a+1,0 < A < Ay. Assume (f5) and one of
(a), (b) or (c) hold. Then there exists u' € H, u’ # 0, such that

P—2
sup I(tu') < T——Ar2.
>0 2p

Proof. Consider the functions

t2 tP
k) = I(toe) = — Hv€||2—§—/ F(x, to)dx,
(@)

£2 tP
k(t) = —lloel*——.
2 17E p

Note that limy_, 4 k(t) = —o0, k(0) = 0, k(t) > 0, as t — 0T, so sup,~,k(t) is
attained for some t, > 0. a
First, we prove that t, is bounded. When x € Q) \ w, we know

1 1

Ue(x) = 2 = 2_
[x[7" (e |x|(P=2B)r=2 x| (2]x[(P=2)B) b2

A\

7
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so Ug(x) is bounded when x € Q) \ w, and by the definition of v, (x), it is bounded,
too. Without loss of generality, assume that there exists a positive constant
My < o0 (M is independent of ¢ ), such that |v:(x)| < My. Moreover, from
the condition of (fs), there exist constants £; = %)\1 Mg, e < %, such that

1
W&Jwﬂgihﬁmf+£%mgpgqﬂ+qﬁ,er\w
0

and then we can directly get

2, P
Ko = ol —;—/QF(x,tvg)dx
t2 tP
< E||vg||2—;—/ﬂ\wlf(x,tvg)dx
Vel 1
< (H ;H +€1)f2—(;—€2)tp

p—2
< ((A—l-El) _tz—p) .

Let M1 = (2p(A + sﬂ)ﬁ + 1, then we get k(t) < 0 for t > M;j, so by the
definition of k(t), we have
tg S Ml.

It means that t, has an upper bound. Now, we prove that ¢, also has a lower
-1
N
bound. Let e3 = <2C5 (2A)N2(1+”b)) .By (fs) and 0 < A < Ay, it is easy to

verify that
F (D)) < esltP ™+ Aqt].

Hence,
_ 1
0= k’(ts) = tg (HU€H2 — tEP 2 _ t_/ f(x, tgvg)vng) P
e JO
we obtain
1
loe|> = P2+ —/ f(x, teve)vedx
te JO
< tgp_2+s3/ |tg|p_2|vg|pdx+)\1/ (0e|2dx.
0 o)
So by (11), one also has

72 4 e [ k2o
O

= P2 <1—i—€3/ |v€|pdx)
Q

N
tep—z <1 + £3Cs (ZA) N2(1+ab))

3,
E1ng 2, (13)

IN

IN
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Besides, from (10), we get
/ jve[*dx — 0, as e — 0.
Q

Hence, we obtain
/ |ve [2dx < < YEW
which together with (13) and the left formula of (9), we get

3 1
A< ||Us||2 < itsp_z + EA,

that is

t P2

Vv

, (14)

when ¢ is sufficiently small.
Second, we compute sup,ok(t). Now we claim

2p

—2

2
loell " < AP 4 Crer 2. (15)
In order to prove this, we first prove the following inequality
(a+b) <a +r(a+1)"'p, a>0, r>1. (16)

In fact, set
p(x)=(a+x) —a —r@@a+1)x, 0<x<1.

Clearly, ¢'(x) < 0 for all x € (0,1), so ¢(b) < ¢(0) = 0, then (16) holds. Let
2
=)

a=A,b= Cyer = from (9) we have

_PZ’

_r_
2p p—2

2 (A+Czsv_32) < AV

2

+ Cger—2.

-2
loe|”

Thus our claim is true. From the definition of k(t), we know

K (t) =t (||oe)|> - t772).

Setting t, = ||vg\|P 7, we can get K'(t.) = 0 and k'(t) > 0 for all t € [0,t.]. So we

conclude that sup, k(t) attains at /. and k is increasing in the interval [0, /], and
it is easy to obtain

1 2 -2 2
7 = Sl 72 = E e 72,

~ #2 th 1 4
k(t;) = = || N
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So we already get supt>0E(t). At the same time, we can evaluate k(f;) directly.
Combining with (15), we have

K(te) = K(t)— /Q F(x, t:0e)dx,

< k() - / F(x, tve)dx,
Q

-2

= B el — [ F(x o)
P2, P2, /

= . ZA2 4 Cger2 — | F(x,teve)dx

) ZP 8 0 ( € s)

Therefore, in order to prove that sup I(tu’) < P 2_;9 AP 2, it is sufficient to
£>0

show that pz—_pogsP 2 — [ F(x, teve)dx < 0 for e small enough. To this purpose
we prove

lim s_ﬁ/ F(x,teve)dx = +o0. (17)
e—0+ O

And we find that Lemma 1 is true if (17) is true. So we can prove (17) instead. In
fact, if f(x,t) > m(t) > 0, combining with the definition of v, (14) and (12), we
only need to prove

_2 Cer—2
lim ¢ r2 M — | dx = +oo, (18)
e—0t |x|]<R / (p— )ﬁ)ﬁ

where M(t) = fot m(s)ds is the primitive function of m(t). Through computation,
we have

1 M Cer? gx
gﬁ |x[<R |x|’7/ (g-|- |x|(P_2):3)ﬁ

(pi\jz)ﬁ Re (P=2)f Ce 72 25
_ @e / M £ sN=14s
2
0 57 (1 + s(P—z)ﬁ) =2

B L -k

N-28 Re (P Ce r=2 (r-2p

— @elr-2)p / M — | sV lds,
0 s7 (1 + S(P—Z)ﬁ) p-2

where @ is the area of SNV~1. So we see that (18) is equivalent to

1

1
N-28 R'e (P2)B Tp27 (p-2)B
lim ¢(p-2)p / g — — | sV ds = 4o, (19)
e—0t 0 % (1 + S(p—z)ﬁ)ﬂ
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for some constant R’ > 0. When R’ > 1, (19) is equivalent to

1 !

N-28 e (P2 Cs‘ﬁ_ﬁ N1
lim 028 / M | N 1ds = oo, (20)
e=07 0 s (1 + s(P_2)ﬁ) p—2
Otherwise, when R’ < 1, define
_ 1 1 /
N-25 e (PP Ce 72 (25
M, = g(P—Z)ﬁ/ L M — | sN7lds,

R'e (P-2)P 7 (1+ S(p—z)/s)m

for m(t) > 0 and note that for some constant Cy, we have

N-28 1
| M| < Coe ™28 M (Cloglf’*z) ¢ -2,

By (fs5) and f(x,t) > m(t), as e — 0 we know

1 1

1 1 2 2
M(Cl()&'pfz) < 5/\ (Cloé””*z) < Cqie772,
and then we can get
N-26 2 N
|Ms| < Cpper-2Bgr=2 (p-28 < (Cqp,

which means that M, is bounded as ¢ is small, and then (19) is also equivalent to
(20). So we only need prove that (20) is true.

Last, we prove that (20) is true if one of (a), (b) and (c) hold.

In case (a): From (a), we know

f(x,t) > oxi(t) £ m(t) for almost everywhere x € w and for all + >0
where yx is the characteristic function of I (I C (0, +0)). Thus we get
M(t) >n >0 for all t+ > B,

for some constants 7 > 0 and B > 0. Then we have
I R 4 /

Ce P72 (p-2p S i S

M >n for all s such that s < Cize (2005,

57 (1 + S(P—Z)ﬁ) =

where Cy3 (relate to B) is a constant and ¢ is small. Then we have
1

!

N-28 e (PP Ce_ﬁ_m
glr-2p / M — | sV ds
0 s (1 + s(P_Z)ﬁ) p-2
7P L - 5%
N-28 e (P— Ce P2 (r-2)p
> 8<P—2>ﬁ/ M — | sV tds
1 57 (1 —+ 5(?‘2),8) =2
B
N-28 [Cize (P=2)2B+7)p
> 17€<P2)/3/ sN=1ds
1
N-28 _ (B+1)N
= CyueP-28  (r-2)2p+1")p

N-(4p+29")
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when N < (484 29') (Itissame as N > 2a+ 2+ 2/ + (1 4+ a)?). It is said that

(20) is true.

In case (b): From (b), we know

flx,t) > oty (t) £

m(t) for almost everywhere x € w and for all t >0

where [ is either [0, D] or [D, +o0](D > 1). Thus we can get either

M(t)

or

1
=§17t2 for 0<t<D,

tZ—D2> for t > D.

(21)

(22)

Ce P2 G2

T
N

(r—2)p N1
(1 + s(P 2)/3)

4
C [1\r2 N
= — — (_2)/5
2N <2) (Z" <€ '

2
Ce P2 (p—2)B
- 2ﬁ+2'y — | sV 1ds
ﬁ+’y e (P—2)(28+7)B 327 (1+S(p—2)ﬁ)ﬂ
2 _ 2
Ce 72~ (-2
5 zﬁ? — | sV lds
P T | 2y (s(P=2)B 4 5(p—2)8) 72

_M 1 1
) —In|e (p—2)(28+7")B — E”Zn <D 2‘B+ryl>

B+

5 (5

1
(r—2)28+7)

p+2
>2 r2Cy

U)
(P—2)2p+ 7’)!3) et oy P

|Ine|,

ase = 0" and N =4+ 2/ (Itissameas N =2a +2+2\/pu + (1 +a)?).
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When (22) holds, we have (for some constant Cy5 relate to D)

/

N-2p e (PP Ce‘ﬁ‘m
e / M 5 sN=14s
0 S’Y/ (1 + S(p—Z)‘B) p—2
_( 12)ﬁ 1 'y/
N-2p e (PT Ce 12 (05
> €(P—2)/5/ M 2 SN—ldS
' s7' (14 s(p-2)p) 72
B = A )
1 N-28 ,Cise (p—2)(2p+7")B Ce_ﬁ_(%)ﬁ
> et / ) v
' s27 (14 s(P=2F) =2
B ) ”
N (Cise (PR Ce 72 (r-2B
2 1178(;772)‘8 / I SN—ldS

1 4 _M
> qu r-2ln Cise (P=2)@B+7)p

Ly (B

(b —2@p +p T2 )

ase — 0" and N = 48+ 29 (Itissame as N = 2a+ 2+ 2\/p+ (1 +a)?). So
either (21) or (22) holds, (20) is true.

_ . . . m(t)
In case (c): Setting m(t) = %Ielif(x,t), so that fEToo Nﬁ/ﬁ?ﬁ = +ooand f(x,t) >
Y
m(t) for almost everywhere x € w and for all t > 0. Therefore from (c), we can

N-28
get for all & > 0, there is a constant D > 0 such that M(t) > 6t "+F forall t > D.
And then we have (for some constant C;¢ > 0 relate to D and ¢ small)

1 !

N-28 e (2P Cs_ﬁ_(pzz)/s
e(p—2)p / M : N-14
’ s7 (1+s(P=2)p) 72
_(1—2)/5 1 id
N-2p e (- — - o
= e / ml—= — | sV lds
' s7 (1+s(p-2)p) 72
By N
2 Qs (p—2)8 / (N—28)7’ A(N_2) ds
1 s (1 +S(p—2)ﬁ)m
B
Ciee (P=2D(2B+7)B CSN—l
- 9/ ! ds.
1 (N=2)y 2(N—28)

s 7+B (1+5(P—2)ﬁ) (r=2)(7"+5)
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When N > 48 + 29/, we can compute
N-28)y 2(N-2
(N-2)7 20N-28)B

Y +B Y+

_(N=28) (v +28) - (N-1) (7' +B)
v+
_ NB-2By — 4B+ B+
T+
- (4B +29)B—2By —4B* + B+
v +B

= 1.

Then, there exists a constant G, so that we have

___ B+
Cige (P=2)(28+7)B CsN-1
Ry (V-2 g | =G
s 7 (1+ s(P=2)B) (r=2)(7"+F)
Hence we obtain
1 '
N2 e ODP Ce 72 2 N-1
lim e / M | sN1as > Ge.
e=0% 0 s7 (1 + 5(?‘2)/5) =2

Consequently, from the arbitrariness of 8 > 0, (20) is true. Thus (20) holds for one
of (a), (b) and (c). This completes the proof of Lemma 1. [ ]
Asforall® > 0and N > 48 +29' (Itissameas N < 2a +2+2/u + (1 +a)?),
this means that (20) is true. From these above, we completes the proof of Lemma 1.
|

Lemma 2. Assume 0 < a < f,a <b<a+10< A <Ay (fs) hold, then
problem (8) has a nontrivial and nonnegative solution.

Proof. We claim that I satisfies the mountain-pass geometrical structure on H.
Indeed, for all t > 0, one has

_ P P )P +
I(tu) = = || —?/()de—/ﬂlf(x,tu )dx.

Consequently, we have lim; g+ I(tu) = 0 and limy_, 1 I(tu) = —oo. Moreover,

from (f5) and p > 2, there exists a suitable ty > 0 such that I(tpu) > 0. Then

our claim is true. Therefore, according to Lemma 1, we obtain that I has a (PS),
o P

sequence on H for all 0 < ¢ < Pz—PZAP—Z. Without loss of generality, we may

assume that {u,} is a (PS), sequence of I. Now, we prove that {u,} is bounded
in H. It follows from (f5) and the boundedness of (), for any ¢, ¢4 > 0, there exists
M > 0, such that

F(x,0)| <ealtlP, x€Q, [t >M; |F(x,t)| < Cis(e), |t € [0, M];
fx, )t Seplt]?, x€Q, [t >M; |[f(x,t)t] < Cigle), [t €[0,M].



626 H.-Y. Liu - C.-L. Tang

Therefore, we have

F(x,)] < Curle) +ealtl?,  |F(x 0] < Cis(e) + pealtl,
for any (x,f) € QO xR. (23)

Let Ci1(e) = Cyy(e) + %Clg(E) and e = g4 + %84, where ¢ € (2,p). Combining
with (23) we get

F(xt) — %f(x, D < F(xt) — %f(x,t)t < Cio(e) +¢lt]?,
for any (x,f) € QO xR. (24)

We observe that hi(x, t) = |x|~0P|t|P~! + f(x, t) satisfies the Ambrosetti-Rabinowitz
condition. By (24), we can get

CH(x,t) —h(x, t)t = (% - 1) x| 7P|tP + (EF(x,t) — f(x, t)t)

< (|x|_br’ (% — 1) —I—Cs) t|P +¢Cq1(e),

so for ¢ sufficiently small, there exists M, > 0, such that
0 <{¢H(x,t) < h(x,t)t, t> My,

where H(x,t) = f(; h(x,s)ds. Moreover, by (f5), we get

Hix,t) — %h(x, Nr<  max (F(x,t) - % f(x, t)t) 2 M,

It follows from two inequalities above that
Hix,t) — %h(x,t)t < My, for all x € O\ {0}, ¢>0. (25)

Since {u,} is a (PS), sequence in H, by (25) we have

— % (I'(un), un)

- (e G
1

c+14+o(1)|un| > I(un)
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Hence we conclude that {un} is a bounded sequence in H. By the continuity of

embedding, we have ||un||L2* Q) < Cy < +oo. Going if necessary to a subse-

quence, one can get

up —u, in L'(Q)), 1<r<2* as n— oo,

u, —u, weaklyinH, as n— oo,
U, — u, a.e. in ), as n — oo.

Next, we must prove that u # 0, and u is a weak solution of problem (8).

First, we prove that u # 0. Indeed, suppose that u = 0 and we can also get
I(u) = 0. It follows from (f5) and the boundedness of (), for any € > 0, there exist
My and Cy;(e) > 0 such that

1
|fx, t)t] < fzoswp' xeQ, |t > My |f(x, )t < Cul(e), xe€Q,|t| €0, My].
Therefore we have
1 _
flx, )t < fzodﬂp +Cale), (1) € QxRT. (26)

By the Vitali Convergence Theorem in [8], combining with (26) and use the same
method like [6], we have

/Qf(x, w updx — /Qf(x,qu)udx, n — oo. (27)

and

/ F(x,u; )dx —>/ F(x,u™)dx, n — oo. (28)
Q Q

Since I'(u,) — 0 in H*, we obtain

(), 1) = [ — /(lebp /fxu Yindx = 0(1). (29)

Since I(u,) — c¢(n — o), together with (28) and u = 0,we obtain

1 (u+)P
I(up) = —|| n||2——/Qde—/QP(x,u,,+)dx
p
= _|| n||2 1/ (|1/l4|—b)p_dx—|—0(1)
= c+o(1).

Therefore, we get

1 1 (uh)”
§||un||2 - /Q (|be)1” dx =c+o(1). (30)
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For u = 0, from (27) and (29), we have

Junl? [ L4V ax = o(1)

x|

Extracting still another sequence (still denoted by {u,}) we may assume

5 (u+)P
lim ||u,|” =s, lim B2 dx
n—00 n—oo /(O |x|bP

=5, (31)

where s > 0 is a constant. At the same time, as we all known the best Hardy-
Sobolev constant, we deduce that

2
+\p 5
[ ]|? > A (/ (u”b) dx) ’ , for all neZ,,
a |x|?
then s > As%, SO s > AP%Z. Consequently, together with (30) and (31), one has

O:c—ls—kls:c—(1—1)s§c—;2A%<0,
2 p 2.p 2p

which is a contradiction. Therefore, we get u # 0.
Second, we prove that u is a weak solution of problem (8). For any v € H,
combining with (27) and I’ (u,) — 0, we have

0 = lim (I'(un),0)

n—oo
-1
B L e (ut)P v N
= /Q <|x| *(Vu, Vo) — ym) dx — /Q de - /Qf(x,u Jodx
= (I'(u),v).
It means that u is a weak solution of problem (8). This completes the proof of
Lemma 2. |

Proof of Theorem 4. From the Hardy-Sobolev inequalities and Caffarelli-Kohn-
Nirenberg inequalities, we can easily get

1
2 b
Jul: < 5

2 (w)”
[l /dex < CollullP, lull}, < Casllull”, (32)
for all u € H. It follows from (fs) that there exist J;, 6, > 0 and J, < é; such that
|F(x,t)| < tF, fort > &

and .
IF(x,t)| < EAtZ, for 0 < t < 5.

As f € C(Q x R",R), there exists M5 > 0, such that

|F(x, t)’ < Ms, for allt € [52,51],
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for all x € O. Therefore, we have
Lo 1, —p
[F(x, )] < SAR + 8 4+ Ms < AP + (14 Mse, ") 7,
for all t € R" and for x € Q. Then one gets
1,0 p
[E(x, )] < SAI" + Cault)P, (33)

forallt € R and for x € Q, where Cig = 1 + M552_P. By (32) and (33), we have

Iw) = aMF—l/(ww%x—Af@m+Mx

pla x|’
1 Cox A
> il = Sl = 5l = Casllel ]
> lul2 = =2 |ul|f — === ||ul|* — CasCoullull?,
> Sl = Sl = syl — CosCasllu]

for 0 < A < Ay, there exists « > 0 such that I(#) > « for all u € 9B, =
{u € H,||u|| = r}, where r > 0 sufficiently small. By Lemma 1 there exists
u' € H,u' # 0, such that

P=2 5
sup I(tu') < =—=Ar2.
>0 2p

It follows from f5 that lim;_, 1o I(fu') — —oo. Hence we can choose t' > 0 such
that ||t'u’|| > r and I(#'u’) < 0. Applying the Mountain Pass Lemma in [7], there
is a sequence {u,} C H satisfying

I(uy) > c>a and I'(uy) —0,

where
= inf I(h(t)),
¢ = inf max I(h(1))
t={he([0,1],H) | h(0) =0,h(1) = t’u’}.
Note that

p

_9
0<a<c=inf I(h(£) < I(#')) < sup (1)) < E—Z A2,
“‘62%3%((n‘3%(1”‘g5(w 2p

Now Lemma 2 suggests {u,} C H has a convergent subsequence (still denoted
by {u,}). Assume that {u,} converges to u € H. From the continuity of I,
we know that u is a weak solution of problem (8). It yields that u > 0 from
(I'(u),u”) = 0, where u~ = min{u,0}. By the strong maximum principle, we
get that u is a positive solution of problem (8). So the proof of Theorem 4 is
completed. n
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