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Abstract

In this paper, we prove some tripled fixed point theorems for Meir-Keleer
condensing operator in a Banach space by using L-functions. We apply these
results to establish the existence of solutions for a system of functional inte-
gral equations of Volterra type.

1 Introduction and preliminaries

The degree of noncompactness of a set is measured by means of functions called
measures of noncompactness. The first measure of noncompactness, the func-
tion a, was defined and studied by Kuratowski [24] in 1930. Darbo [16] used this
measure to generalize both the Schauder’s fixed point theorem and the Banach’s
contraction principle for so called condensing operators. The Hausdorff MNC
X was introduced by Goldenstein, Gohberg and Markus [20] in 1957 and later
studied by Goldenstein and Markus [21]. Another measure of noncompactness 8
was introduced by Istrdtescu [22] in 1972. Measures of noncompactness are very
useful tools which are widely used in fixed point theory, differential equations,
functional equations, integral and integro-differential equations, and optimiza-
tion etc. [11]. In recent years measures of noncompactness have also been used
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in defining geometric properties of Banach spaces as well as in characterizing
compact operators between sequence spaces, e.g. [30].

For a bounded subset Q of a metric space E, the Kuratowski measure of non-
compactness (x-measure or set measure of noncompactness) of Q is defined by

n
a(Q) = inf{e >0:QC | JSi: S CE, diam(S;) <e (i=1,..,n); n € ]N}
i=1

Another measure of noncompactness is the Hausdorff measure of noncompact-
ness (x-measure or ball measure of noncompactness), which is more applicable
in many cases. It is defined by the formula

x(Q) = inf{e > 0: Q has a finite e-net in E}.

The two measures x and a share many properties [7, 10]. Here, we recall
some basic facts concerning measures of noncompactness (c.f. [10]). We denote
the set of real numbers by R and put R, = [0, A + o). Let (E, ||.||) be a Banach
space. The symbol Q, ConvQ will denote the closure and closed convex hull of a
subset Q of E, respectively. Moreover, let Mg indicate the family of all nonempty
and bounded subsets of E and 91 indicate the family of all nonempty and rela-
tively compact subsets of E.

Definition 1.0. A mapping y : 9 — R is said to be a measure of noncom-
pactness in E if it satisfies the following conditions:

1° The family kery = {Q € Mg : u(Q) = 0} is nonempty and kery C N.
2° Q1 C Qr = pu(Q1) < pu(Q2)

3° u(Q) = u(Q).

4° p(ConvQ) = p(Q).

57 u(AQ1 + (1= A)Q2) < Ap(Q1) + (1= A)p(Q2) for A € [0,1].

6° If {Qn} is a sequence of closed sets from DM such that Q,+1 C Q, for
n=12,---, andif limyeo t(Qn) = 0, then Qoo = N1 Qp # ©.

We say that a measure of noncompactness is regular [10] provided it satisfies
additionally the following conditions:

7° w(Q1UQ2) = max{u(Q1), u(Q2)}-
8° u(Q1+ Q2) < u(Q1) +u(Q2)-
9° u(AQ) = [A[u(Q) for A € R.

10° kery = MNg.
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For example, « and x are regular measures of noncompactness on Q.

Definition 1.1. [7] Let E; and E; be two Banach spaces and u; and wu, be
arbitrary measures of noncompactness on E; and E; respectively. An operator
T from E; to Ej is called a (1, yz)-condensing operator if it is continuous and for
every bounded noncompact set () C E; such that for () ¢ ker 1, the following
inequality holds

ia(T(Q)) < i (Q).

The contractive maps and the compact maps are condensing if we take as
measures of noncompactness the diameter of a set and the indicator function of a
family of non-relatively compact sets, respectively [7]. In 1955, Darbo published
a fixed point theorem [16], using the concept of measures of noncompactness,
which guarantees the existence of fixed point for condensing operators. Darbo’s
theorem has provided an abundance of applications in the existence of solutions
for differential and integral equations (c.f. [2, 3, 4,9, 12, 13, 14, 17, 18, 27, 28, 29]).
It extends both the classical Schauder’s fixed point theorem and the Banach’s
contraction principle.

In 1969, Meir and Keeler [26] proved the following very interesting fixed-
point theorem, which is a generalization of the Banach contraction principle [8].

Definition 1.2. [26] Let (X, d) be a metric space. A mapping T on X is said to be a
Meir-Keeler contraction (MKC, for short) if for any € > 0, there exists § > 0 such
that

e<d(xy) <e+6=4d(Tx,Ty) <e,

forallx,y € X.

Definition 1.3. [5] Let C be a nonempty subset of a Banach space E and u an
arbitrary measure of noncompactness on E. We say that an operator T : C — C
is a Meir-Keeler condensing operator if for any & > 0, there exists 6 > 0 such that

e<u(X)<e+o=pu(T(X)) <e (1.1)

for any bounded subset X of C.

Lim [25] introduced the notion of L-functions and characterized Meir-Keeler
contractions in metric spaces.
Definition 1.4. (Lim [25]) A function ¢ from R into itself is called an L-function
if 9(0) =0, ¢(s) > 0fors € (0, +00), and for every s € (0, +o0) there exists § > 0
such that ¢(t) <s, forallt € [s,s + J].

Definition 1.5. (Lim [5]) We say that 6 : Ry — R is a strictly L-function if
6(0) =0,60(s) > 0fors € (0,4o0), and for every s € (0,+o0) there exists § > 0
such that 6(t) < s, forall t € [s,s + ¢].

The following results are given in [5] which are very useful in our study.
Theorem 1.1. Let C be a nonempty, bounded, closed and convex subset of a
Banach space E and u be an arbitrary measure of noncompactness on E.
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If T : C — C is a continuous and Meir-Keeler condensing operator, then T
has at least one fixed point and the set of all fixed points of T in C is compact.

Theorem 1.2. Let C be a nonempty and bounded subset of a Banach space E,
p an arbitrary measure of noncompactness on E and T : C — C be a continuous
operator. Then T is a Meir-Keeler condensing operator if and only if there exists
an L-function ¢ such that

wTX) < o(u(X)), (1.2)
for all X € Mg with u(X) # 0.

Corollary 1.3. Let C be a nonempty, bounded, closed and convex subset of a
Banach space E and let T : C — C be a continuous operator such that

u(TX) < p(u(X)),

for each X C C, where y is an arbitrary measure of noncompactness and ¢ is an
L-function. Then T has at least one fixed point and the set of all fixed points of T
in C is compact.

Theorem 1.4. Let C be a nonempty, bounded, closed and convex subset of a
Banach space E and let T : C — C be a continuous operator such that

u(TX) < 0(u(X)), (1.3)

for each X C C, where y is an arbitrary measure of noncompactness and 0 is a
strictly L-function. Then T has at least one fixed point and the set of all fixed
points of T in C is compact.

Corollary 1.5. Let C be a nonempty, bounded, closed and convex subset of a
Banach space E and let F : C — E be an operator such that

[Fx — Fy|| < 6([lx —yl), (1.4)

where 6 is anondecreasing and right continuous strictly L-function. LetG : C —
E be a compact and continuous operator. Define T'(x) := F(x) + G(x) and assume
that T(x) € C for all x € C. Then T has a fixed point in C and the set of all fixed
points of T in C is compact.

Recently, Karakaya et. al. [23] proved a tripled fixed point theorem for a
class of condensing operators in Banach spaces. In this paper we prove some
tripled fixed point theorems for Meir-Keleer condensing operator in a Banach
space using L-functions via measures of noncompactness. Furthermore, we
apply our results to establish the existence of solutions for a system of functional
integral equations of Volterra type.
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2 Tripled fixed point results for trivariate Meir-Keeler condens-
ing operators

In this section we introduce the notion of a trivariate Meir-Keeler condensing
operator and prove some tripled fixed point results.

Definition 2.1. [15] An element (x,y,z) € X x X is called a tripled fixed point of
the operator F : X x X x X — X if F(x,y,z) = x,F(y,x,z) =y and F(z,y,x) =
z.

Theorem 2.1. [10] Suppose w1, H2,- - -, un are measures of noncompactness on
Banach spaces Eq, Ey, - - - , Ey, respectively. Moreover assume that the function
F : R — Ry is convex and F(xq,---,x,) = 0 if and only if x; = 0 for
i=1,2,---,n. Then

V(X) = F(,ul(Xl)/V2(X2)/' e /Vn(Xn))

defines a measure of noncompactness on E; x E; X - - - X E, where X; denotes the
natural projections of X into E; fori =1,2,--- ,n.

Similar to [6] we can construct the following example.
Example 2.1. Let 4 be a measure of noncompactness on a Banach space E. If we
consider Fi (x,y,z) = max{x,y,z} and F(x,y,z) = x +y+zforx,y,z € R3, then
conditions of Theorem 2.1 are satisfied. Therefore, ji1(X) := max{u(X1), u(X2),
w(X3)} and fip(X) := u(X1) + u(X2) + u(X3) define measures of noncompact-
ness in the space E x E x E where X; denotes the natural projections of X into E;
fori=1,2,3.

Now, we define the notion of a trivariate Meir-Keeler condensing operator
and use to prove our first result.
Definition 2.2. Let C be a nonempty subset of a Banach space E and y an arbitrary
measure of noncompactness on E. We say that T : C x C x C — C is a Meir-
Keeler condensing operator if for any e > 0, there exists § > 0 such that

e <max{u(X1),u(X2), u(X3)} <e+d = u(T(X1 x Xa x X3)) <e (2.1)
for any bounded subsets X;, X5, X3 of C.

Theorem 2.2. Let C be a nonempty, bounded closed and convex subset of a
Banach space E and u an arbitrary measure of noncompactness on E.
If T: CxCxC — Cis a continuous Meir-Keeler condensing operator then
T has at least one tripled fixed point.

Proof. From Example 2.1, we note that fi;(X) := max{u(Xy), u(Xz2), u(X3)} for
any bounded subset X C E x E x E defines a measure of noncompactness on
E x E x E where X; denotes the natural projections of X into E; fori = 1,2,3.
Also the operator G : C x C x C — C x C x C given by

G(x,y,2) = (T(x,y,2), T(y, x,2), T(z,y,x))
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is clearly continuous on C x C x C. Now we claim that G satisfies all the condi-
tions of Theorem 1.1. To prove this, let ¢ > 0 and é(e) > 0 be as in Definition 2.2.
If X is a bounded subset of C x C x C such that

e<fi(X)<e+6

then
e < max{u(X1), u(X2), u(X3)} < e+24.

By 2° of Definition 1.0 and (2.1), we get

A(G(X))

IN

ﬁ(T(Xl X Xp X X3) X T(Xz X X1 X X3) X T(X3 X Xp X Xl)} <e+o
= max{y(T(Xl X Xp X X3)),‘11(T(X2 X X1 X X3)),“I/I(T(X3 X Xp X Xl))}
< &

Hence, from Theorem 1.1, G has at least one fixed point in C x C x C. Now the
conclusion of theorem follows from the fact that every fixed point of G is a tripled
fixed point of T.

This completes the proof of the theorem.

Now, we prove a tripled fixed point theorem by using L-functions.
Theorem 2.3. Let C be a nonempty, bounded closed and convex subset of a
Banach space E and ¢ an L-function. Suppose that for any measure of noncom-
pactness p on E,the continuous operator T : C x C x C — C satisfies

BT % X x X)) < 5 (u(X0) 4 p(K) +u(X3)),  (22)

for any subsets X, X5, X3 of C. Then G has at least one tripled fixed point.
Proof. Similarly to the proof of Theorem 2.2, we define a mapping G : C x C X
C—CxCxCby

G(x,y,2) = (T(x,y,2), T(y,x,2), T(z,y,x))

which is continuous. On the other hand, from Example 2.1, we have ji(X) :=
1(Xy) + u(Xz) + u(X3) which defines a measure of noncompactness on E x E x E
where X1, X5, X3 denote the natural projections of X. Now let X C C x C x C be
any nonempty subset. Then by 2° of Definition 1.0 and (2.2) we obtain

A(G(X))

ﬁ(T(Xl X X2 X X3) X T(Xz X X1 X X3) X T(X3 X XZ X Xl)} <e+o
(T(X1 % Xa x X3)) 4+ p(T(Xa x X1 x X3)) + p(T(X3 x X x X1))
(
(

|
=

P(p(X1) + p(X2) + pu(X3))
(X))

Therefore, all the conditions of Corollary 1.3 are satistied. Hence G has a fixed
point or equivalently T has a tripled fixed point.

IN A
_e
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This completes the proof of the theorem.

Our next result is a consequence of Theorem 1.4.
Theorem 2.4. Let C be a nonempty, bounded closed and convex subset of a Ba-
nach space E and 0 a strictly L-function. Suppose that for any measure of non-
compactness y on E,the continuous operator T : C x C x C — C satisfies

BT (X0 x Xa % X3)) < 20 (u(X0) + p(X0) +p(Xs)),  (23)

for any subsets Xj, X5, X3 of C. Then G has at least one tripled fixed point.
Proof. Its proof is similar to the proof of Theorem 2.2.

Corollary 2.5. Let C be a nonempty, bounded, closed and convex subset of a
Banach space E and let F : C x C x C — E be an operator such that

1
IECxy,z) = F(u,0,w)[| < 36(|x =l +[ly — vl + ||z — wl}) (2.4)

where 6 is a nondecreasing and upper semicontinuous strictly L-function. As-
sume that G : C x C x C — E is a compact, continuous operator. Define
T(x,y,z) := F(x,y,z) + G(x,y, z) and assume that T(x,y,z) € Cforall x,y.z € C.
Then F has at least a tripled fixed point.

Proof. Let u : Mg — R be Kuratowski measure of noncompactness. Moreover,
let X;, X5, X3 be nonempty subsets of C. Since 6 is nondecreasing, by (2.4) we
have

1
1ECey,2) = F(wv,w)l| < 6([x —ul +ly —ofl + [|lz = wl)

IN

1
ge(diame — u|| + diam|ly — v|| + diam||z — w||)
and

diam(F(Xy x X3 X X3)) < =60(diam(Xy) + diam(Xy) + diam(X3)).

W=

Since 6 is right continuous, similarly to the proof of Corollary 2.5, we have

p(F(X1 X Xp X X3)) < 20 (u(X1) + p(X2) + 1(X3))

W =

and since G is compact

u(T(X1 x Xz X X3))

u((F +G)(Xq x X2 X X3))
“I/I(F(Xl X Xz X X3) + G(Xl X X2 X X3))
(F(X1 x Xp x X3)) 4+ u(G(Xq X Xz x X3))

0 (n(X1) +u(X2) + u(X3)).

ININA

VAN
Wl ==

Now, by applying Theorem 2.4, we get the desired result.
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This completes the proof of the theorem.
3. Applications

In this section, we apply our results to prove the existence of solutions for a
system of functional integral equations of Volterra type.
Let BC(IR4 ) be the Banach space of all bounded and continuous functions on R ¢
equipped with the standard norm

€]l = sup {[x(#)[ - £ > O}
For any nonempty bounded subset X of BC(Ry), x € X, A > 0and ¢ > 0, let

wl(x,e) = sup{|x(t) — x(u)| : t,u € [0,A], |t —u| <e}
wA(X,e) = sup {w?(x,€) : x € X},

wi(X) = limesow? (X, ),

wo(X) = limg_c wf)q(X)/

X(t) = {x(t) : x € X}

and
(wo(X) + limsup diamX(t)). (3.1)

t—o0

N =

u(X) =

The function y is a measure of noncompactness in the space BC(R 1) (in the sense
of Definition 1.1) (cf. [10], [13]).

Theorem 3.1. Assume that the following conditions are satisfied:
(i) f: Ry x RxR xR xR — Ris continuous and there exist nondecreasing
and upper semicontinuous strictly L-function 6 such that

|f(t,x1,x2,x3,x4) — f(£,y1,Y2,¥3,¥4)| <

1
5(9(|x1 =yl +|x2 —y2| +|x3 —ys3])) + |xs —yal, (3.2)

(i) M := sup{|f(,0,0,0,0)| : t € Ry} < o0.
(iii) ¢ : R+ x Ry x R x R x R — R is continuous and there exists a positive
constant D such that

D = sup{‘ /Otg(t, s,x(s),y(s),z(s))ds| : t € Ry, x,y,z€ BC(Ry)}.  (3.3)

Moreover,

lim ) /0 5(ts,x(5), y(s), 2(s)) — g(t,s,u(s),v(s),w(s))ds]‘ =0 (3.4)

t— o0

uniformly with respect to x,y,z,u,v,w € BC(Ry).
(iv) There exists a positive solution rg of the inequality

%6(31’) +M+D <r.
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Then the system of functional integral equations

t z t )
y(t) =f(t,y( ) (t),z t) +f0 t s, y s ,x(s),z s))ds (3.5)
t x t )

For x,y,z € BC(R4.), let

I Cey,2) lper, 3= 1% lleo + 1Y lleo + 12l

We can easily prove that the solution of (3.5) in BC(R+) x BC(R4) x BC(R4.) is
equivalent to the tripled fixed point of G.

The proof depends upon the following lemma.
Lemma 3.2. Assume that g satisfies the hypothesis (iii) of Theorem 3.1. Then
G: BC(R+) X BC(R+) X BC(R+) — BC(R+) defined by

G(x,y,2)(t) = /Otg(tzslX(S),y(S),Z(S))dS (3.6)

is a compact and continuous operator.

Proof. First we show that G(x,y,z)(t) is continuous for any x,y,z € BC(R4).
Let x,y,z € BC(Ry) and € > 0. Take u,v,w € BC(Ry) with || (x,y,z) —
(u,0,w) |[c(r,)3< & Then, by condition (ii) and (3.2), there exists T > 0 such
that for t > T, we have

| G(x,y,2)(#) = G(u,v,w)(¢) |<
/Ot | 8(t,s,x(s),y(s),2(s))ds — g(t,5,u(s), v(s), w(s))ds [< e (37)

forany x,y,z € BC(R;). Alsoif t € [0, T], then the first inequality in (3.7) implies
that

| G(x,y,2)(t) = G(u,v,w)(¢) |< Tor(e),

where

Or(e) = sup{| g(t,s,xy.z) —g(t,s,u,v,w) |:t €[0,T],x,y,zu0we [-b,b],
I (xyz) = (wo,w) |pemr,p<el

withb = ||x]| o + [|V]le T 12|l + € By using the continuity of g on [0, T| x [0, T] x

[—b,b] x [-b,b] x [-b,b], we have 07(¢) — 0 as ¢ — 0. Thus, G is a continuous

function on BC(R4) x BC(R4) x BC(R4). Now, let X3, X5, X3 be nonempty and

bounded subsets of BC(IR ), and assume that T > 0 and € > 0 are arbitrary con-
stants. Let t1,t, € [0, T] with | t; — £, [< eand (x,y,z) € X1 X Xp x X3. We have

| G(x,y,2)(h) = Gx,y,2)(R2) |<

[ a5, 40, 2(6))ds = [ (02,5, 3(6),y(5),2(5))ds | Tl (g€) + U
(3.8)
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where r = sup.., x|l + ¥l + 2]},

w, (g,€) = sup{| g(t1,s,%,y,2) —g(t2,5,%,y,2) |:
t1,tp €10, T],x,y,z € [-r,7],| t1 — tr |< €},

ur = sup{| g(t,s,x,y,z) |: t € [0,T],x,y,z € [—1,7]}.

Since (x,y,z) was arbitrary, we obtain
wl(G(Xy x Xp x X3),€) < Tw/(g,€) + Ule. (3.9)

On the other hand, by the uniform continuity of g on [0, T| x [0, T| x [—r,7] X
[—r,7] x [-7,7], we have w[(g,e) — 0 as ¢ — 0. Therefore we obtain
wl(G(X1 x X2 x X3)) =0 and finally

wo(G(X1 X Xp X Xg,)) =0. (3.10)

In addition, for arbitrary (x,y,z), (u,v,w) € X; x Xo x Xz and t € R, we have

| G(x,y,2)(t) — G(u,v,w)(t) s/
g(t,s,x(s),y(s),z(s))ds — g(t,s,u(s),v(s), w(s))ds |< B(t)

where

B(t) = sup{| g(t,s,x(s), y(s), z(s)) — &(t,s,u(s),v(s), w(s)) |:
t,s €[0,T|;x,y,z,u,0,w € BC(Ry)}.

Thus, we have

diamG (X x Xp x X3)(t) < B(t) (3.11).
Taking the limit as t — oo in the inequality (3.11) and using (iii) we get
lim sup diamG (X1 x Xp x X3)(t) =0 (3.12).
t—o0

Further, combining (3.10) and (3.12), we get
lim sup dzamG(X1 X Xp X Xg)(t) + wO(G(X1 X Xp X X3)) =0 (313)

t—o0

or equivalently
‘I/I(G(Xl X Xz X Xg)) =0.

Thus, G is compact and the proof is complete.
Proof of Theorem 3.1. We define the operators F, T : BC(Ry) x BC(Ry) x BC(Ry) —
BC(R4) x BC(R4) x BC(R4) by

F(x,y,2)(8) = f(t, x(8), y(t), 2(t))
and

T(x,y,2)(t) = f(t x(8), y(t),2(t)) + /Otg(tfsfx(S),y(S)IZ(S))dS-
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Using conditions (i)-(iv), for arbitrarily fixed t € R, we have

G(x,y,2)(t)

<[ f(t,x(8),y(t),2(1)) +/Otg(f,SIX(S),y(S),Z(S))dS — f(+,0,0,0,0) |
+1 f(¢0,0,0,0) |

< %9(| x(t) [+ [y(@) [ +]2() D+ | /Otg(tzslX(S)/y(S)zz(S))ds | +1£(¢0,0,0,0) |

<00 x(@) [+]y@®) [+]2(8) ) +M+D

QW

Since by assumption (ii) the function 6 is nondecreasing, we get

1
1 G(xy2) (1= 38(01xll o0 + ¥ lleo + [12l]o0) + M+ D.

Thus, keeping in mind assumption (iv) we infer that T is a self mapping of the
ball Bro. Next, by condition (ii) of Theorem 3.1, it is obvious that F and G for
x,y,z € BC(R4) are continuous functions, and

I E(x,y,2) = F(u,v,w) [[< 0(] (x,y,2) = (u,0,w) [[pc(r, )3)-

Let u : Mg — Ry be the Kuratowski measure of noncompactness defined by
(1.1). Using Theorem 2.4, we get

p(E(x)) < 6(pu(x)). (3.14)

Thus, F is a Meir-Keeler condensing operator. Finally, since T(x,y,z) = F(x,y,z) +
G(x,y,2z),G is a compact and continuous operator and F is a continuous Meir-
Keeler condensing operator, by Corollary 2.5, T has a fixed point.
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