Existence and multiplicity of periodic solutions
for some second order Hamiltonian systems*

Yiwei Ye Chun-Lei Tang'

Abstract

In this paper, we study the existence of nontrivial periodic solutions for
the second order Hamiltonian systems ii(t) + VF(t, u(t)) = 0, where F(t, x)
is either nonquadratic or superquadratic as |u| — oo. Furthermore, if F(¢, x)
is even in x, we prove the existence of infinitely many periodic solutions for
the general Hamiltonian systems ii(t) + A(t)u(t) + VF(t,u(t)) = 0, where
A(+) is a continuous T-periodic symmetric matrix. Our theorems mainly im-
prove the recent result of Tang and Jiang [X.H. Tang, J. Jiang, Existence and
multiplicity of periodic solutions for a class of second-order Hamiltonian sys-
tems, Comput. Math. Appl. 59 (2010) 3646-3655].

1 Introduction and main results

Consider the second order Hamiltonian systems

{ M(t) + VF(t,u(t)) =0, ae.te€e [0/ T]/ (11)

u(0) — u(T) = 1(0) — u(T) =0,

where T > 0, F : R x RN — R satisfies the following assumption:
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(A) F(t, x) is measurable in t for every x € RY and continuously differentiable
in x for a.e. t € [0,T], and there exista € C(R*,R"), b € L'(0, T;R") such
that

[E(t x)| < a(lx])b(t),  [VE(tx)| < a(|x])b(t)

for all x € RN and a.e. t € [0, T).

There has been a vast literature on the study of periodic solutions for Hamil-
tonian systems via critical point theory since Rabinowitz published his pioneer
paper [12] in 1978, see [1-27] and the references therein. We refer to some rep-
resentative works of them. In [12], Rabinowitz studied the existence of periodic
solutions of problem (1.1) under the superquadratic condition:

(AR) There exist 4 > 2 and L > 0 such that

0 < uF(t,x) < (VF(t,x),x), ¥te€]0,T|and |x|> L.

Observe that (AR) plays an important role to show that every Palais-Smale se-
quence for the Lagrangian functional associated with problem (1.1) is bounded.
Such condition was first introduced by Ambrosetti and Rabinowitz [1], and are
useful in solving superlinear problems such as elliptic equations, Dirac equations
and wave equations. Fei [4] considered a kind of new superquadratic assump-
tions which include some potentials like

F(t,x) = |x*(In(1+ |x["))?,  p,q> 1.
He assumed that

(F*) Thereexist >1,1 <A <1+ (B—1)/B,c1,c2 > 0and L > 0 such that

IVE(t,x)| < ci|x|t, Vte[0,T]and |x| > L,
(VE(t,x),x) —2F(t,x) > cp|x|P, Vt€[0,T]and |x| > L.

See also [6, 11, 16, 17, 20] for the related results. Tang and Wu [15] extended a
theorem established by A.C. Lazer, EM. Landesman and D.R. Meyers [8] on the
existence of critical points without compactness assumptions, using the reduc-
tion method, the perturbation argument and the least action principle. As an
application, they studied the existence of periodic solutions of problem (1.1) with
subquadratic and convex potentials, which unifies and generalizes the results in
[10, 18, 25, 26]. Chen and Ma [3] investigated the general second order Hamilto-
nian systems

i(t) + A(t)u(t) + VF(t,u(t)) =0, VteR, (1.2)

where A(+) is a continuous T-periodic symmetric matrix. Applying generic su-
perquadratic conditions instead of (AR) and assuming 0 lies in a gap of
o(—d?/dt*> — A(t)), they proved the existence of ground state periodic solutions
of problem (1.2), i.e., solutions correspond to the least energy of the action func-
tional of (1.2). The proof relied on a generalized weak linking theorem for strongly
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indefinite problem developed by Schechter and Zou [28]. Li, Su and Tian [9] stud-
ied the second order Hamiltonian systems of the form

i(t) + A(Du(t) = —Au(t) — VE(tu(t)), teR, (HS),

where A € R is a parameter, F € C2(R x RN, R) is periodic in the first variable
and satisfies (AR) condition. Combining Morse theory, topological linking and
bifurcation arguments, they established the existence of at least two or three non-
trivial 27t-solutions of (HS),. Schechter [13] dealt with the existence of periodic
solutions for the nonautonomous systems

ii(t) + BVE(t,u(t)) =0,

taking advantage of the theory of sandwich pairs (see [29]) and Struwe’s mono-
tonicity trick (see [30]). Assuming very weak conditions on F, e.g,
VF € C(R x RY,R), 0 < fOTF(t,x)dt — 400 as |x| — oo, the existence result
was obtained for almost all B < 6m?/(aT), where a and m are constants satisfy-
ing fOT F(t,x)dt < a for all |x| < m. As for results on the existence of infinitely
many solutions of problem (1.1), we refer the readers to [2, 5, 14, 21, 22, 27].

Our motivation mainly comes from the papers [14, 24]. The existence of solu-
tions of problem (1.1) was considered in Zhao et al. [24] in the case that F(t, x) =
—K(t,x) + W(t, x), K satisfies the “pinching” condition introduced by Izydorek
and Janczewska [31], i.e.,

(K1) There exist constants by, by > 0 such that by |x|?> < K(t,x) < by|x|? for all
(t,x) €0, T] x RN,

and W is asymptotically quadratic at infinity. Precisely, they made the following
hypotheses:

(K2) K(t,x) < (VK(t,x),x) <2K(t, x) forall (t,x) € [0, T] x RN.
(W1) VW(t x) = o(|x]) as |x|] — 0 uniformly for ¢ € [0, T].

(W2) There exists a function Voo € L?(0,T;R) such that lim,_,,, [VW(t, x) —
Veo(t)x|/|x| = 0 uniformly for ¢t € [0,T], and inficjoq Veolt) >
(47% + T?) max {1,2b,} /(T?).

(W3) W(t,x) = 3(VW(tx),x) — W(t,x) — +oo as |x| — oo uniformly for
t €0, T].

Applying Rabinowitz’s mountain pass theorem, they obtained the following
theorem.

Theorem A (see [24, Theorem 1.1]). Suppose that F = —K+ W, K, W €
Cl([0, T] x RN, R) satisfy (K1)-(Ky) and (W1)-(W3). Then problem (1.1) has at least
one nontrivial T-periodic solution.

Recently, Tang and Zhang [14] improved Theorem A to more general poten-
tials. They assumed that:
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(K3) There exist constants b > 0and r € (1, 2] such that K(¢,0) = 0,and K(t, x) >
b|x|" for all (t,x) € [0, T] x RN.

(Ky4) (VK(t,x),x) <2K(t,x) forall (t,x) € [0,T] x RN,
(Ws) limsup,_, W(t,x)/|x|?> < b uniformly for ¢t € [0, T].

(Ws) There exist constants 2 > 0 and d > 0 such that W(t,x) < a|x|? + d for all
(t,x) € [0, T] x RN.

(We) There exists ¢ € L1(0, T; R) such that (VW (¢, x), x) —2W(t,x) > g(t) for all
(t,x) € [0,T] x RN, and limy oo [(VW(E, x), x) —2W(t, x)] = +oo for ace.
te[0,T].

(Wy) There exists xg € RN such that fOT [K(t, x0) — W(t, x) — @] dt < 0.

Theorem B (see [14, Theorem 1.1]). Suppose that F = —K+ W, K,
W € CY([0,T] x RN, R) satisfy (K3)-(Ky) and (Wy)-(Wy). Then problem (1.1) has
at least one nontrivial T-periodic solution.

They also considered the situation where VW is superlinear at infinity and
proved the following result.

Theorem C (see [24, Theorem 1.2]). Suppose that F = —K+ W, K,
W e C1([0, T] x RN, R) satisfy (K3)-(Ky), (Wy) and

(Wg) There exist ay, ay > 0and v > 2 such that W(t,x) < ay|x|V + ay forall (t,x) €
[0, T] x RN.

(Wo) There exist az, ag > 0, uy > 2 and p > v —r such that (VW(t,x),x) —
2W(t, x) > az|x|" —ay forall (t,x) € [0,T] x RN.

Then problem (1.1) has at least one nontrivial T-periodic solution.

If F(t,x) is even in x, i.e., F(t,—x) = F(t,x) for all (t,x) € [0,T] x RV, they
obtained infinitely many solutions by using the symmetric mountain pass theo-
rem.

Theorem D (see [24, Theorem 1.3]). Suppose that F = —K+ W, K, W € C'([0, T] x
RN, R) satisfy (K3)-(Kg), (Wy) and (Wg)-(Wy), and that F is even in x. Then problem
(1.1) has infinitely many T-periodic solutions.

In the present paper, we are interested in nonquadratic and superquadratic
potentials. Instead of investigating the properties of K and W, we directly im-
pose assumptions on F. One nontrivial solution is constructed using the classical
mountain pass theorem. Furthermore, if F is even in x, we study the existence of
infinitely many solutions for the general Hamiltonian systems

a.e. t €[0,T],

{ i+ A(t)u(t) + VF(t,u(t)) (1.3)

=0,
u(0) — u(T) = 1(0) — u(T) =0,
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where A(f) is an N x N symmetric matrix, continuous and T-periodic in f. The
main results generalize and improve Theorems A-D.

We make the following assumptions:

F(t, x)
|x[?

(Fp) limsup < 0 uniformly for a.e. t € [0, T].

|x|—0

F(t, x)

|x[?

(F;) limsup < +oco uniformly for a.e. t € [0, T].

x| o0
(F3) There exists ¢ € L'(0, T;R) such that
(VF(t,x),x) —2F(t,x) > g(t),  V(t,x) €[0,T] x RN,
and

lim [(VF(t,x),x) —2F(t,x)] = +c0  forae.t e [0, T].

|x| =00

(F}) There exists ¢ € L'(0, T;R) such that
(VF(t,x),x) —2F(t,x) < g(t),  V(t,x) €[0,T] x RY,

and
lim [(VFE(t,x),x) —2F(t,x)] = —c0  fora.e.t € [0,T].

|x|—00

(F;) There exists xg € RN such that fOT F(t, xo)dt > 0.

Since F(t, x) may be replaced by F(t, x) — F(t,0), we may also assume without
loss of generality that F(¢t,0) = 0 forall ¢t € [0, T].

We mention that the nonquadratic type conditions like (F3) (or (F})) was in-
troduced in Costa and Magalhdes [32] for studying the Dirichlet problem —Au =
f(x,u) in Q, u = 0 on 9Q), where Q C RV is smoothly bounded. For Hamilto-
nian systems, it was used in Jiang and Tang [7] to obtain the existence of periodic
and subharmonic solutions for problem (1.1), and in Ma and Zhang [11] for p-
Laplacian systems.

Theorem 1.1. Assume that F satisfies assumptions (A) and (Fy)-(Fy). Then problem
(1.1) has at least one nontrivial solution.

Theorem 1.2. The conclusion of Theorem 1.1 holds if we replace (F3) by (F}).

Remark 1.1. Theorem 1.1 generalizes Theorem B, and hence also generalizes
Theorem A. First, Theorem 1.1 requires the function F satisfies the standard reg-
ular assumption (A) instead of being C!. Second, it follows from (K3) and (W)
that

F(t,x) —-b —|—b:{ 0, ifr=2,

< limsup —5— .
|x|2 x| 30 |x[2—7 —oo0, ifl<r<2,

lim sup
|x|—0
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which implies (F;). Moreover, combining (K3) and (W5), we have

F(t, x) W(t, x)
|x[? |x[?

lim sup <a < +4oco  uniformly fort € [0, T],

|x| =00

< limsup
|x| =00

which gives (F,). Thirdly, by (Ky) and (W), we obtain

(VE(t,x),x) —2F(t,x) = [—(VK(t x),x)+2K(t,x)] +
[(VW(t, x),x) —2W(t, x)]
(VW(t, x),x) —2W(t,x)

>
> g(t)

for all (t,x) € [0,T] x RN, and
(VE(t,x),x) —2F(t,x) > (VW(t,x),x) —2W(t,x) — 400 as|x| — o0

for a.e. t € [0, T|, which implies (F3). Finally, by (W),

—F(+,0) = K(£,0) — W(t,0) = —W(t,0) > %, vt € [0,T],

which, together with (W7), shows that

T T

/F(t,xo)dt — /[P(t xo) — F(t,0)]dt
0

:/ K(t, x0) + W(t, xo) — E(t,0))dt

> T( (t,x0) —|—W(tx0)+g(t))dt

0
> 0.

Remark 1.2. Theorems 1.1 and 1.2 respectively complement Theorems 4 and 5 in
Ma and Zhang [11], where the existence of one nontrivial solution was obtained
under conditions (A), (), (F3) (or (F})) and:

F(t,x) > 0forall (t,x) € [0,T] x RN.
limsup F(t,x)/|x|* < 21/ T? < 1|1n\mnfl—“(t ,x)/ x|

|x|]—0

uniformly for a.e. t € [0, T].

There are functions F which match our Theorem 1.1 but not satisfying Theorems
A, Band theresultsin [3, 4, 6,7, 11, 12, 16, 17, 19, 20, 23]. For example, let

_ [ xP -1, x| <1,
Ft,x) = { AP —In|x2—=2,  |x|>1.
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Theorem 1.3. Assume that F satisfies assumptions (A), (F1), (Fs) and:
(Fs) There exists A > 2 such that

lim sup P(t’f)

oo Xl

< +oo uniformly fora.e. t € [0, T].

(Fs) There exists p > A — 2 such that

liming (VF(t,x),x) — 2F(t, x)
x>0 |x|P

>0  uniformly forae. t € [0, T].

Then problem (1.1) possesses at least one nontrivial T-periodic solution.

Remark 1.3. Assumption (F;) holds for functions F in Theorem C. Indeed, it
follows from (Wy) that

d (W(t,sx)) _ (VW(t,sx),sx) — 2W(t,sx) S agst|x|* — ay

ds s2 s3 - s3 (1.4)

for all (t,x) € [0,T] x RN and s > 0. Integrating both sides from 1 to s (s > 1)
gives
| m(sh2 — 1) — (1 — 1)
Witsn) |, o { W00+ 2l =2) - 0= ), it
s W(t, x) +az|x[FIns — F(1 — ), ifu=2,

for all (t,x) € [0, T] x RN. Hence, for fixed xo € RN\ {0}, we obtain

BT =% (1 )T,
if u > 2,

1 T
s2 Jo

T
W(t, sxo)dt > / W(t, xo)
0

and

l/TW(tsx)dif>/TW(tx)dt—l—a|x |P‘Tlns—a—4 1—l T, ifu=2
SZ 0 7 0 il 0 7 A0 3[40 2 52 7 ]’I_ %

which implies that

1

T
— W(t,sxg)dt — +o00 ass — 40 (1.5)
S2

0

when p > 2. Similarly, using (K4), we have

1 T

T
= | Kisxyat < /0 K(t, xo)dt < max K(t,x0)T fors > 1.

te[0,T]
Combining this with (1.5), we obtain, for xo € RN\ {0} and s > 1,
1 /T 1 /T
— | F(t,;sxo)dt = = [ [—K(tsxg)+ W(t sxg)]dt
52 Jo 52 Jo

> — max K(t,x0)T + — / (t,sx0)d
te[0,T]

— 400 ass — +oo.

Consequently, (W), jointly with (K4), implies (Fy).
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Remark 1.4. Clearly, it follows from (1.5) that the range of v in (Wsg) should be
v>2.

Remark 1.5. Theorem 1.3 extends Theorem C. First, we impose weaker regular-
ity condition on the potential F. Second, as stated in Remarks 1.1 and 1.3, (K3)
and (W), and (Ky4) and (Wy) imply our hypotheses (F;) and (Fy), respectively.
Besides, (F5) directly follows from (K3) and (Ws). And finally, using (K4) and
(Wy), we obtain

(VF(t,x),x) —2F(t,x) = [—(VK(t x),x)+2K(t,x)] +
[(VW(t, x),x) —2W(t, x)]
(VW(t, x),x) —2W(t, x)

>
> az|x|t —ay

for all (t,x) € [0,T] x RN, which implies that (Fs) holds with B € (A —2,u].
There are functions F which match our Theorem 1.3 but not satisfying Theorems
A-C,1.1,1.2 and theresultsin [3, 4, 6,7,11, 12, 15,16, 17, 19, 20, 23]. For example,

let
F(t x) = |x]2 (m (%|x|4 S+ é)) V(L x) € [0,T] x RV,

5
Theorem 1.4. Assume that F satisfies assumptions (A), (Fy) and

(F;) There exist my, mpy > 0 such that F(t,x) > —my|x|> — my forall (t,x) € [0, T] x
RN,

(F3) F(t,x)/|x|*> = +ooas |x| — oo forae. t € [0,T].
(Fo) Thereexist o € (0,1) and L > 0 such that
(VF(t,x),x) < aF(tx)|x[*7, Vte[0,T]and|x| > L,
where F(t,x) = 3(VF(t,x),x) — F(t,x).
Then problem (1.1) has at least one nontrivial T-periodic solution.

Remark 1.6. If F € C'(R x RV, R) satisfies (AR), then the conditions (F;)-(Fy)
hold. There are functions F which match (F;)-(Fy), but not satisfying (AR). For
example, let

F(t,x) = g(t)|x*In(1 + |x|?), V(t,x) €[0,T] x RN,

where ¢ € L1(0, T; R") with ¢(t) > 0 for a.e. t € [0, T).

When F(t,x) is symmetric in x, we obtain the existence of infinitely many
nontrivial periodic solutions for the general Hamiltonian systems (1.3).

Theorem 1.5. Assume that assumptions (A), (Fs)-(Fg) are satisfied and that F(t, x) is
even in x. Then problem (1.3) possesses infinitely many solutions.
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Remark 1.7. Theorem 1.5 sharply improves Theorem D, which is the special
case of our result corresponding to A = 0. Furthermore, compared with Theorem
D, our assumptions are much weaker. According to Remark 1.5, (K3)-(K4) and
(Wg)-(Wo) imply the ones (Fs) and (Fs). We shall show that (F;)-(Fg) still hold
under (K4) and (Wy). From (Ky), for fixed (t,x) € [0,T] x RN, the mapping
s — K(t,sx)/s? is nonincreasing on (0, +-00), which implies that

K(t,x) < K(t,x/|x|)|x|* < by|x|*>, Vte€[0,T]and |x| > 1, (1.6)
where by = max  K(t, x). Hence,
te[0,T], |x|=1
K(t/ x) < b1|X|2 + bZ/ V(t, x) € [0/ T] X IRN/ (17)
where b, = max K(t,x). On the other hand, integrating (1.4) from s
te[0,T],|x|<1

(s € (0,1)) to 1, we obtain

W(t, x) > ¢1(s) := S
(t2) 2 a) { W(t,sx)s_2+a3|x|ﬂlns_1—”74(Slz— ), if u=2,
which yields that
W(t,x) > W(tx/|x|)|x? —I—min{ya_‘o’z(|x|" — |x|2),a3|x|”1n|x|}
a
—5 (k=1 (18)
ﬂ4 2
> _24
> (b= 3)
forallt € [0,T] and |x| > 1, where b3 = min  W(t, x). Thus
te[0,T], [x|=1
W(tx) > (b= %) [x2—by,  ¥(tx) €[0,T] xRY,

where by = (b3 — %)+ max  W(t, x). This, jointly with (1.7), shows that
te[0,T], x| <1

F(t,x) = —K(t,x) + W(t,x) > <b3 _ %4 _ b1> x|2 = (by + ba),
V(t,x) € [0,T] x RY,

that is, (F;) holds with m; = (bs — ”74 — by) and my = by + by. In addition, com-
bining (1.6) and (1.8), we obtain

F(t,x) K(t,x) W(tx) W(t, x)
= — > b
BE R T TRE ST TP

— 400 as|x| = o

for t € [0, T]. Therefore (Fg) holds.
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Remark 1.8. Theorem 1.5 also improves a recent result of Zhang and Liu [22,
Theorem 1.2], where the existence of infinitely many solutions was obtained for
problem (1.3) under the hypotheses that F € C!(R x R, R) being T-periodic in
t and even in x, and that

(5Q1) There exist a; > 0 and A > 2 such that |[VF(t,x)| < a;(1 + |x|*~1) for all
(t,x) € [0, T] x RN,

(SQ2) F(t,x) > 0 for all (t,x) € [0,T] x RN, and limm_woF(if,x)/|x|2 = 4o
uniformly for ¢ € [0, T].

(SQ3) Thereexist1 < B € (A —2,+0c0) and b > 0 such that

liming (VF(t,x),x) —2F(t, x)

in [P >b  uniformly for ¢ € [0, T].
xX|—00 X

Obviously, (5Q;) is stronger than the ones (F;)-(Fg), and the constants § has
more freedom in (Fs) than in (SQ3). There are functions A and F which match
our Theorem 1.5, but not satisfying Theorem D and the results in [2, 5, 22, 27]. For
example, let A(f) be the unit matrix of order N, and

[ xP-1 <1,
Fe) ={ fhmie, (ST

Theorem 1.6. Assume that assumptions (A), (F7)-(Fo) are satisfied and that F(t, x) is
even in x. Then problem (1.3) possesses infinitely many solutions.

Remark 1.9. There are functions F which matches our Theorem 1.6 but not sat-
isfying Theorems D, 1.5, and the results in [2, 5, 22, 27]. For example, let

F(t x) = sinzTnt XPIn(1+ |xP), V(£ x) € [0,T] x RV,

The paper is organized as follows. In Section 2, we deal with the existence
of periodic solutions of problem (1.1). Theorems 1.1-1.4 are proved by using the
mountain pass theorem. Section 3 is concerned with the existence of infinitely
many solutions of problem (1.3) and the proofs of Theorems 1.5 and 1.6 are given.

Notation. Throughout the paper we denote by c the various positive constants
which may vary from line to line and are not essential to the problem.

2 Proofs of Theorems 1.1-1.4

Let H} be a Hilbert space defined by

H} = {u: [0,T] = RN

u is absolutely continuous,
u(0) = u(T) and u € L2(0, T; RN)
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with the norm given by

]| = (/ |2dt+/ Zdt)l/z.

In view of [10, Proposition 1.3], for u € HL = {u € H% : fOTu(t)dt = O},we have

l|u]|2, < 12 / (t)]?dt  (Sobolev’s inequality),

which implies that
ulleo < C]lul] 1)

for all u € Hy and some C > 0, where |[u(|ec = maxejo ) |u(t)]. It follows that
the functional ¢ on H1. given by

=5 / (1)[2dt — / "B u(t)at 2.2)

is continuously differentiable and weakly lower semi-continuous on H%, and

T T
('), 0) = [ (e, o)t = [ (VEu(n),0(n)at

forall u,v € H%. It is well known that the weak solutions of problem (1.1) corre-
spond to the critical points of ¢ (see [10]).

In order to find the critical points of ¢, we shall show that ¢ satisfies the
Cerami condition (C), i.e., (u,) C E has a convergent subsequence whenever
{o(uy)} is bounded and (1 + ||un]|)||¢’ (4n)]| — 0asn — oo.

Lemma 2.1. If conditions (A), (F,) and (F3) hold, then ¢ satisfies the (C) condition.

Proof. Suppose that (u,) C H} is a (C) sequence. Then we have

T

> 29(un) = g/ (wn),n) = [ (VF(t,ua),u) = 2F(twn)ldt @3)

forall n € IN. Asin [7], we claim that (u,) is bounded. For otherwise, there exists
a subsequence, still denoted by (u,), such that ||u,|| — oo as n — oo. Setting
Un = U/ ||tnl|, then ||v,|| = 1. Up to a subsequence, we can assume that

v, = v weaklyin Hf,
v, — v strongly in C(0, T; RY). (24)

By assumptions (A) and (F,), there exist constants dq, L1 > 0 such that

F(t,x) < di|x|* + n[1ax} a(s)b(t), VxcRNandae. tc[0,T].
s€(0,Lq
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Hence we obtain
1 /T ) T
o) = 5 | lin()Pdt = [ E(t ()t

> Y2 - (1+d ) /Tyu 2dt — max a(s)/Tb(t)dt
= 2 2 T o s€[0,Ly] 0 '

Dividing both sides by ||u,]|? and letting n — co, we get, using (2.4),

0>2_(Lliyg /Tyv(t)yzdt
=9 7 1 0 ’

which implies that v # 0. Set
Ey={t€[0,T]: (VF(tx),x) —2F(t,x) — 400 as |x| — oo}

and E; = {t € [0,T] : v(t) # 0} . Then one has E; N E; # @ and |uy,(t)| — oo for
t € E1 N E,. Therefore, using (F3) and Fatou’s lemma (see [33]),

T
lim [ [(VF(t un), un) —2F(t, uy)|dt
n—oo Jo
= Jim [ V(b ), ) = 2F(t )t +
lim VFE(t,u,),u,) — 2F(t,u,)|dt
P S e et ten) = 2B )]
T
> lim ElmEz[(VF(t,un),un)—2F(t,un)]dt—/0 g(t)dt
:+OO/

a contradiction with (2.3). Hence (u,) is bounded in H}. Arguing then as in the
proof of [10, Proposition 4.1], we conclude that the (C) condition is satisfied. This
completes the proof. n

Lemma 2.2. If assumptions (A), (Fs) and (Fg) hold, then ¢ satisfies the Cerami condi-
tion.

Proof. Let (u,) be a sequence in H} such that {¢(u,)} is bounded and
(14 [[un|)ll@" (un)|| = 0 (n — o). Then we have

)| <c and  (1+ ual) g (ma)]] < c 25)
for all n. It follows from (Fg) that there exist dp, L, > 0 such that
(VE(t,x),x) — 2F(t,x) > da|x|P, V|x| > Lyandae.t € [0,T]. (2.6)
By (A), one has
|(VF(t,x),x) —2F(t,x)| < c1b(t), V|x|] <Lpanda.e.t€[0,T],

where ¢1 = (L + 2) maxy¢|q 1,) 4(s). Combining this and (2.6) we get

(VE(t,x),x) —2F(t,x) > do|x|P — doLE — c1b(t)



Existence and multiplicity of periodic solutions ... 625

for all x € RN and a.e. t € [0, T]. Hence we have

c 2 2g0(un)—<go’(un),un>
T
_ /0[(VF(t,un),u,,)—2F(t,un)]dt

T T
> dz/ ]un|ﬁdt—d2L§T—c1/ b(t)dt
0 0
for all n, which implies that
T
/ i |Pdt < 400, VneN. 2.7)
0

By assumptions (A) and (Fs), there exist d3, L3 > 0 such that
F(t,x) < ds|x|* +ar,b(t) (2.8)

for all x € RN and ae. t € [0,T], where ar, = maxyc,;, a(s). Combining this
with (2.8), (2.5) and Holder’s inequality, we obtain

1Hu 1> = ¢(u )+1/T!u |2df+/TF(f Uy )dt
o e " 2Jo " 0 o
1 1-2 T A % T A T
< ot STR (/0 |14 dt) +d3/0 |14 dt+aL3/0 b(t)dt (2.9)

for all n. If B > A, Holder’s inequality and (2.7) imply that

T B—A T %
/|un|Adt§Tﬁ </ |un|ﬁdt> <400, VneN,
0 0

and hence the boundedness of (1) follows from (2.9). If B < A, using (2.1), we
have

T T T T
e = [ Plua Pt < ualle [ Pt < O ) [ g P

for all n. Noticing that A — B < 2, (2.9) still deduces that (1, ) is bounded. Arguing
then as in the proof of [10, Proposition 4.1], we conclude that the (C) condition is
satisfied. n

Lemma 2.3. Under assumptions (A) and (F;)-(Fy), ¢ satisfies the (C) condition.

Proof. Let (u,) C Hi be such that {¢(u,)} isbounded and (1 + ||ux ) || ¢ (un)| —
0 asn — oco. We have, for large n,

T

= gun) = 50/ wn)en) = [ Flt, ).
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This yields, setting Q,(a, B) := {t € [0, T] |a < |un(t)| < B} for 0 < a < B, that

/ Fltun)dt < c— / F(t, un)dt
0?1(,B/+00) Qn(orﬁ)
1

0, (0,) ‘5
T
< c+(ﬁ+1)aﬁ/o b(t)dt (2.10)

for large 1, where ag = max,c[o g a(s). In virtue of [10, Proposition 4.1], it suffices
to show that (u,) is bounded. Arguing indirectly, we may assume that ||u,| — oo
after passing to a subsequence. Take v, = u,/||uy||. Then ||v,|| = 1, and going to
a subsequence, we can assume that

< ¢+

(VF(t,uy),uy) — F(t,uy)| dt

vy, — v9 weakly in H% and v, — vy strongly in C(0, T; ]RN). (2.11)
Case 1. vy # 0 in H}. Noting {¢(u,)} is bounded, we get

TF(tu,), 1 1T,
/0 dt_i—i/o 00|24t + 0(1).

s 2
On the other hand, take
Byi={t € [0,T): F(t,x)/|x]* - +ooas x| - co} . (2.12)
Using (F;), (Fg) and Fatou’s lemma (see [33]), we obtain
T
/ F(t'ug)dt _ / F(t,uzr,)|vn|2 t-l-/ F(t,uz)
0 [funll EsN{oo#0}  |tn] 0.T1\(EsN{oo£0}) |[ttn]
T
> ) ot —m [ foufPae — "2
EsN{oo#0}  |Un] 0 [[a ]

— 400 as n — oo,

a contradiction.
Case 2. vp = 0 in H¥. Noting that

T T
(@ ), ) = el = [ Pt = [ (V) )

for all 1, one has, by the second limit of (2.11),

T
/ (VF(t/ u}’l)/un)dt - 1 as 1 — oo. (2.13)
0 [[14n |2

For any ¢ > 0 (< 1/2), using (F), (2.10) and (2.1), we can choose B, > L sulffi-
ciently large such that

2—0
/ (VE(t, unz)'un)dt < / aF(t, un)|121n] it
On(Beteo)  lunl] (e, +00) [t

al|oy ||% /
F(t,u,)dt
:Bg Qu(Be,+0) ( n)

IN

c

e
< ¢ (2.14)

IN
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for all n. In addition,

T
/ (VF(t, un)/uﬂ)dt < ‘Bsa'Bs / b(t)dt <€
0,06 X

]2 = ual?

for n large enough. Combining this with (2.14), we obtain

/T (VF(t,uy), uy)
0

T dt <2e <1 forn sufficiently large,
n

which contradicts (2.13). ]

For convenience to quote, we state Rabinowitz’s mountain pass theorem (see
[34, Theorem 2.2]). In the linking theorem it is usually assumed that ® satisfies
the stronger Palais-Smale condition, however, the Cerami condition is sufficient
for the deformation lemma (see [35]), and hence for the linking theorem to hold.

Proposition 2.1. Let E be a real Banach space and ® € C'(E,R) satisfies the Cerami
condition (C). Suppose that ®(0) = 0 and

(i) There are constants p, & > 0 such that ® |5 o) = &, where B,(0) is an open ball
in E of radius p centered at 0.

(if) There exists e € E\B,(0) such that ®(e) < 0.

Then ® possesses a critical value ¢ > w« given by

= inf D(h(s)),
© TR e

whereT = {h € C([0,1],E) : h(0) = 0,h(1) = e}.

Proof of Theorem 1.1. In view of Lemma 2.1, the functional ¢ introduced in (2.2)
satisfies the (C) condition. It remains to verify (i) and (ii) of Proposition 2.1.
It follows from (Fy) that

T
o(x0) = —/O F(t, x0)dt < 0 = ¢(0),

which gives (ii) directly. By (F;), we have, for ¢ € (0, — lim SUP|y| 0 F(t,x)/|x|?),
there exists 4 > 0 such that

F(t,x) < —e|x|?, V|x| < dandae. t € [0,T].

Thus we obtain, using (2.1),

1Lt o T . J1 2
> — y > Z
o(u) > 2/0 i dt—l—s/o 1] dt_mm{z,s} |

for all u € H} with ||u|| < min{6/C,|xo|/2}. So (i) holds with p = min {§/C,
|x0|/2} and & = min {1/2,¢} p>. Consequently, by Proposition 2.1, ¢ has one
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nonzero critical point, and hence problem (1.1) has one nontrivial solution. This
concludes the proof. n

Proof of Theorem 1.2.  The proof is similar to that of Theorem 1.1 and is omitted.
m

Proof of Theorem 1.3.  The proof follows the same lines as that of Theorem 1.1 with
Lemma 2.1 replaced by Lemma 2.2. n

Proof of Theorem 1.4. It follows from Lemma 2.3 that ¢ satisfies the Cerami con-
dition. As in the proof of Theorem 1.1, (F;) implies that, for p := §/C,

> mi 1 52
§0|8BP(0) <~ min E,E @

Choose g € C®(0, T;RN) such that ||ug|| = 1, |ug(t)| = 1 for t € [T/3,T/2] and
assume s > 1. Using (F;), (Fg) and Fatou’s lemma, we obtain

¢(sug) 1 2 F(t,sup(t)) B F(t,sug)
2 - HuOH 2 dt 2
s 2 [T/3T/2JNEs S 0, T\(T/3,T/2]NEs) S

1 F(t/SMO( ))dt—i—ml/ !uolzdt—l—mZT

dt

2 /[T/3,T/2mE3 |sug(t)|?
—00  ass — oo,

IN

where Ej refers to (2.12). Hence, there is sy > max{1,p} so large such that
¢(soup) < 0. Therefore, by Proposition 2.1, ¢ possesses one nontrivial critical
point. This completes the proof. n

3 Proofs of Theorems 1.5 and 1.6

In this section, we investigate the existence of infinitely many solutions of prob-
lem (1.3) under the symmetric assumption upon F.
Under condition (A), the energy functional associated to problem (1.3) given

by
2/ (#)2dt — OT(A(t)u(t),u(t))dt—/OTF(t,u(t))dt

is continuously differentiable and weakly lower semi-continuous on H%, and

(9 w),0) = [ (o) 000)dt — [ (AWt 2(e))a — [ (VEG,u(e)), (0

for all u,v € Hix. The critical points of ¢ correspond to the weak solutions of
problem (1.3) (see [10]).

By the spectral theorem for compact self-adjoint operators on a Hilbert space,
the differential operator u — —ii — A(t)u has a sequence of eigenfunctions which
forms an orthogonal basis of Hx and the following decomposition holds:

Hr=H"PH PH,
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where

H" =span{u € HL: —ii — A(t)u = Au with A > 0},
H = span{u € Hr: —ii — A(t)u = Auwith A < 0},
HY = ker {ii + A(t)u} .

One has dim(H~ @ H%< +4co and there exists a constant § > 0 such that
T T
| 1alat= [ (au,wat = oful? 1)
0 0
foru € H* and

T T
/ |u|2dt—/ (A(t)u, u)dt < —5||u?
0

0
foru € H™ (see [10, p. 89]).
We shall apply the Fountain Theorem of Bartsch (see [36, Theorem 2.5]) to

prove Theorems 1.5 and 1.6. Let X be a reflexive and separable Banach space,
then there are (e,),en C X and (€};),en C X* (the dual space of X) such that

X =span{e, :n € N}, X" =span{e;:n e N}
and
(en, em) = 1, n=m,
Em 0, n#m.
Let X; =span{e;}, then X = @;>1 X;. Now we define
k _
j=1 >k
Then we have the following Fountain Theorem.

Proposition 3.1. Assume that ¥ € C!(X,R) satisfies the Cerami condition (C),
Y (—u) = ¥(u). For almost every k € IN, there exist py > r, > 0 such that

(i) by:= inf ¥(u) > +ooask — oo;
UEZp[|ull=r

(ii) ap:= max ¥(u) <O0.
UEY||ull=px

Then ¥ has a sequence of critical values tending to +-oco.

Lemma 3.1 (see [21]). For the Hilbert space HL, define Yy and Zj as in (3.2), then we
have
Br:= sup |ullo =0 as k— oco.
UEZy,|lul|=1
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Proof. The proof follows the same lines as that of [37, Lemma 3.8], since the em-
bedding of Hz into C(0, T; RY) is compact. u

Proof of Theorem 1.5. According to Lemma 2.2 and the evenness of ¢, we know
that ¢ satisfies the (C) condition and ¢(—u) = ¢(u). It remains to verify the
conditions (i) and (ii) of Proposition 3.1.

Verification of (i). Set r, = B, '. By Lemma 3.1, we get

e — 400 ask — oo.
So choosing k sufficiently large such that
T 1/2
Zy C H  and ry > (45 ! max a(s)/ b(t)dt) ,
s€[0,1] 0

we obtain, using condition (A) and (3.1),

) T
p) = P = [

> D2~ max (o) [ 000
2 S€[0,[[u]oo]
> QJuP—  max /
2 selbpelull”
> o
- 4
for u € Zy with ||u|| = r¢. This yields that
. (5rk
inf  (u) > — 400 ask — oo.
UEZ||ull=ri 4

Verification of (ii). Assume that (ii) does not hold for some given k. Then
there exists a sequence (u,) C Yj such that

|ltn] — c0 and  P(u,) > 0. (3.3)

Let vy, = uy/||uy||. Then ||v,|| = 1. Since dimY} < o0, up to a subsequence, we
may assume that

vy — vy inYy and v,(t) = vg(t) a.e. t €[0,T]
for some vy € Yi\ {0}. From (Fg), we obtain, for t € E3 N\ {t € [0, T] : vo(t) # 0},

F(t, un(t)) >
—_— — +00 as n — oo,
wop
where Ej refers to (2.12). Then, using (F;) and Fatou’s lemma (see [33]),
T'F(t,uy) B F(t,un), o F(t, uy)
Ny 12 ot = 2 | | + 2
0 |[un] EsN{vo£0}  |tn] [0.T)\(Es N{oo#£0}) ||tn ]

v

T
/ EOt) o, Pt~ [ ot — 2T
Es{vo0}  [tn] 0 [[tn |

— 400 asn — oo. (3.4)
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It follows from the continuity of A(-) that there exists G > 1 such that

T T

/ (A(t)u,u)dt‘ < G/ udt, Vu e Hh
0 0

Combining this with (3.4), we obtain

Pln) < 1/Tyunyzdt+9/T|unyzdt—/Tp(t,un)dt
- 2Jo 2 Jo 0

G T'F(t,uy)
< 2 __/ r¥n
< (2 e dt)

— —0o,

a contradiction with (3.3). ]

Proof of Theorem 1.6.  The proof of Theorem 1.6 is similar to that of Theorem 1.5
with Lemma 2.2 replaced by Lemma 2.3. n
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