A categorical approach to loops, neardomains
and nearfields
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Abstract

In this paper we study loops, neardomains and nearfields from a categor-
ical point of view. By choosing the right kind of morphisms, we can show
that the category of neardomains is equivalent to the category of sharply 2-
transitive groups. The other categories are also shown to be equivalent with
categories whose objects are sets of permutations with suitable extra proper-
ties.

Up tonow the equivalence between neardomains and sharply 2-transitive
groups was only known when both categories were equipped with the obvi-
ous isomorphisms as morphisms. We thank Hubert Kiechle for this observa-
tion [6].

1 Introduction

Loops and nearfields are structures in algebra which generalize groups and fields,
respectively. The first examples of finite proper nearfields were constructed by
L.E. Dickson in 1905. Thirty years later the finite nearfields were completely clas-
sified by H. Zassenhaus. In 1965 H. Karzel introduced neardomains (which are a
weakening of nearfields) in such a way that there is a one-to-one correspondence
with sharply 2-transitive groups (see [3]). At that time morphisms were not con-
sidered. The still unsolved problem is whether there exist proper neardomains,
i.e. neardomains which are not nearfields.

*The first author was partially supported by grant 15.263.08 of the “Fonds voor Wetenschap-
pelijk Onderzoek-Vlaanderen”.
Received by the editors December 2011.
Communicated by J. Rosicky.
2000 Mathematics Subject Classification : 16A89, 16A90, 20N05, 12K05, 20B22.
Key words and phrases : Equivalence of categories, Loops, Neardomains, Sharply 2-transitive
groups.

Bull. Belg. Math. Soc. Simon Stevin 19 (2012), 847-859



848 P. Cara - R. Kieboom — T. Vervloet

The link between loops and regular (i.e. sharply 1-transitive) permutation sets
is of a similar but simpler kind.

The present paper describes these links in a uniform way. By considering the
right kind of morphisms we show that loops, resp. neardomains are categories
equivalent to the categories of regular permutation sets resp. sharply 2-transitive
groups. The latter equivalence nicely restricts to an equivalence between the cat-
egory of nearfields and the category of sharply 2-transitive groups with the prop-
erty that the translations form a subgroup.

In [3] the correspondence between sharply 2-transitive groups and neardo-
mains is described. We define morphisms which turn this correspondence into
an equivalence of categories. Kiechle [6] was also aware of an equivalence of
categories but with a more restricted class of morphisms, namely isomorphisms.

2 Loops and regular permutation sets

2.1 Loops

Aloop is a set L, together with a binary operation (k, ) — kI with identity satis-
fying the left and right loop property. This means that for every a,b € L there exist
unique elements x,y € L such that ax = b and ya = b.

A morphism of loops (L,.) — (L',*) isamap f: L — L' preserving the
operations. This means that f(a.b) = f(a) * f(b) for alla,b € L. It follows that f
maps the identity of L onto the identity of L.

We denote by £oo/rx the category of all loops together with all morphisms of
loops.

2.2 Regular permutation sets

Let () be a set and let Sym(Q2) denote the set of all permutations of (). A regular
permutation set (r.p.s.) on Q) is a subset M of Sym(Q)) such that the identity
permutation 1q is in M and M acts regularly on (), ie. Va,f € Q: ! m €
M: m(a) = B.

We construct a category nu whose objects are triples (M, Q), w), where M is
anr.p.s.on () and w € () is a base point.

A morphism of rps. (M, Q,w) — (N,%,0) is a pair (f,®) such that
f:M — Nand ®: 3 — X are maps satisfying ®(w) = o and Vm € M,
Va € Q: &(m(a)) = (f(m))(P(a)). The latter property can be summarized by
the following commutative diagram in which the horizontal maps are the (left)
actions of M (resp. N) on the set (2 (resp. X).

MxQ——=0

fro| lq’

NxYX——X%
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Composition of morphisms (f,®): (M,Q,w) — (N,%,0) and (g, ¥):
(N,%,0) = (P,T,7) is defined by (g o f,¥ o ®). The identity 1(j; ) is defined

as (1 M, 1Q) .
One easily verifies that s is a category.

Notice that, by regularity, a morphism (f, ®): (M, Q,w) — (N, X, o) satisfies
f(la) =15,

2.3 Equivalence of the categories égoevrx and U

The one-to-one correspondence between loops and regular permutation sets is
folklore (see for instance [2]). However we think it is useful to describe an explicit
categorical equivalence.

Let (M,Q,w) be an object of nyw. By regularity, the map p: M — Q:
m — m(w) is a bijection such that y1(1n) = w. Now define an operation

Ruw: MxM — M
(m,n) — men:=pu((mon)(w))

Notice that m ®, n is equivalently defined by (m ®, n)(w) = (mon)(w)
(compare [2, p. 618]).
It is easy to check that

PROPERTY 2.1. The pair (M, ®,,) is a loop with identity 1.

We can also construct a loop structure on the set Q). Let (M, (), w) be an object
of rupe. We still have the bijection 1: M — (). We define the operation

wir OAxOQ = QO
(0, 8) = awpi= (") ®p~ (B)(w) = (1~ (a) o p~ (B))(w)

One easily verifies the following

PROPERTY 2.2. The pair (Q,-w) is a loop with identity w, and p: (M, ®y,) —
(Q), -w) is a loop isomorphism.

The following property gives a useful characterization of morphisms of regu-
lar permutation sets.

PROPERTY 23. Let (M,Q,w), (N,%,0) be objects of nps f: M — N and
d: ) — X maps with ®(w) = 0. Then (f, ®) is a morphism (M, ), w) — (N, %,0)
if and only if the following conditions are both satisfied.

1. Vme M: f(m)(o) = ®(m(w))

2. f1 (M, ®u) — (N, ®¢) is a morphism of loops.
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Proof. Let (f,®): (M,Q,w) — (N, X%, 0) be a morphism, then (1) follows imme-
diately, since Vin € M: f(m)(o) = f(m)(P(w)) = ®(m(w)).
In order to prove (2) it suffices, by the regular action of N on %, to establish

that Vmy, mp € M: (f(m1 Rw TTZQ))(O') = (f(ml) Qo f(mz))(O')
The left hand side equals

D((m1 ® ma)(w)) = @((my 0ma)(w)) = P(my(ma(w))) =
(f (m1))(@(m2(w))) = (f (m1))((f (m2))(@(w))) =
(F(my) o f(m2))(@) = (f(my) @ f(m2))(@)
Conversely (1) implies that the maps f: M — N, ®: O — X with ®(w) = ¢
satisfy f(m)(®(a)) = P(m(a)) provided m € M, and for « = w. We have to
show that this condition holds for all « € (). For any such « there exists a unique

m' € M such that m’(w) = a (by the regular action of M on Q). Then it follows
that for all m € M and all x € () we have

fm)(@(a)) = f(m)(@(m'(w))) = 4 fm)(f(m') (o)) =
(1

(F(m) o f(m') (@) = (f(m) @c f(m'))(0) 2 (f(m @ m'))(0) =
D((m @y m')(w)) = @((mom')(w)) = @(m(x)). =

COROLLARY 2.4. Let (f,®) € nps(M,Q,w),(N,%,0)). Then ®: (Q,-,) —
(%, ) is a loop homomorphism.

~—

The proof easily follows from the definition of the operations -, and -; and
Properties 2.2 and 2.3.
Now let (€}, -) be aloop. For & € Q) we define Ay: Q — Q: ¢ — a - 1.

PROPERTY 2.5. For a loop (0}, -) with identity w we write L = {A, | « € Q}, the set
of left translations of Q). The triple (L, Q), w) is an object of r.p.s..

Proof. Since (Q}, -) is a (left) loop, L is a subset of Sym(Q2). Moreover L acts regu-
larly on Q) by the (right) loop property of Q). Also 1o = A, € L. Hence (L, Q), w)
is an object of r.p.s.. n

We now have a correspondence between the objects of rupw and £oo/rx which
can be extended to an equivalence of categories.

THEOREM 2.6.
F: s — &90671
(M, Q, w) — (Q, 'a))

| |
(f, ®) — )

+ +
(N2, 0) — (%)

is an equivalence of categories.
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Proof. The functorial properties of F are easily checked. We use [1, prop. 3.4.3(4)]
to show that F is an equivalence of categories.

F is faithful when for every pair of objects (M, ), w), (N,%,0) of s the
induced map
Fin00),(N,e) - (M, Q, w), (N, E,0)) = Boep((Q, w), (T, ) is injective.
Let (f, ®), (f/, @) € nu((M, Q,w), (N,%,0)) be such that F(f,®) = F(f',d').
Then ® = @' follows immediately.

Hence, for all (m,tx) € M x O, we have that (f(m))(®(a)) = P(m(a)) =
' (m(a)) = (f'(m))(P'(a)). In partlcular for & = w, it follows that v(f(m)) =
) (
)

(f(m))(0) = (f(m))(P(w)) = (f'(m))(D"(w)) = (f'(m))(e) = v(f'(m)) (where

v: N — X: n — n(0) is the bijection analogous to y). Hence f(m) = f'(m) for all
m € M and thus f = f'.
F is full when all induced maps F10 w),(N,5,0) (as above) are surjective. Let

P e égocvrx((ﬂ, ‘w), (£, 7)), then ®(w) = 0 (since w and ¢ are identities in the

respective loops). Define fo: M — N:m + (v™1o®ou)(m) (with u and v as
above). One uses Property 2.3 and the regularity of the action of N on X to show
that (fo, ®) € n/rw((M, Q,w), (N,%,0)). Clearly F(fo, P) = &.

We now take a loop (), -) with identity w with its left translations as defined
above. We then know (Prop. 2.5) that (L, (), w) is an object of r.p.s.. For o, f € Q)
we have that (A, ®w Ag)(w) = (AgoAg)(w) =a- (B-w)=a-B=(a-Pf) w=
Ag.p(w). Again by regularity, it follows that Ay ® Ag = A4.. Hence F(L, Q, w) =

(O,0) where & - B = (' (a) 0 g (B))(w) = (e 0 Ap)(w) = a- f, which
shows that (),-) = F(L,Q,w). So F turns out to be even strictly surjective on
objects. n

3 Neardomains, nearfields and sharply 2-transitive groups

3.1 Neardomains and nearfields

A triple (F, +,.) is said to be a neardomain if
1. (F,+) is a loop with neutral element 0;
2. Va,beF:a+b=0=b+a=0;
3. (F\ {0}, .) is a group (with neutral element 1);
4. Vae F:0.a=0;
5. Va,b,ce F:a.(b+c)=ab+acg;
6. Va,b € F: 3d,, € F\{0}: (Vxe€F:a+ (b+x)=(a+b)+d,p.x).

Notice that (F, +,.) is a nearfield if and only if all 4, are 1. In that case (F, +) is
a group. Also notice that 1 and 5 imply that Va € F: 4.0 = 0.

THEOREM 3.1 (see [3], [4] or [5]). A finite neardomain is a nearfield.
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It is still an open problem whether there exists a (necessarily infinite) neardo-
main which is not a nearfield.

We define the category n-Dem of neardomains where objects are neardomains
and morphisms are maps preserving both operations.

PROPERTY 3.2. Neardomain morphisms are injective.

Proof. Let f: (F,+,.) — (F/,+/,.)) be a morphism of neardomains. Suppose
f(x) = f(y) for some x,y € F. Since (F,+,.) is a neardomain we have by condi-
tions 1, 2 a unique additive inverse —y of y. Then,

fx+ (=) = fx) +' f(=y) = f(y) +' f(=y) = fly + (—y)) = f(0) =0".
If x + (—y) # 0 this element has an inverse z in (F \ {0}, .). Hence we get
U'=f(1)=f((x+(-y)2) = f(x+ (=) f(2) =0"f(z) =0,
a contradiction. n

THEOREM 3.3. Let (F,+,.) be a neardomain and let
To(F) ={tp: F>F:x—a+bx|acFbeF\{0}}

Then (T,(F), o) is a group whose action on F is sharply 2-transitive, i.e. for any two
ordered pairs («q1,a2), (B1, B2) of points of F with aq # ap, B1 # Po there exists a
unique element 1, € To(F) such that T, ,(a1) = By and 7, ,(x2) = Ba.

Proof. See [3, (5.1)], [4, (6.1)] or [5, (7.8)]. -

3.2 Sharply 2-transitive groups and involutions

Let G be a sharply 2-transitive permutation group on a set (2 with #() > 2.
We denote by | the set of involutions in G, i.e.

J={3€Glg=1a#g}

One can quickly see that | is never empty. Indeed, as #(2 > 2, we can take
a # B in O and find a (unique) ¢ € G with g(a) = B and g(B) = a. Such
¢ must have order 2 (since ¢? fixes both a and B, implying ¢*> = 1q, by sharp
2-transitivity).

PROPERTY 3.4. | satisfies exactly one of the following properties:
1. every j € | has a unique fixpoint;
2. all j € ] are fixpoint-free.

In the latter case we say that G has characteristic 2 and write char G = 2. In the first
case we put char G # 2.
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Proof. For a detailed proof, we refer to [4, p.12], where the case char G = 2, resp.
char G # 2 is referred to as G of type O, resp. of type 1. (The type refers to the
number of fixpoints of an involution in G.) The main idea behind the proof is that
sharp 2-transitivity implies that a nontrivial element of G cannot have 2 (or more)
tixed points. Moreover all elements of | are conjugate in G, hence they have the
same number of fixpoints. n

The reason for this notation and for using the word characteristic will be clar-
ified when we establish the correspondence between sharply 2-transitive groups
and neardomains (see Property 3.6).

In the case char G # 2 we write v for the unique involution fixing an arbitrarily
chosen base point wy € ).

The following subset of G plays an important role. We define A C G as fol-
lows

) Jov if char G # 2 1)
T Ju {1a} if charG =2

PROPERTY 3.5. The triple (A, Q), wy) is a reqular permutation set with basepoint
on ).

Proof. See [3, (5.3)] or [4, (3.3)]. -

The category of sharply 2-transitive groups will be denoted by AQU@’&. Its

objects are quadruples (G, Q), wp, w1) where G is a permutation group which op-
erates sharply 2-transitively on the set () (with #() > 2), with two different base
points wy and w; of (). Morphisms will be defined after Property 3.6.

Let (G, Q), wp, w1) be an object in AQU@’&. On () we define an addition and a

multiplication as follows. For a, B € () we define & +¢  to be a(), wherea € A
is unique such that a(wp) = a.

Since the stabilizer G, is regular on Q \ {wp} we can also define « -1 B as g(B)
where ¢ € G, is unique such that g(w;) = a. We also put & -1 B = wp when
K = wp or B = wy.

PROPERTY 3.6. 1. The triple F = (Q), +0, 1) is a neardomain.

2. charG = 2 & charF = 2,ie. 1+1 = 0in F (1 denotes the multiplicative
identity of the neardomain F).

Proof. 1. See [3, (5.2)] or [4, (6.2)].

2. See [5, (7.10)]. ]

We now define the morphisms in AQt-g/r\ to be pairs of maps (f,®):

(G,Q), wp,w1) — (H,X,00,01) where either both G and H have characteristic 2
or both have characteristic different from 2 and where f: G — H is a group ho-
momorphism, ®: () — X an injective map with ®(wy) = 0p and ®(wq) = 07,
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and such that the following diagram commutes.

GxQ—=0 )

o lq’

HxY——%

In this diagram the horizontal maps A and u are the left action maps. (Do not
confuse with the map y : M — Q) introduced in 2.3.)
In the case either char G = 2 and char H # 2 or char G # 2 and char H = 2, we

put AQt-g/r\( (G, Q), wp,wn), (H,X,00,01)) = @ (see the second remark just below).

Remark 3.7. 1. The injectivity of ® implies the injectivity of f since 1y, = f(g)
for some ¢ € G implies that Vw € Q) we have ®(g(w)) = f(g)(®P(w)) =
®(w). Hence Vw € O): ¢(w) = w, proving g = 1q.

2. The reason for not allowing any morphisms in the case where G and H
have different characteristics is the following. If (f, ®) is a morphism from
(G, O, wp,wn) to (H,%,00,01) with either charG = 2 and charH # 2 or
char G # 2 and char H = 2, the map ® between the associated neardomains
(Q, 4+9,-1) and (X, 4+, -11) cannot be a morphism of neardomains. Indeed,
the first case charG = 2 # char H implies (by Property 3.6.2.) that the
multiplicative identities 1 of (Q2, 4o, -1) and 1" of (¥, +¢/, -1) satisfy 1+1 =0
and 1" + 1" # 0/, which conflicts with ®: (Q, +¢,1) — (%, +¢,1/) being a
morphism of neardomains, as can be seenby 0/ # 1/ + 1" = ®(1) +' &(1) =
®P(1+1) = ®(0) = 0'. Similarly the second case char G # 2 = char H leads
to the contradiction 0’ =1 +'1" = ®(1) +' ®(1) = ®(1+1) # ®(0) =0/,
where we used the injectivity of ®.

Our elimination of “bad” morphisms in LG enables us to show (in Prop-
erty 3.9) that the corresponding & is a morphism of neardomains.

LEMMA 3.8. For a morphism (f,®): (G, Q, wo,w1) — (H,Z,00,01) the following
hold.

1. f(J) C K (where K denotes the set of involutions in H);

2. f(A) C Bwhere A C G is defined in (1) above Property 3.5 and B C H is defined
by
B_ Ko f(v) if charH # 2
- | Ku{lg} ifcharH =2
(f(v) is the unique element of K fixing the base point oy = ®P(wy))
Proof. 1. Letg € J, then f(g) satisfies (f(g))? = f(g*) = f(1q) = 1s # f(g),

since f(1a) = f(g) would imply (using the injectivity of f) that ¢ = 1q,
contradicting the fact that ¢ € J. Hence f(]) C K.

2. By the previous remark 2., the existence of the morphism (f, ®) implies
that either char G = char H # 2 or char G = char H = 2. In the first case it
follows that f(A) = f(Jov) = f(J) o f(v) € Ko f(v) = B. In the second
casewehave f(A) = f(JU{1q}) = f()U{f(1q)} CKU{lg} =B. =
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PROPERTY 3.9. For a morphism (f,®): (G,Q), wp,wy) — (H,%,00,01) the map
d: (Q, +0,1) = (X, +o, 1) is a morphism of neardomains.

Proof. Consider the diagram (2) above involving the morphism (f, ®) from
(G, Q, wp,wq) to (H,Z,00,01). Fora,f € Q,a+op =a(p) € Qwhereac ACG
is unique such that a(wy) = a. Now ®(a +9 ) = P(a(p)) = ®(A(a,p)) =

(po (f x®))(ap) = p(f(a), ®(B)) = f(a)(®(B)). On the other hand, ®(«) +¢
®(B) = b(P(B)) where b € B C H is unique such that b(cp) = P(a).

Since f(A) C B we also have f(a) € B and moreover (f(a))(co) = u(f(a),
P(wp)) = P(AMa,wp)) = P(a(wp)) = P(a). Since B acts regularly on X it follows
’gq})l?‘[’;)f(a) = b. This implies that ®(a +¢ B) = f(a)(P(B)) = b(P(B)) = ®(«) +¢

We recall that, for a, € (),

. g(B) whena € O\ {wp} with g € G, unique such that g(w;) =
1P = wo whena = wpor = wy

When & = wp we have immediately
D(a) 1 D(B) = 00 v P(B) = 00 = P(wo) = P(wo 1 ).

When a # wy, we have

Qa1 ) =D(g(B) = P(A(g, B) = (no (f xD))(g B) = u(f(g) ®(B)) =
f(g)(®(B)) (with g € Gy, unique such that g(w;) = a).

On the other hand, ®(a) -y ®(B) = h(P(B)) with h € Hg, unique such that
h(oy) = ®(a). Note that, by the injectivity of ® we have ®(a) # P(wp) = 0p. We
must have h = f(g) since

f(&)(o1) = u(f(g), P(wr)

= (po(f x®@)(gw1) =
(®oA)(g wr) = (

D(g(wr)) = ®(a) = h(or) and f(g),h € He.
Hence
f()(@(B)) = h(P(B))
and P is a neardomain homomorphism. n

For any neardomain (F,+,-) we can construct the object (T,(F),F,0,1) in
AQt-%. It is clear that the stabilizer of 0 in T,(F) consists of the elements T
with ¢ € F\ {0}.

LEMMA 3.10. When G = T,(F) we have A = {t,1 | v € F}.

Proof. See [4, (6.5)]. ]
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4 Equivalence of the categories Aflt-@/[\ and n-Dom

THEOREM 4.1. The functor

K: ADQ('-%‘L — n-sm

(G, Q/|w0,w1) — (Q, -||-0, ‘1)
(f, @) = N

1 1
(H,%,00,01) = (&, +0,1)

is an equivalence of categories. Here f: G — H, ®: Q — X with ®(wy) = 0y and
®(wy) = o1 are defined as in section 3.2. The neardomain operations +q: Q0 x Q — Q)
and -1: Q\ {wo} x Q\ {wo} = O\ {wp} are defined as in the previous section.

Proof. The shortest proof should consist in proving that K is full and faithful
and essentially surjective on objects ([1, prop.3.4.3 (4)]). However we prefer to
show that there exists a functor L: m-Dem — th-%g which is of interest in its

own right, and two natural isomorphisms 1m-§0mn 2 KoLand LoK = 1b2t_%

([1, prop. 3.4.3 (3)]). The proof of functoriality of K is left as an exercise for
the reader. The definition of L: n-Dem — s9t- is as follows. A neardomain

(F,+,.) is sent to L(F) = (T(F),F,0,1) where (T>(F), o), as defined in Theo-
rem 3.3, is a sharply 2-transitive group acting on F and 0, 1 are the identities of
the loop (F, +) and the group (F \ {0}, .) respectively. A morphism ®: (F,+,.) —
(F',+',.)) of neardomainsis sentto L(®) = (fo, P): (T>(F),F,0,1) — (To(F'),F,
0,1) where fo: (T2(F),0) — (T2(F'),0) maps T, to Tg(q) @) Since &(1) = 1/
it immediately follows, using Lemma 3.10, that fo(A) = {fo(1,1) | a € F} =
{to@ | a € F} C{tpy | a € F'} = A’. Moreover fg is a group homomor-
phism since, on the one hand, for a,k € Fand b,] € F\ {0} we have

fo(TapoTht) = fo(Tatbhd, pbl) = T(a+bk),D(dypbl) = T(a)+D(0)D(Kk),D(dy ) D (b)D(1)

while, on the other hand,

fo(tup) © fo(Th1) = Tow)owm) © Tok),o() = T (a) 4+ @(0)D(K) ) 510 (D)D)
Finally the missing link ®(d, ) = d, (a),®(b) (k) 1S Provided by applying @ to the
identity a + (bk 4+ x) = (a + bk) + d, prx, which follows from axiom 6 for F, and
expanding ®(a) + (®(b)P(k) + ®(x)), again using rule 6 for F’.

Then it follows that L(®) is a morphism in AQU@’& by easily verifying that for
alla € F,b e F\ {0}, w € Fwehave ®(1,;(w)) = (fo(t,p))(P(w)).

The functoriality of L, i.e. L(1f) = 1 for every neardomain F and L(®' o ®) =
L(®') o L(®) for every composable pair ®: F — F/, ®': F/ — F” of morphisms
of neardomains, is easily verified.
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In order to prove Ko L = 1_q it suffices to check that +o, -1 (resp. +{o,
-{11y) coincide with +, - (resp. +', ).

We first look at the multiplication. Take any &, B in F. By definition « - 8
equals 79 4 (B) since To(F)o = {195 | 6 € F\ {0} } and 195(1) = & < ¢ = a. Hence
wegeta- f=ua-p.

For the addition we consider «, 8 € F. By Lemma 3.10, the unique element in
A mapping 0 to « must be equal to 7, 1. Therefore we geta + = 7,,1(8) = a + B.

Secondly, we have to find a natural isomorphism y: Lo K = 1A2t-‘§ﬂ\' We de-

fine each component (g0 ww): (L © K)(G,Q,wp,w1) = L(Q,+o,1) =
(T2(Q), ), wp, w1) — (G, Q), wyp, wq) as follows.

For each 7,5 € T2(Q)) there exists, by the sharp 2-transitivity of G on Q) a
unique element ¢ € G, denoted by g, g such that g, s(wo) = a = 7 g(wo)
and g,x,ﬁ(wl) =a+oB 1w = T,X,ﬁ(wl). This correspondence defines a bijec-
tive map k: To(Q) — G: Ty g > &ap and one verifies easily that k: (T2(Q),0) —
(G,0) is a group homomorphism (using also the sharp 2-transitivity of T>(Q)
on (). Finally we define (g 0 wyw): (T2(Q), Q, wo,w1) — (G, Q, wo, w1) by

V(G,00001) (Tapr @) = (K(Tap), @) = (a8, w), which is an isomorphism in AQt-%.
The naturality of oy amounts to the commutativity of each square

Y(G,O,wpw
(TZ(Q)/ Q,(L)O,(Ul) Stk (G,Q,a)o,(ﬂl)
(o) |
'Y(H,Z,a ,01)
(TZ(Z)/Z‘/UO/UI) at (H,Z,U’(),O'l)

with f: G — H and ®: Q — X as in 32 and fp: To(Q)) — Tr(%):
Tap = T () 0(p)-

On the one hand we have, for each (1, 5, w) € To(Q) x O,

(£, D) o 1(6,0wpw) (Tap w) = (f, @) (k(Tap), w) =
(f, @) (8upw) = (f(8up) Plw)) € HX X

On the other hand,

(’Y(H,Z,cfo,cfl) © (fq)/ q)))(sz,,B'w) = ’)/(H,Z,(fo,(fl)(f@ (TIX,,B)ICD(W)) =
V(HE00) (Tow),a@) PW)) = (hew),ep), Plw)) € Hx L.

Finally f(gup) = how)ep) since (f(8up))(00) = (f(8up))(P(wo)) =
@ (a) = ho(a),o(p)(00) and, similarly,

(f(8ap))(01) = (no (f X @))(gup w1) = P(gap(wr)) =
D(a+oB1w1) = P(a+op) = P(a) +o P(B) =
D(a) +o P(B) ‘11 01 = To(m),0(p) (1) = ho(w),o(p) (01)-

Hence, again by sharp 2-transitivity, f(gu,s) = ha(«)o(p)-
Hence y: LoK = 1’5%%? is a natural transformation. |
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Since a full and faithful functor reflects isomorphisms we immediately get

PROPERTY 4.2. Let (G, F) and (G, F") be sharply 2-transitive permutation groups.
Then (G, F) and (G', F') are isomorphic as permutation groups if and only if the associ-

ated neardomains (F,+,.) and (F',+',.") are isomorphic in n-dsm.

(For a noncategorical proof, see [4, (6.3)].)
The equivalence obtained in Theorem 4.1 can be restricted to interesting sub-

categories of AQt-g/r\ and m-Dom respectively, which sheds new light on the pos-
sible difference between neardomains and nearfields.

THEOREM 4.3. Let A.:Qf—%{q be the full subcategory of Aﬂ-% on objects (G, Q, wy,

w1 ) in which the subset A (as defined in (1)) is a subgroup of G.
Then the functor K restricts (and corestricts) to an equivalence

Ka: 09k %A — 0GPl

where n-FVd denotes the full subcategory of n-Dom with nearfields as objects.

Proof. In Theorem (7.1) of [3] it is shown that, for a sharply 2-transitive group
on a set ), the associated neardomain is a nearfield if and only if J> = {gh |
g, h € J} (with | the set of involutions in G) is a subgroup of G. In connection
with Theorem (3.7) of [3] it follows that J? is a subgroup of G if and only if A is a
subgroup of G.

Thus K4 : AQt-%/pA — m-Yd is a functor into the category of nearfields.
On the other hand, the functor L: n-Dom — 2 t-g/r\ restricts (and corestricts)

to a functor L: mFld — AQt-%A. It suffices to notice that when (F,+,.) is a
nearfield, (F,+) and (F \ {0},.) are groups. Hence (A,0) = ({71 | v € F},0)
is a group since, for each a,8,x € F we have (1,1 0751)(x) = T1(B+x) =
a+ (B+x) = (a+B)+x = Tayp1(x), which shows that 7,1 0751 = Tayp1-
Similarly 7, L =1 41

Finally one verifies that Ky oLy = 1%_%0[ (as in the proof of Theorem 4.1)
and that the natural transformation y4: Ly o Ky = 1’5%%? with components

A
Y(G,Qywowy) as defined in the proof of Theorem 4.1, is a natural isomorphism. =
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