Lichnerowicz inequality on foliated manifold with
a parallel 2-form
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Abstract

In this paper, we prove that if (M, g) is a closed orientable Riemannian
manifold with a transversely oriented harmonic g-Riemannian foliation of
codimension g on M and if there exists a parallel basic 2-form on M and a
positive constant k such that the transversal Ricci curvature satisfies
Ricy(Z,Z) > k(g — 1)|Z|? for every transverse vector field Z, then the small-
est nonzero eigenvalue Ap of the basic Laplacian A satisfies Ag > 2k(g —1).

1 Introduction

In [1] the authors gave a foliated version of Lichnerowicz and Obata theorems.
They proved that if M is a closed Riemannian manifold with a Riemannian foli-
ation of codimension g, and if the normal Ricci curvature satisfies Ric* (X, X) >
a(g — 1)|X|? for every X in the normal bundle for some fixed 2 > 0, then the
smallest eigenvalue Ap of the basic Laplacian satisfies Ag > aq. In this paper, we
assume that the manifold is endowed with a nontrivial parallel basic 2-form, and
we give a new estimation of the first non zero eigenvalue of the basic Laplacian.
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2 Preliminaries

Let (M, g) be a Riemannian manifold of dimension #n with a foliation F of codi-
mension g. The foliation is given by an integrable sub-bundle L of the tangent
bundle TM over M. Let L indicates the orthogonal complement bundle of L
and 7 : TM — L' the projection of TM on L' parallel to L. In what follows,
for any sub-bundle E of TM we denote by I'E the space of sections of E.

Let VM be the Riemannian connection on (M, g). We can define an adapted
connection V on L+ by the following:

n([X,z]) i XeTl(L)
VxZ = { n(VMz)  if X e T(L1)

for any Z € T(L1).
Let X, Y € I'TM, the torsion Ty of V is given by

Tv(X,Y) = Vxn(Y) — Vyn(X) — n([X,Y]),
and the curvature Ry of V is defined by
Ry(X,Y) = VxVy - VyVx - Vixy)-

We know that Ty = 0 and Ry (X,Y) =0 for X,Y € T'L (see [7]).

A local orthonormal frame (E;)p<i<, of TM is adapted with respect to the
foliation Fif E; € T(L) for 0 < i < p,and E; € I'(L*Y) for p+1<i<nwhere
p = n — q is the dimension of F.

p

The tension field 7 of the foliation F is givenby 7 = 7() Vg E;).

i=1

LetY,Z € I'(E1), the transversal Ricci operator and the transversal Ricci cur-
vature are defined respectively by

n
ov(Z)= ) Rv(ZE)E,  Ricy(Z,Y)=g(ov(Z)Y).
i=p+1
The transversal divergence operator is given by
n n
divgZ = Y g(VEZ,E)= Y 8(VEZE).
i=p+1 i=p+1
If divyy is the standard divergence operator, then we have
divpZ = divyZ — (7, 2).

The foliation F is harmonic if all the leaves of F are minimal submanifolds of M,
that is T = 0 [7]. The foliation F is g-Riemannian if it is bundle like with respect
to the metric g, thatis (Vxg)(Y,Z) =0 for X € T(L) and Y,Z € T(L*). The
set VH(F)={Z eTL+/VxZ = n|[X,Z] =0 forall X € TL} is called the space
of transverse fields. The set of basic forms is defined by

Op(F) ={we Q" (M)/ixw =0,Lxw =0 forall X € I'L}.
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It’s an easy task to show that Z € V*(F) if and only if w = izg € QL(F). So
VL (F) is isomorph to QL (F).
A form w € Q}(F) is parallel if Vxw = 0 for all X € TLt. The exterior

differential d restricts to d : Q3 (F) — QT (F). The adjoint of dp, with respect
to the induced scalar product (.,.)p on Q}(F) is denoted by dp : Q3 (F) —

Q3 !(F) and we have the basic Laplacian
Ap = dgdp + dpdp.

For a transversely oriented harmonic g-Riemannian foliation F, it follows from
[2] and [3] that 65 is given on w € QL (F) by the formula

n

53(&) = — Z (inw)Ei
i=p+1

which gives the Bochner-Weitzenbock formula
Apw = —trgV2w + oy (w), (2.1)

n
where trgV2 = )" Vi p
i=p+1

3 Some computational results.

In the following, for Z € TL*, we denote by Az the endomorphism of 'L+ de-
fined by Az(Y) = VyZ.

Proposition 1. Let Z € V- (F) and a € Q3(F). Let © be the endomorphism of TL+
associated to o with respect to the metric §. If « is parallel, then we have

Z Vi (Az 0 ®)(E; % Y R(E;, ©(E))Z. (3.2)
i=p+1 i=p+1

Proof. Since © is antisymmetric with respect to g, we have

n n
Y. VierZ = ). 8(OE)E)VEEZ
i=p+1 i,j=p+1
n
— Y. 8(O(E),E)VE, .7
i]':p—|—1
= Z VZ
j=p+1

Furthermore O is parallel with respect to the connection V, hence

Y, Vi(Azo@)E) = Y VE(A)OE) = Y V3o Z
i=p+1 i=p+1 i=p+1
= 30 Y Vier)Z— X Vo)l
i=p+1 i=p+1
= 5 ), R(E,O(E))Z
i=p+1

and we get the desired equality. n
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In the next, we assume that F is g-Riemannian and we use the following spe-
cial (orthonormal) moving frames on M. For x € M, let {¢;}I' ; C TyM be an

(oriented) orthonormal basis with {¢;}} | C Ly and {ei}l’-lzp 1 C Ly.LetUbea
distinguished (flat) neighborhood of x for F with local (Riemannian) submersion
f : U — N (N is a Riemannian manifold of dimension g). Fori = p+1,..., 1,
let E; € T(U, L) be the pull back of the extension of f.e; to a vector field on N
by parallel transport along geodesic segments emanating fromf (x) (use [6] Prop
4.2). Then, we complete {Ei}?:p 41 by the Gram-Schmidt process to a moving
frame {E;}! , by adding E; € T'(U, L) with (E;)y = ¢;,i = 1,..., p. We have then
fori,j=p+1,.., n:

VeEj = (VEEj)x =0. (3.3)

Proposition 2. Under the assumptions of proposition 1, we have
@0 Ay|* = g(trgV?Z,0%(2)) — divy Ay 0 @*(Z) (3.4)

Proof. Let x € M, we use the under orthonormal frame. Since Z € V1 (F), we
have Az(E;) =0fork =1,..., p, hence

n

©cAzl* = ) 8(@0Az(E),©0Az(E))
k=p+1
= ) g(Az(Ex), E)g(O(E;),© 0 Az(Ey))
ik=p+1
= S+T,
where ,
S= Y Ew(3(Z E)Ng(O(E),®0 Az(Ep)))
ik=p+1
and Y
T=— Y. (3(ZE)E(8(VEZ EjS(O(E), O(E)))).
i,jk=p+1

Observe that at the point x, we have
n
S = ) Exg(©(2),00Az(E))
k=p+1
n
— — Y Eg(A70@%(2),Ey)
k=p+1
= —divy (AL 0 ®?(Z)),
and since © is parallel, we get
n
T = - ) 8(ZE)§(VEVEZE)3(O(E), O(E)))
ijk=p+1

= g(trgV?Z,0%*(2)).

Hence the statement of the proposition follows. n
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Proposition 3. Under the assumptions of proposition 1, we have

tr(@oAy0@0Az) = g(ov(Z2),0%*(2)) (3.5)
+ divg®o A, 0O(Z).

Proof. First we have

n
tr(@oAy000Az) = ) g(@cA;000Az(E), Ey)
k=p+1
n
= ), 8(Az(Ex),Ej)g(@o0 A 0 O(E;), Ex)

ik=p+1
= P+Q,

with .
P = Y Ew(8(ZE)g(@c Ay 0O(E), E))
ik=p+1

= Z Er.g(@0 A% 00@(Z),E))
k=p+1
= divy®o AL 0O(2),

and

Q = — ) S(ZE)Eg©0A;00(E) E)

- ‘ka 9(Z, ED)Ex.(3(O(E)), E))g(Ej, Az 0 O(EL)))
L]K=p

= Y (ZE)E(3(O(E;), E))g(Az(E), E)g(O(E), Er))
i,jkl=p+1

= ) 8(ZE)E(g(Az 0 O(E) E)3(O(E:), E)))

ijk=p+1
n

= Y ¢(ZE)g(VE(Az0®)(E), E))g(O(E;), E;)
i,jk=p+1

- %k y 8(R(EL O(E))Z,0(2),
:p-|—

where we use the formula (3.2) in the last equality.
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Now, under the first Bianchi identity and by the vertu of both antisymmetry
and parallelism of ® we have

n

Y, R(E,OENZ = 2 Y R(E,Z)0(E)

k=p+1 k=p+1
n
= 20( ), R(Ex,2)E) = —20(pv(Z)).
k=p+1
This completes the proof. n

Proposition 4. Under the assumptions of proposition 1, we have

g(trgV?Z +pv(Z),0%(2)) > divy®o A 00(Z) (3.6)
— divg Al 0 ©*(Z)

g(ov(2),©*(Z)) = —Ricy(0(2),0(2)) (3.7)
Proof. i) By straightforward calculation, we have

n
2
Y. (8(@cAZ(E) E)) +8(@0 Az(E)),E))” = [@cAz
i,j=p+1
+ tr(®@oA,0®0Ay).

So the relation (3.6) follows from equations (3.4) and (3.5).
ii) Since © is parallel antisymmetric,

§(pv(2),©*(2)) = — ). 8(O(R(Z E)E),O(2))

and the proof is complete n

Remark 5. We know that L; = V7 — Az. If Va = 0and Ly = 0, then @ o Ay is
symmetric. If furthermore w = izg is closed, then @ o Az = —Az 0 ©.
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4 The main theorem.

Let Q°(M) be the space of smooth functions on M. The set of smooth basic func-
tion is given by Q%(F) = {f € Q%(M)/X.f = 0 forall X € TL}. The basic
Laplacian Ap acting on f € Q%(F) is given by Agf = 6pdpf. For a harmonic
g-Riemannian foliation we have Agf € Q%(F).

Theorem 6. Let (M,g) be a closed orientable Riemannian manifold and let F be a trans-
versely oriented harmonic g-Riemannian foliation of codimension q on M. Suppose that
there exists a nontrivial parallel 2-form o € Q%(F) and a positive constant k such
that the transversal Ricci curvature satisfies Ricy (Z,Z) > k(g — 1)|Z|? for every
Z € VX(F). Then the smallest nonzero eigenvalue A of the basic Laplacian Ap sat-
isfies
Ap > 2k(g —1).

Proof. Let Z € V1 (F) and w = izg. Let ® be the endomorphism of TL* associ-
ated to a. By formula (2.1) and (3.7) we have

g(trViZ + ovZ,0%(2)) = trgV2w(®?*(Z)) — Ricy(©(Z),B(2))
< —Apw(©*(Z)) —2k(g —1)|O(Z)]>.  (4.8)

Since F is harmonic, by integrating the inequality (3.6) over M and by taking into
account the inequality (4.8) we get

] (~850(02(2)) ~ 2K(q ~ DIO(Z)*)dys = . @9)

Let f be an eigenfunction of Ap with eigenvalue Ag > 0 and let Z = V f be the
gradient of f. Since Agdpf = dpApf = Apdpf, hence from the inequality (4.9) we
obtain

(A5 =2k 1) | [O(V)dns 0.

and the theorem follows. n

Let ¢ € V*(F). We recall that  is a transverse Killing field if Lzg(Y,Z) = 0
forallY,Z € TL'. Since Lgg(Y, Z) = g(A:(Y), Z) + g((Y, Az(Z)), we have

Corollary 7. Let (M,g) be a closed Riemannian manifold and let F be a harmonic g-
Riemannian foliation of codimension q on M. Suppose that there exists a nontrivial
transverse Killing field & € V+(F) such that V>¢ = 0 and a positive constant k such
that the transversal Ricci curvature satisfies Ricy (Z,Z) > k(g —1)|Z|? for every Z €
VL (F). Then the smallest nonzero eigenvalue A of the basic Laplacian Ap satisfies

Corollary 8. Let (M,g) be a closed Riemannian manifold and let F be a harmonic g-
Riemannian foliation of codimension q > 3 on M. Suppose that there exists a positive
constant k such that the transversal Ricci curvature satisfies Ricy (Z,Z) > k(g —1)|Z|?
for every Z € VL (F). If the smallest nonzero eigenvalue Ap of the basic Laplacian Ap
satisfies
kg < Ap <2k(q-—1),

then any parallel 2-form a € Q%(F) is trivial. In particular any transverse Killing field
& on M which satisfies V¢ = 0 is trivial.
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Remark 9. If g = 2, then kg = 2k(q — 1), ie our estimation coincides with that in [1].

Example 10. Let (M, g1, F1) be a g1-Riemannian harmonic foliation of codimension
two on closed Riemannian manifold. There exists a basic function A such that Ricyr =
Ag1 on M. Suppose that the transversal Ricci curvature Ricg1 > 0. So the first non zero
eigenvalue of the basic Laplacian satisfies A} > 2k where k > 0 is the minimum of the
function A. Let v| = E; +1NE,, bethe transversal volume form of JFy. The form vy is
basic parallel. In fact let X € T'(Ly), so

(Lxv1)(Ep+1, Ept2) = Xvi(Eps, Ep2) =11 ([X, Epial, Eps2)
- Vl(Ep+1/[X/Ep+2])
= —g1([X, Ep1], Epy1) — 81, [X, Eptal, (Ep+2)
= —3((Vk81)(Eps1, Epr1) + (Vi81)(Epy2, Ept2)) = 0,

because F is g1-Riemannian. Now let Z € T(L{) so

(Vz11)(Ep+1, Epy2) = —V(VZMA;EPHIE;H:Z) - Vl(Ep—&-A}I/ Vo Epi2)
= —81(V7'Epy1,Ep1) —81(V4 'Epia, Epya) = 0.

Now let (My, g2, F2) be an other g»-Riemannian harmonic foliation of codimension
g —2 > 1 with a transversal Ricci curvature Ricg2 > kgo (for example, take F» a
transversely elliptic foliation). The product foliation F = F; X Foon M = My X M
is also g1 X §2-Riemannian harmonic of codimension q with transversal Ricci curvature
Ricy > k(g1 x g2). By the new estimation the smallest non zero eigenvalue of the basic

Laplacian satisfies Ap > 2k. Whereas the estimation given in [1] is Ap > %k.

Example 11. Assume that F is a Kihler foliation (see [4]). That is

i) F is g-Riemannian, ie. Vg = 0, ii) there is a holonomy invariant almost com-
plex structure | : L+ — L+, where dim L+ = g = 2m (real dimension), with re-
spect to which the metric g is transversely Hermitian, i.e. g(JX,JY) = g(X,Y) for
X,Y € T(LY), iii) V is almost complex structure, i.e. V] = 0. Note that a(X,Y) =
g(X,JY) for X,Y € T(L*) and iz = O for & € TL defines a basic 2-form «, which is
closed as a consequence of Vg = 0and V] = 0.

Clearly a™ # 0 at all points of M. Let f € Q(F); in the one hand Lypa™ =
Apf.a™ and in the other hand Ly o™ = mLysa A a1 Consequently Lyja =
%ABf.zx. We deduce that

i) V f is a transversal Kihler field (Ly g = 0) if and only if the function f is har-
monic. In this case ] o Ays = —Aygo]. Let x € M; since (Ayy)y is diagonalisable
and [y is antisymmetric anti-commuting with (Av )y, hence (Ayy)x is of even rang.

ii) V f is a transversal Liouville field (Ly fa = o) if and only if Agf = m.

Let x 5 be the characteristic form of F and let % : Qf (F) — Q%" (F) be the transver-
sal star operator, we have

_ 1 _ _ Asfll3
*va: ava./\OCm 1, HvaH?)E(]_-) :/MLVf/\*LVf/\X]_—: H m’guz

We deduce that if F is a harmonic Kihler foliation of codimension q on a closed manifold
such that Ricy > k(q — 1) and if f is an eigenfunction of Ag, then ||Lyfllayr) =

D | £,
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Now we give an example of a harmonic Kihler foliation with constant sectional cur-
vature see [5] page 273. Let P" C be the complex projective space. This is the quotient of
the Euclidian sphere S*™ 1 under the canonical S'-action. We obtain the Hopf fibration

St — &t 5 P"C = SU(m +1)/S(U(1) x U(m)),

which gives rice naturally to a harmonic (and totally geodesic) Kihler (and symmet-
ric) foliation on S*™ 1. The transversal holomorphic sectional curvature is 4; therefore
Ricy =4qand k = ;qu. By the new estimation the smallest non zero eigenvalue of the

basic Laplacian satisfies Ap > 8q. Whereas the estimation given in [1] is Ag > ;%21.

We end the paper by the following question. If in Theorem 6 the equality
occurs, is the leaf space isometric to the space of orbit of a discrete subgroup of
O(g —2) x O(2) acting on the standard product (g — 2)-sphere with 2-sphere of
constant curvature k?
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