On a Certain Subclass of Multivalent Analytic
Functions Defined by the Liu-Owa Operator
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Abstract

By making use of the principle of subordination between analytic func-
tions, we introduce a certain subclass of multivalent analytic functions de-
fined by the Liu-Owa operator. Results such as subordination and super-
ordination properties, convolution properties, distortion theorems and in-
equality properties, are proved.

1 Introduction

Let H [a, k] be the class of analytic functions of the form:
fz)=a+ar+a 2+ .. (zel)
and let A (p, k) denote the class of functions of the form
fz)=2"+)Y apnz’™ (pke N={1,23,.1}) (1.1)
n=k

which are analytic in the open unit disc U = {z € C : |z| < 1}. For simplicity, we
write A (p,1) = A(p) and A(1,1) = A.

If f(z) and g (z) are analytic in U, we say that f (z) is subordinate to g (z),
or, equivalently, ¢ (z) is superordinate to f (z), notation f < g in U or f(z) <
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g(z) (z € U), if there exists a Schwarz function w (z), which ( by definition ) is
analytic in U with w (0) = 0 and |w (z)| < 1 (z € U), such that f(z) = g(w(z))
(z € U). Indeed, it is known that

f(z) <8(z) (zeU) = f(0) = ¢g(0) and f(U) C g(U).

Furthermore, if the function g (z) is univalent in U, then the following equiva-
lence holds (see [8]and [9]) :

f(z) <g(z) (zel) < f(0)=¢(0) and f(U) Cg(U).
For functions f,g € A (p, k), where f is given by (1.1) and g is defined by

g(z) =zl + Z b p+nzp+n ’
n=k

the Hadamard product (or convolution) f * g of the functions f and g is defined
by
(fxg)(z) =2 + Z Apinb prnzl ™" = (g f) (2).

n=k

Motivated in essence by Jung et al. [4], Liu and Owa [6] introduced the oper-
ator Qg : A(p, k) = A(p, k) as follows:

Qppf(2) = (p;fﬁrfIl)Zﬁ/ <1—£>(X_1t/3—1f(t)dt
(0 >0, >—-1;, peN), (1.2)

and
Qppf(z) =f(z) (x=0;p>-1; peN). (1.3)
For f (z) € A(p, k) given by (1.1), it follows from (1.2) and (1.3), that

. _p Llatptp) - T(B+p+n) .
Qpf &) =24 —r 5 5) ;%Ta+ﬁ+p+m%jﬂﬁ

(a>0;,>-1LpeN). (14)

Using (1.4), it is easy to verify that

!

2(Q4,f(2) = (@+B+p—1) Q5 f(2) — (x4 p-1)Qf,f(2).  (15)

We note that Qg,pf(z) = Jop (f) (z) = C+P [t71f (z)dt (¢ > —p), where the
operator |, is the generalized Bernardl—leera—lemgston integral operator (see
[2]). Also, we note that the one-parameter family of integral operators Q% 1= Q“

was defined by Jung et al. [4] and studied by Aouf [1] and Gao et al. [3].
By making use of the linear operator Qg/p and the above-mentioned princi-

ple of subordination between analytic functions, we now introduce the following
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subclass of the class A (p, k) of p—valent analytic functions.

Definition 1. A function f € A (p, k) is said to be in the class ./\/?ky (a,B; A, B)
if it satisfies the following subordination condition:

" a—1 "
p Qg f(2) p
(1+A)<“27> —/\< /i’pf )( -~ ) <% (zelU),
where (here and throughout this paper unless otherwise stated) the parameters

«, B, p, A, u, A and B satisfy the constraints:

x>, B>-1L1eC0<u<]l, -1<B<1, A#B, Ac€Rand pke N,
and all powers are understood as being principle values.

In this paper we aim at proving such results as subordination and superor-
dination properties, convolution properties, distortion theorems and inequality

properties for the class ; ;fl (a,B; A, B).

2 Preliminary results

In order to establish our main results, we need the following definition and lem-
mas.

Definition 2 [9] . Denote by L the set of all functions f that are analytic and injective
on U\E (q) , where

E(f) = {geBU:li_)n%f(z):oo},
and such that ' () # 0 for € U\E (q).

Lemma 1 [8]. Let the function h (z) be analytic and convex (univalent) in U with
h (0) = 1. Suppose also that the function g (z) given by

g(2) =14z + 2+ 2.1)
is analytic in U. If
2@+ 28 <) R >0r20zew), @2)

then
g(z)<q(z) =1z F [R()HTdt <h(z),

and q (z) is the best dominant of (2.2).
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Lemma 2 [11]. Let q(z) be a convex univalent function in U and let ¢ € C,
n € C* = C\ {0} with

R <1 + z{;y/”((;;)) > max {0, —R (%) } )

If the function g (z) is analytic in U and

08 (2) + 1128 (2) < 09 (2) + 7724 (2),
then g (z) < q (z) and q (z) is the best dominant.

Lemma 3 [9]. Let q (z) be convex univalent in U and x € C. Further assume that
R (k) >0.If ¢ (z) € H[q(0),1] N Land g (z) + xzg (2) is univalent in U, then

7(2) +x2q (2) < g (2) + %28 (2),
implies q (z) < g (z) and q (z) is the best subordinant.
Lemma 4 [5] . Let F be analytic and convex in U. If f,g € Aand f,g < F then

AMf+(1-Ng=<F (0<A<1).

Lemma 5 [10]. Let f (z) = 1+ Y _ ayz" be analytic in U and g (z) = 1+ Y byz¥
k=1 k=1
be analytic and convex in U. If f (z) < g (z), then

jax| < [b1] (k€ N).

3 Main results

We begin by presenting our first subordination property given by Theorem 1 be-
low.

Theorem 1. Let f (z) € N;}f (a, B; A, B) with R (A) > 0. Then

p . N
( zP ) <q(z):(Oé-l-,B-I-p—l)y 1+Azuuw_ldu

Qg of (z) Ak o 1+ Bzu
1+ Az

= 1+ Bz

(ze U, 3.1)

and q (z) is the best dominant.

Proof. Define the function g (z) by

zP :
g (z) = (W) (ze lU). (3.2)
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Then the function g(z) is of the form (2.1) and is analytic in U . Differentiating
(3.2) with respect to z and using the identity (1.5), we get

zP g B Q%I_pl (Z)> ( zP )y oty Azg (z)
(HA)(Q%J((Z’)) A<Qﬁ,pf(z) bl (2) BEARARE
(3.3)

As f(z) € ./\/;?ky (a, B; A, B), we have

2 () + Azg (z) - 1+ Az

(a+B+p—1)u 1+Bz (zel).

Applying Lemma 1 with ¢y = w, we get

4

zP (@+B+p—1)p (tpip-u_, /Z 1+ At oprptn
e = 3 t dt
( %Ipf(z)>< 7(2) Ak z o 1+ Bt
(a+B+p—1)u [11+ Azu (wtBtp—_ 1+Az

- Ak 0 1+Bzu" W=y O

and g (z) is the best dominant, which ends the proof. u

Theorem 2. Let q (z) be univalent in U, A € C*. Suppose also that q (z) satisfies
the following inequality:

R <1+ZZ,U((;))> > max {0,—3%<(“+ﬁ4;’”_1)”)}. (3.5)

If f € A(p) satisfies the following subordination condition:

144 zP y_/\ Q () zP :
( )< %,pf<z>> ( ﬁpf<>><%f<z>>

<q(z)+

zP g
(7%;7 7 (Z)> <q(z),

Proof. Let the function g (z) be defined by (3.2). We know that (3.3) holds. Com-
bining (3.3) and (3.6), we find that

/

Azq (2)

. (3.6
(a+B+p—1)pu (3)

then

and q (z) is the best dominant.

A / A ,
CE ET IR (z) <q(z) + TR (z). (37

By using Lemma 2 and (3.7), we easily get the assertion of Theorem 2. ]

g(z)+
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Tlaking q(z) = %igﬁ (=1 < B < A <1)in Theorem 2, we get the following
result.

Corollary 1. Let A € C* and —1 < B < A < 1. Suppose also that

R(175) 2 man o (£ £7= YL

If f(z) € A(p) satisfies the following subordination:

2 \" Qs f (2) 2\
e (W) - ( Qfpf (2) ) <Q%'Pf (Z)>

l+4z A (A—B)z
1+Bz  (a+p+p—1)p(1+Bz)*

zP : = 1+ Az
Qs,f(z)) " 1+B

is the best dominant.

then

1+ Az
1+Bz

and the function

By making use of Lemma 3, we now derive the following superordination re-
sult.

Theorem 3 . Let q (z) be convex univalent in U, A € C with R (A) > 0. Also let

2 Y Hig(0),1]NL
(W) € H[q(0),1]

2z \" Qp, f(2) z 1\
v (grm) e7e) (o)

be univalent in U. If

and

A :
@iprp-put

o (GO Y
R (Q%,pf <z>> ! <Q%,pf @) ) <Q%,pf <Z>> '

U
MO i
e

and the function q (z) is the best subdominant.

q(z)+

then
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Proof. Let the function g (z) be defined by (3.2). Then

Azq (z)
q@%+w+ﬁ+P—Uu

z¥ g B Qfg}lf (2) zP '
) “*“(Q%,pﬂw) A(Qg,pﬂw)( %,pf<z>>
_ Azg' (2)
__g@%%w+ﬁ+P—UV

Applying Lemma 3 yields the assertion of Theorem 3. n

Taking g (z) = ﬁ‘g; (-1 < B < A <1)in Theorem 3, we get the following
corollary.

Corollary 2. Let q (z) be convex univalent in Uand —1 < B < A <1, A € Cwith
R (A) > 0. Also let

2\ Hg(0),1]NL
<W>€ [q(0),1]NZL,

2\ Q) z \
e (m) - ( Q,f ) <%f <2>>

be univalent in U. If

and

1—|—AzJr A (A—B)z
1+Bz  (a+B+p—1)p(1+Bz)?

zP g Qggglf (z) zP g
B (Q%;f <z>> - ( Qs f <z>> ( i <z>> '

1+ Az 5 zP :
1+ Bz Qg,pf (z) ’

is the best subdominant.

then

1+ Az

and the function 75

Combining Theorem 2 and Theorem 3, we easily get the following “Sandwich-
type result”.

Theorem 4. Let g1 (z) be convex univalent and let q; (z) be univalent in U, A € C
with R (A) > 0. Let g2 (z) satisfies (3.5). If

M
<Q’/’§27;(2)> € Hlq: (0),1]NZ,
/P

zP ' Qg;}f (z) zP g
ey (Q%;f <z>> - ( Qs f <z>> ( i <z>>

and
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is univalent in U, and if also

Azd, (2)
ql(z)+(a+/3+1p—1)#
2 \'_ Q%;fﬂz))( 2P )f*
= “*”(@g,pf(z)) A<Qg,pf<z> : F @)
Azg) (2)
RO oy ey
then

KU
n(D) < (| <),
s 7

and gy (z) and q; (z) are the best subordinant and dominant respectively.

Theorem 5.If A,y > Oand f (z) € NS:;’ (0, 3,1 —2p,—1) (0<p < 1), then

f(z) € ./\/';t;fl (a, B;1—2p,—1) for |z| < R, where

Ak 2 Ak %
R(\/<(w+ﬁ+zﬂ1)u) H(Hﬁﬂ)l)u) ' 3.8)

The bound R is the best possible.

Proof. We begin by writing

p
(Q‘éZi;(z)) =0+(1-p)g(z) (zeU;0<p<1). (3.9)
P

Then, clearly, the function g (z) is of the form (2.1), it is analytic and it has a pos-
itive real part in U. Differentiating (3.9) with respect to z and using the identity
(1.5), we obtain

1 NERRSYL IV y_}
1—9{““)<%,pf<z>> A(Qﬁ,pf<z>><%f<z>> g

_ Azg' (2)
—g(Z)+(“+ﬁ+P_1)y. (3.10)

By making use of the following well-known estimate (see [7]):

zg (2) k
= ) < 2 g = <)

Rig(z)} = 11
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(3.10) leads to

1 2 \"_ Q%?ﬂz))( - )f*_ })
%<1—p{““)<%f<z>> A(gg,pm @)

> R{g(2)} (1 . 2 krt ) . (3.11)

(a+B+p—1)u(1—1r%*)

It is seen that the right-hand side of (3.11) is positive, provided that r < R, where
R is given by (3.8).
In order to show that the bound R is the best possible, we consider the function

f (z) € A(p, k) defined by
iz
< 142k
(W) =p+(1-p);—x (EFelo<p<).

Noting that

1 2\ (% (Z)>< g )”_}
1—p{O+A)Q%%H@> A(Q%J@) . f@) °

_1+z’<+ 2Akz*
=2 a4 ptp-1)p(1-2)°

for |z]| = R, we conclude that the bound is the best possible, which ends the
proof. n

=0, (3.12)

Theorem 6. Let f (z) € NPA;(” («,B; A, B) with R (A) > 0. Then

_ 14 Bw(z) | # B+p) ST@+BFp+n)_
f(z)_<zp<1+Aw(z)) >*<Zp+ Carptp) o T(+p+n) p+>
(3.13)

~

where w (z) is an analytic function with w (0) = 0and |w (z)| <1 (z € U).

Proof. Suppose that f (z) € NPA’;{” (a,B; A, B) with 3 (A) > 0. It follows from (3.1)
that )
zF 14+ Aw(z)
(@@J@Q " T4 Bo () -

where w (z) is an analytic function with w (0) = 0 and |w (z)| < 1 (z € U). By
virtue of (3.14), we easily find that

Q3 (z) = 2 (%) " (3.15)
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Combining (1.4) and (3.15), we have

<zp+f<“+ﬁ+P>i L(pptn >zp+n)*f<z>:zp(7;1§;<é>))i

(3.16)
The assertion (3.13) of Theorem 6 can now easily be derived from (3.16). ]

Theorem 7. Let f € N;t;f («, B; A, B) with % (A) > 0. Then

o) (a+B+p) v B+p+n) i
(HAeg) (Zp+ I'(B+p) ,;(Foc+ﬁ+p+n)zp+>

1
zP

Ehﬂ

*f()—zP 1+Be19 };ﬁo (zeU;0< 0 <2m). (3.17)

Proof. Suppose that f (z) € Np,;cy (a, B; A, B) with R (1) > 0. We know that (3.1)
holds, implying that

M )
2 1+ Ae®
(W) 7 T{pae (FEW0<0<2m). (3.18)

It is easy to see that the condition (3.18) can be written as follows:

1 0\ ¥ 0\ ¥
> [Q‘é,pf (z) (1 + Ae‘e) - (1 + Be‘9> F} £0 (zeU; 0<0<2m). (3.19)
Combining (1.4) and (3.19) , we easily get the convolution property (3.17). n
Theorem 8. Let Ay > A1 > 0and —1 < B; < By < Ay < Ay < 1.Then

A2, M,
N (, B Ag, By) € NV (w, 5 A1, Bi) . (3.20)

Proof. Suppose that f € N, ; i’” (a, B; Az, By). We know that

H a—1 H
P Qs f(2) P
(1+Ap) <7,XZ ) —)t2< /i’p )( az ) <11+1222.
Q5 f @) o @ )@ r@) "1 ks
As —1 < B; < By < Ay < A <1, we easily find that
H a—1 H
p Qg f(2) p
(14 ) (Xz M /Ei,p [Xz <1+A22<1+A1ZI
Q% f(z) Q% f(z) Q% f(z) 1+Byz 1+ Bz
Bp By By
(3.21)
which means that f € N ;t 12(’” («, B; A1,B1). Thus the assertion (3.20) holds for

Ay = Ay > 0. If Ay > Ay > 0, by Theorem 1 and (3.21), we know that
fe ./\/;?,? (a, B; A1, By), that is,

2 ' 1+ Alz
(W) AR Bz’ (3.22)
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At the same time, we have
A : B Q' f (2) zP "
(+4) ( 7 <z)> M ( o, @ ) \are) =
/\1 zP : )Ll zP :
(1-3) (C)g,pf <z>> i <_Q%,pf <z>>

_ Q%;}f (Z) zP V]
A ( Q) ) (Qg,pf <z>> - 82)

Moreover

and the function 111’;115 (-1 < By < A1 <1;z € U) is analytic and convex in U.

Combining (3.21) — (3.23) and Lemma 4, we find that

(14 A) zF u_A Q%,_plf(z) zF y<1+Alz
YA\Qs,f () "\ ) \Q5,f @) 1+ Bz’
which means that f € N, pA V" (a, B; A1, B1), which implies that the assertion (3.20)
of Theorem 8 holds. n

Theorem 9. Let f € N;;{” (o, B;A,B) with A > 0and —1 < B < A < 1. Then

(0‘ + ,B +p— 1) U 11— Au (a+ﬁ;£—1);4_1du

Ak 0o 1—Bu "
"
zP (a+B+p—Dp [11+Au  (ipp-vu
— du(3.24
< §R<Q§,pf(2)> < K A T+ Bu Ak u(3.24)

The extremal function of (3.24) is given by
1
— P14+ Az" @eprp-1 T
" _p(latprp-—1pu (kP p=ln_y
Qpyf (2) =2 < Ak o 1+ Bz"u weoon du ’

Proof. Let f (z) € N:;f («,B; A, B) with A > 0. From Theorem 1, we know that
(3.1) holds, which implies that

H
p +b6+v— 1 + « —Du
R (72 ) < sup R { (a+ptp-lp 11+ Az e _1du}

(3.25)

Q%,pf (Z) zel Ak 0 1+ Bzu
< atBrp-Dp [T g (LA g,
- )Lk 0 zel ]. + BZu

(@+B+p—Dp M1+ Au (opyoin

d 2
Ak o 1+ Bu H (3.26)
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2
zP , (a+B+p—1Dp 11+ Azu  (@spip-u 4
R (Q%/Pf (z)) ~ zlgLfl %{ Ak 0 1+Bzu " " du

— 1 « 1)
> (a+B+p—1)pu inf%<1+Azu)u(+ﬁX£1>;_1du

Ak 0 zel 1+ Bzu
(a+B+p—1Dp (11—Au  (pip-1p_ 4
> Y2 N u Ak du. (3.27)

Combining (3.26) and (3.27), we get (3.24). By noting that the function Qg F (2),

defined by (3.25), belongs to the class N ; }f (a, B; A, B), we obtain that equality
(3.24) is sharp. This completes the proof. ]

In a similar way, applying the method used in the proof of Theorem 9, we
easily get the following result.

Corollary 3. Let f € N (a, B; A, B) with A > 0and —1 < A < B < 1. Then

(a+B+p—1)u 11—|—Au (atprp—tp

-1
Ak 0 1+Bu " du
iz
zP (a+B+p—1)u 11—Au (wtprp-lp_y
< §R<Qﬁ,pf(z)> < T A T gy " du. (3.28)

The extremal function of (3.28) is given by (3.25) .

In view of Theorem 9 and Corollary 3, we easily derive the following distor-
tion theorems for the class N ;\ ;(” (a,B; A, B).

Corollary 4. Let f (z) € N/ (a,8;A,B) with A > Oand =1 < B < A < 1.
Then for |z| = r < 1, we have

1
y ((oc +B+p—1)p (11— Aur y (Hﬁ;f—l)u_ldu) Z

Ak o 1— Bur
1
N p((atB+p—Dp 11+ Aur (pip-t 4 \F
‘Qﬁ,pf (z)‘ <r ( T . T+ Bt Ak du | .(3.29)

The extremal function of (3.29) is defined by (3.25).

Corollary 5. Let f (z) € N;t;f (o, B;A,B) with A > 0and -1 < A < B < 1.
Then for |z| = r < 1, we have

1
y (a+B+p—1u 114 Aur g\
Ak o 1+ Bur

1

—1du) " .(3.30)

’Q%,Pf(z)’ < p((ﬂc+,3+p—1)y 11—Auruw

Ak o 1— Bur
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The extremal function of (3.30) is given by (3.25).
By noting that

(R©)F <R (v2) <[p|2 (vECR(©)>0).
we easily derive from Theorem 9 and Corollary 3 the following results.

Corollary 6. Let f € N (a, 8; A, B) with A > 0and —1 < B < A < 1. Then

((oc—t—ﬁ-i—p—l)y 11—Au (a+p+p-Lp 14, )l

Ak 0 1—Bu
1 1
zP 2 (a+B+p—1pu 11+ Au s 2
< §R< Wf()) << Ak o T+Bu "t " d”)

The extremal function is given by (3.25).

Corollary 7. Let f € Ni!' (a, f; A, B) with A > 0and —1 < A < B < 1. Then

((oc—i—ﬁ—i—p—l)y 11+Au (a+p+p-Lp 14, )1

Ak 0 1+Bu
1 1
zP : (a+B+p—1pu (11— Au |, 2
< %< Mf()) < (P o T—Bu" i)

The extremal function is given by (3.25).

Theorem 10. Let
fE) =2+ ) apaz " € NI (a, B A, B). (3.31)
n=k
Then

IFr(B+p)T(a+p+p+k) A—B

e o s e e | G
The estimate (3.32) is sharp, with the extremal function defined by (3.25).
Proof. Combining (1.6) and (3.31), we obtain
zF g Qﬁ;lf (z) zP :
1A | =—— A ’
(=) (Qg,pf (z)) " < Q5 ,f (2) ) \Qp,f (2)
_ _ g L@t prp-DI(Brp k) k
= ltlpatprp-1) - S r B p k) T
LAz (A—B)z+... (3.33)

1+ Bz
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Applying Lemma 5 to (3.33) yields

IF'a+B+p—1)T(B+p+k)

(et Bt p =) =R e T B p 0

(3.34)
From (3.34), we easily derive (3.32), which completes the proof. n

Remark. Putting « = 1 and B = ¢ (¢ > —p) in the above results, we obtain
the corresponding results for the generalized Bernardi-Libera-Livingston inte-

gral operator [, (f).
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