Existence results for degenerate quasilinear
elliptic equations in weighted Sobolev spaces

Albo Carlos Cavalheiro

Abstract

In this paper we are interested in the existence of solutions for Dirichlet
problem associated to the degenerate quasilinear elliptic equations

—div [o(x) A(x, u, Vu)] + w(x) Ao (x, u(x) ZD]f], on O

in the setting of the weighted Sobolev spaces W(l)’p (Q, w,v).

1 Introduction

In this paper we prove the existence of (weak) solutions in the weighted Sobolev
spaces W(l)’p (Q), w, v) (see Definition 2.3) for the Dirichlet problem

Lu(x) = fo(x ZD]f] , on Q

u(x) =0, on BQ

where L is the partial differential operator

(P)

- -nlef' o(x) Aj(x, u(x), Vu() | +w(x) A u(x)) (L)
L
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where D, = d/ 8xj, () is a bounded open set in R", w and v are weight func-
tions (i.e., locally integrable non-negative functions on R"), and the functions

Aj t OXRxR"=R (j = 1,..,n) (with A(x,7,8) = (A1(x,1,8), ..., An(x,7,0)))
and Ap : OxR—R satisfy the following conditions:

(H1) x —A;(x,7,{) is measurable in Q) for all (,¢) € RxR" (j = 1,2...,n)
(17,8)—Aj(x,1,¢) is continuous in RxIR" for almost all x € (3, and

x— Ap(x,77) is measurable in Q) for all 7 € R

7 —Ao(x,n) is continuous in R for almost all x € Q).
(H2) There are A > 0 and functions hy, 1, hy, iy and fp, with hy € L"’/(Q, v),
hy € LY(Q,0), hiv/w € LV (Q,w), by € LP' (Q, w) and hp € L'(Q, w) such that

A(x,1,8).8 > AlZ1P = ho(x)|g] = b1 (x) 1] — h2(x)
(where A(x,7,{).¢ denotes the usual inner product in R") and

Ao(x, 1)1 = AlnlP = ha(x)[n] — Rz (x)

with 1 < p < o0, and we denote by p’ the real number such that1/p+1/p’ =1
(thatis, p' is the conjugate exponent to p).

(H3) There are positive functions Ky, Ky, h3, hy, hs and hg, with h3,hi3, by and
hy € L2(Q), Ky € LP'(Q,v) and K, € LP' (Q, w) such that

[A(x, 1,8)] < Ka(x) + ha(2)]5]°P 7D + ha(x) 2P,
Ao(x, 1) < Ka(x) + I3 (x) P,

where 6 as in Theorem 2.6.
(H4) For (1,&), (1',&') e RxR" and x € (), the function

b o(x) A(x, 7+, & +18).E + w(x) Ag(x, 7' + ty)y

is monotone increasing as a function of ¢ € [0, 1].

Remark 1.1 Note that the condition (H4) holds if

[A(x,1,6) = Alx,7',8)](¢ = &) =0and (Ao(x, 17) — Ao(x, 7)) (n —1') =0
whenever ¢, &' €R", EAE, 1, 1" €R, n#1' (see Proposition 25.6 in [17]). n

By a weight, we shall mean a locally integrable function v on IR" such that
v(x) > Ofora.e. x € R". Every weight v gives rise to a measure on the measurable
subsets on R" through integration. This measure will also be denoted by v. Thus,
v(E) = [ v(x)dx for measurable sets E C R".

In general, the Sobolev spaces W7 (Q)) without weights occur as spaces of
solutions for elliptic and parabolic partial differential equations. For degenerate
partial differential equations, i.e., equations with various types of singularities in



Degenerate quasilinear elliptic equations 143

the coefficients, it is natural to look for solutions in weighted Sobolev spaces (see
[5], [6].[7] and [10]).

A class of weights, which is particularly well understood, is the class of A,-
weights (or Muckenhoupt class) that was introduced by B. Muckenhoupt (see
[13]). These classes have found many useful applications in harmonic analysis
(see [14]). Another reason for studying Aj,-weights is the fact that powers of
distance to submanifolds of R" often belong to A, (see [11]). There are, in fact,
many interesting examples of weights (see [10] for p-admissible weights).

Equations like (1.1) have been studied by many authors in the non-degenerate
case (i.e. with w(x) = v(x) =1) (see e.g. [4] and the references therein).

The degenerate case with different conditions have been studied by many au-
thors. In [2] Drébek, Kufner and Mustonen proved that under certain condi-
tion the Dirichlet problem associated with the equation — div(a(x,u, Vu) = h,
he [W&’Z(Q, w)]*, has at least one solution u in Wé’p(ﬂ, w). See also [16].

The purpose in this paper, is to prove the same results for the degenerate non-
linear elliptic equations

—div(v(x) A(x, u(x), Vu(x)) + w(x) Ao(x, u(x)) = fo(x) — iDjﬁ(x).
j=

When w = v =1 (the non weighted case) existence results for problem (P) have
been shown in [1].

The main result of this article is given in the next theorem, which is proved in
the section 3.

Theorem 1.2 Assume that conditions (H1)-(H4) hold. Let w and v be weights. If v < w,
wEAp vEA, 1 <p <, fo/well (Qw)and fi/veLP (Q,0) (j = 1,..,n),
then problem (P) has a solution u € W&’p (Q, w,v).

The basic idea is to reduce the problem (P) to an operator equation Au = T and
apply the theorem below.

Theorem 1.3 Let A : X— X* be a monotone, coercive and hemicontinuous operator on
the real, separable, reflexive Banach space X. Then for each T € X* the equation Au = T
has a solution u € X.

Proof. See Theorem 26.A in [17]. [ |

Remark 1.4 Let X be a Banach space and let A : X — X* be an operator (where
X* denotes the dual space of X).
(i) A is called monotone iff

(Au— Av,u —0v) >0

for all u,v € X (where (f, u) denotes the value of the linear functional f € X* at
point u € X).
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(ii) A is called coercive iff

lim (A, u) =

ul| =0 ||2e]]

(iii) A is said to be hemicontinuous iff the real function
t— (A(uq + tup), uz)

is continuous on [0, 1] for all uy, up, us € X (see [17] for more informations about
monotone, coercive and hemicontinuous operators.)

2 Definitions and basic results

Let v be a locally integrable nonnegative function in R” and assume that
0 < v(x) < oo almost everywhere. We say that v belongs to the Muckenhoupt
class Ay, 1 < p < oo, or that v is an A,-weight, if there is a constant C = C, , such

that
(ﬁ/Bv(x) dx) (|1F|/Bvl/(1_p)(x) dx)p_lﬁc

for all balls B C R", where |.| denotes the n-dimensional Lebesgue measure in
R". If 1 < qg<p, then A; C A, (see [9],[10] or [14] for more informations about
Ap-weights). The weight v satisfies the doubling condition if v(2B) < Cv(B), for
all balls B C R", where v(B) = [, v(x)dx and 2B denotes the ball with the same
center as B which is twice as large. If v € Ay, then v is doubling (see Corollary
15.7 in [10]).

As an example of A,-weight, the function v(x) = |x|*, x € R", is in A, if and
only if —n < a < n(p — 1) (see Corollary 4.4, Chapter IX in [14]).

Ifve Ap, then
p
(8 =23
|B| v(B)

whenever B is a ball in R” and E is a measurable subset of B (see 15.5 strong
doubling property in [10]). Therefore, if v(E) = 0 then |E| = 0.

Definition 2.1 Let v be a weight, and let () CR" be a bounded open set. For
1 < p < oo, we define LF((),v) as the set of measurable functions f on Q) such
that

Il = ( G0l dx)”” <o

Remark 2.2 If ve Ay, 1 < p < oo, then since o1/ (p=1) ig locally integrable, we
have
LP(Q,0) C Li, (Q)
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for every open set () (see Remark 1.2.4 in [15]). It thus makes sense to talk about
weak derivatives of functions in LP(Q),v). We also have that the dual space of

LP(Q),v) is the space [LF(Q,v)]* = LP' (O, 0P, -

Definition 2.3 Let () C R"” be bounded open set, and let w and v be A,-weights,
1 < p < co. We define the weighted Sobolev space W*(Q),w, v) as the set of
functions u € L?(Q), w) with weak derivatives Djue LP(Q,v) (j = 1,..,n). The
norm of u in WP (Q), w, v) is defined by

n 1/p
o = ( [0 lema 1 [ pucorema) . e

The space Wg’P(Q, w,v) is the closure of Cy’(Q)) with respect to the norm
||u||W1/P(Q,w,v)‘

Equipped by this norm, W'7(Q), w,v) and Wg’p (Q), w, v) are reflevixe Banach
spaces (see [12] for more informations about the spaces W7 (Q, w, v)). The dual
space of Wg’p(ﬂ, w,v) is the space [W&’P(Q,w,v)]* ={T = fo—divf : f =
(fi, s fu), fo/w €LV (Qw)and f;/veLP (Q0), j=1,..,n}.

Remark 2.4 (i) If vE Ay, 1 < p < oo, then C¥(Q) is dense in W'P(Q,v) =
WLP(Q),v,v) (see Corollary 2.1.6 in [15]).
(ii) If v < w then W, (Q, w) C W, (Q, w,v) € WP (Q, v). n

For a general theory of weighted Sobolev spaces W' (Q),v) with v € A, see
[10], [13] and [15]. For informations about weighted Sobolev spaces with others
weights see [18]. And for informations about weighted Sobolev spaces Wk (Q,w),
where w = {wy(x), |a| <k} describes the family of weight functions w,, see [3].

It is evident that the weights w and v which satisfy C; <v(x) <w(x) <G,
(C; and C; > 0 constants) for x € (), gives nothing new (the space W (Q), w, v)
is then identical with the classical Sobolev space W*(Q))). Consequently, we
shall interested above all in such weight functions w and v which either vanish
somewhere in () or increase to infinity (or both).

In this paper we use the following two theorems.

Theorem 2.5 Let v € Ay, 1 < p < oo, and let () be a bounded open set in R". If u,— u
in LP(Q), v) then there exist a subsequence {1, } and a function ® € LV (Q), v) such that
(1) U, (x)— u(x), mg—oo, v-a.e. on C);

(ii) [, (x)| < D(x), v-a.e. on Q.

Proof. The proof of this theorem follows the lines of Theorem 2.8.1 in [8]. n

Theorem 2.6 (The Weighted Sobolev Inequality)Let () be an open bounded set in IR"
(m>2)andve Ay (1 < p < o). There exist constants Cy and 6 positive such that for

all u € Wy (€, v) and all 0 satisfying1<0 <n/(n—1) +0,
Ilue Wyt (Q,0) and all 6 satisfying 1<0 <n/(n —1) + 6

||u||L9P(Q,y) < CQ||V”||LP(Q,U)~ (2.2)
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Proof. Its suffices to prove the inequalities for functions u € C§°(Q2) (see Theorem
1.3in [6]). To extend the estimates (2.2) to arbitrary u € Wé’p (Q,v), welet {uy} be

a sequence of C§°(Q)) functions tending to u in Wg 7(0,v). Applying the estimates
(2.2) to differences u,,, — uy,, we see that {u,} will be a Cauchy sequence in
L9%(Q,v). Consequently the limit functions u will lie in the desired spaces and
satisfy (2.2). [ |
Definition 2.7 Let 1 < p < oo, w and v Ap-weights, with v <w. We say that an

element u € Wg’p (Q), w,v) is a (weak) solution of problem (P) if

n

Z/ v(x) A(x,u, Vu).Vedx —i—/ Ao(x,u) ¢ wdx

=179 O

n
- dx+Y [ fiDjpdx,

Jofordz+ L [ fiprwds

forall p € W&’p(ﬂ, w,v).

3 Proof of theorem 1.2

Step 1. We define

B: W, (Q,w,v) x Wy (Q,w,v) =R

B(u, @) = (x,u,Vu)D;pd , d
(u, ) ]g/QU.A](xu u)Djg x—l—/Q.Ao(x u) ¢ wdx

and

T:W,”(Q,w,v) =R

T(¢) =/Qfo (pdx-l-];/Qf]quodx.

Then u € Wg P(Q), w,v) is a (weak) solution to problem (P) if
B(u,¢) =T(¢), forall p e W&’p(ﬂ, w, ).

Using (H3), fo/w € LV (Q,w), fi/v€ LV (Q,0) (j = 1,2...,n), Remark 2.4(ii) and
Theorem 2.6, we have that

(o)1 <€ (1o/ el L /ol ) 19 ey G
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and

B(1,9)| < [ A, V)l [Vglodx+ | Ao, u)lp|wdx
< [ halul™P Y |Vl Vlods + [ (K + aful” gl w d

1 -1
<C (||K1||Lp/(ﬂlv)—|—\|h3\|m ul :(; + [[hall Lo Hu||§v5,p(ﬂlwlv)

- -1
HEelly 0 + Wislimi@llills )||<o|| O 62)

Since B(u,.) is linear for each u € W&’p (Q), w, v), there exists a linear and con-
tinuous operator A : WS’P(Q, w,v) = [WS’P(Q, w, v)]* such that

(Au, ¢) = B(u, @), forallu, ¢ e W&’p((), w,v)
and

-1
+ sl oy 1l

(p—-1)
Jaul, < (1Kl + Mhalloqoyllull W O

o (Qwp)

~ —1
+ ||K2HLP/(Q,w) + Hha\lmm“““}Vjv;fp(a,w,v))

where ||.||, denotes the norm in [W&’p (Q, w,v)]*. Consequently, problem (P) is
equivalent to the operator equation Au =T, u € W&’p (Q,w,v).

Step 2. The operator A : WS’P(Q, w,v) = [WS’P(Q, w, v)]* is continuous. In fact,
we define the operators

Fi: WyP(Q,w,0) = L' (Q,0)

, Gj=1,..,n)
(Fju)(x) = Aj(x, u(x), Vu(x))

and

G : W, (Q,w,v) = LV (Q, w)
(Gu)(x) = Ap(x, u(x)).

We have that the operators F; and G are bounded and continuous. In fact,
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(i) Using (H3), Remark 2.4(ii) and Theorem 2.6, we obtain

1By = [ B odx = [ 14w Vil d

/

p
< /Q<K1+h3|u|9(p_1)+h4|Vu|P_1) vdx

IN

c/ [(Kf/+h§/|u|ep+hzl|Vu|p)v} dx

(@)

= C{/ Kflvdx—l—/ hg/|u|9pvdx—i—/ hZ,]Vu|Pvdx]
(@) (@) (@)

‘ / 0 0
{11y + 1l iy CEIT 12

IN

+ ||h4||poo(0)||Vu||zp(le)

4 P Iy
< |1 g Wl CEII S

+ sl ooy llull? 1, (33)

o (Quw,v) )

Analogously, we have

P _ p'
I1GuI?) y) = [ o) et

p/
/ <K2 +f13|u|P_1) wdx
(@)

< (IRl g+ Walelilgo g )

IN

(ii) Let uy, — u in W&’p(ﬂ, w,v) as m — oo. We need to show that Fu, — Fju in
LP'(Q),v) and Gu,, — Gu in L' (Q, w).
Ifuy, — uin Wé’p(ﬂ, w,v), then uy, — uin LP(Q), w) and Vu,, — Vuin (LP(Q,v))".

Using Theorem 2.5, there exist a subsequence {u,, }, functions ®;€L?(Q), w) and
d,eLP(Q), v) such that

U, (x) = u(x), w—ae. in O
[, (x)] < P1(x) w—a.e in Q)
Vi, (x) = Vu(x), v—ae. in Q
|V, (x)] < Da(x), v—ae. inQ.
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Hence, using (H3), we obtain

Bt = Fully oy = [ Bt (x) = Eju(x) o

= /Q|.A]'(x,umk,Vumk)—A]-(x,u,Vu)]p/vdx

IN

C/Q <|«4j(x,umk,vumk)!’" + | Ai(x, u,vu)’p’)vdx

/

IN

p
C{/Q<K1+h3]umk|9(p_1)—|—h4]Vumk]p_1) vdx

P/
+ /(K1+h3|u|9(P_1)—|—h4|Vu|P_1) vdx}
0

IN

/ / 9
C[/{)Kfvdx—t—“hg“pm( P<||Vumk||me +||Vu||me)

b Pl ([ [V Pode+ [ (9upods)]

!/ !/ 9 /
| [ K vas-+ Il o 12 g+ il [ @5 0]

: ||h3||Poo Cp||ﬂI>z||
_ c/ (Kf+ LP(Q0) ||h4\|Pw q)p)vdx

U(Q)
= C/g1

where 0 < v(Q) = [vdx < oo, g € L(Q,v) with

IN

! 0 0
||h3||poo(Q)CQp||q)2||Lpp o)
(9))

$1(x) = KV (x) + | g ||poo @5 (x) +

Analogously, we have

|Gy, — Gu||ip,(0,w) = /Q |Gty (x) — Gu(x)|P wdx

IN

C [ (Aol )" + Ao, ) ) o

IN

c/ (K2+ﬁ3yumk|P—1)P’wdx+/ (Ko + Fisu? V) wdx
le) QO

c[/ Kgfwder\|ﬁ3\|f;(m</ﬂ|umk,mdx+/ﬂ;u’mdx)]
c(/ (K + sy CIDp)wdx)

:c/ dx,
| §2wdx

IN

IN

where g2 (x) = Kb (x) + Hft3||zoo(0)d>f(x) and ¢, € L}(Q, w).
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By condition (H1), we have, as k — oo

Fitty, (x) = Aj(x, (), Vit (x)) = Aj(x, u(x), Vu(x)) = Fu(x),
G, (x) = Ao(x, tp, (x)) = Ao(x, u(x)) = Gu(x),

for almost all x€(). Therefore, by Dominated Convergence Theorem, we obtain
|| Fjttm, — 1:f”||LP’(Q,v) —0,

and
|Gy, — Gu||Lp/(Q’w) —0,

that is, Fjuy,—Fju in LP'(Q,v) and Gy, — Gu in LP'(Q,w). By Convergence
principle in Banach spaces, we have

Fium — Fu in LV (Q,0), (3.4)

and /
Guy — Gu in LV (Q, w). (3.5)

Finally, let u,,, — 1 in W&’P(Q, w,v) as m — co. We have

|B(um, ¢) — B(u, )|
n

< Z/Q|Aj(x,um,Vum) — Aj(x,u, Vu)||D;p|vdx
j=1

—I—/Q|Ao(x,um)—.Ao(x,u)||qo|wdx

n
= Z/ ]Fjum—FjuHngo|vdx+/ |Guy — Gul|p| w dx
=179 O

n
< < Z% | Fjttm — Fjull .5 + 11 Gt — Gu\lm(ﬂlw)) 1l (0,09
]:

forall ¢ € Wé’p(ﬂ, w,v). Hence,
n
| At — Aul[, < |[|Guuw — GuHLp’(Q,w) + 21 || Fjttm — F]'uHLP/(Q,U)'
]:

Therefore, by (3.4) and (3.5), || Aum — Au||,— 0 as m — oo, that is, the operator A
is continuous.

Step 3. The operator A is monotone. In fact, by Proposition 25.6 in [17] the oper-
ator A : W&’p (Q,w,v) — [WS’P(Q, w,v)]* is monotone if and only if the function
h(t) = (A(u+te), @), te0,1],isincreasing forall u, ¢ € Wg’p(ﬂ, w,v). We have,
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h(t) = (A(u+t9), @) =Bu+te, )
= /Q <U.A(x,u +to,V(u+1t9)).Vo+wAAo(x,u+t go))go) dx
is monotone increasing as a functions of t € [0, 1] by (H4).

Step 4. We need to show that the operator A is coercive. We have, using (H2),

(Au,u) = B(u,u)
=/QU.A(x,u,Vu).Vudx—l—/Q.Ao(x,u)uwdx

> [ (2190l = )1 9] = (ol ) ) o

—i—/ (/\|u|p—f11]ul —ftz) wdx
Q

M gy~ 0 30y 11070070t

||h1||LpQw||u|| P ~ 12000 = 12l 0 w):

Hence since p > 1, we have

(Au, u) p—1
m /\”uHWS’p(Q,w,v) - ||h0||LP/(Q,U) - ||hlv/w||Lp’(Qlw)
il 12111 0,0 121 11 2.0)
— 1 Lp/ 0, .
)™ Tl tromn Tl cm)
Therefore,
(Au, u)
— 00 as ||u|| —> 00,
loell o F(Ow)
P(O,w,0)
that is, A is coercive.
Therefore, by Theorem 1.3, the operator equation Au = T has a solution

ue W&’p (Q, w,v) and it is a solution for problem (P).

ExampleLet Q) = {(x,y) € R? : x24+y? < 1},1 < p < oo and consider the weight
functions v(x,y) = (x* 4+ y?) "1/ and w(x,y) = (¥* +y?) "V (w, vE A)), the
functions A; : O x R x R2=R (i = 1,2) and Ap : Q x R —R defined by

Ai((x,9),7, ) = ha(x,y)|&17 'sgn (&),
Ao((x,1),1) = 7" 'sgn(y)(2 — cos?(xy)),
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where hy(x,y) = 2e7 Y7 It is easy to show that the functions A;((x,y),,¢)
(i =1,2)and Ay((x,y), n) satisfy the conditions (H1), (H2) and (H3). By Remark
1.1, the conditions (H4) is satisfied, because if ¢ = (£1,¢2), &' = (&1,85) €R?,
1,1 €R({#¢ and i #1') we have

[A((x,y),7,8) — A((x,y), 1, &))@ — &)
= ha(x,y)[(|E1 [P "sgn(E1) — |21 sgn () (& — &)
+(1&217 "sgn(&2) — 18517 sgn(E)) (G2 — &)] > 0

and

[Ao((x,v), 1) — Ao((x, ), 1) (n — ")
= (2 —cos?(xy)) (|| sgn(y) — y'|" sgn(y)) (7 — ) > 0.

Let us consider the partial differential operator

Lu(x,y) = —div[v(x,yM((x,y),u,Vu)] T w(x,y) Ao((x,y), )

= —%[v(x,y)Al((x,y),u,Vu)} —%[v(x,y)Az((x,y),u,Vu)}
+ w(xy) Ao((x,y) u).

Therefore, by Theorem 1.2, the problem

~ cos(xy) 0 [ sin(xy) 0 [ sin(xy)
) = Gy~ )~ )

u(x,y) =0, on 9Q)

where ¢ < 2p —p’—1)/2pp’ and B < (3p —p’ —1)/3pp’, has a solution
ue W&’Z(Q,w,v).
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